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General Setting ¹¹¹²²³¹

Short recap:

" Data from different experiments available. For example:
- seismic measurements
- gravimetric data
- magnetotelluric data
- DC resistivity
- ...

" Every experiment is described by some (semilinear) form

" All experiments depend on a common set  q  of possibly distributed 
parameters (density, elasticity, ...)

" Goal: have efficient tools to identify  q  from all these measurements

Ai q,ui î i = 0      Ž î i                        [e.g. A q,u î = q • u, • î B f ,î ]



The Maths

Formulation as a constrained minimization problem:

with:
" q: Parameter
" ui: state variables
" M: mapping  state space --> measurement space
" m(.): misfit functional (e.g. a norm on the measurement space)
" zi: measurements for the i-th experiment
" Ai(.)(.): semilinear form describing state equation i

" s: relative weights of experiments

minimize   J u,q  =  Œi = 1

N
â i mi Mi uiB zi A Òr q

subject to     Ai q,ui î = 0,          i = 1...N



The Maths

Lagrangian formulation:

Set  x = {u,l ,q},  introduce Lagrange function

e.g. (for Laplace problem):

Optimum then stationary point of  L(x):

L x  =  Œi = 1
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A Posteriori Estimates for J(.)

Program: Derive an a posteriori estimate for the error in

of the form

Derivation: Exact and numerical solution (for fixed grid) satisfy

with Lagrangian                                                

At solution, state equation is satisfied:

J x = J u,q := m MuB z A Òr q
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A Posteriori Estimates for J(.)

For this particular problem:
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A Posteriori Estimates for J(.)
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Error estimate provides us with

" An error estimate

" Refinement indicators for each cell of
- the meshes for each state equation
- the mesh used in the discretization of the parameters



A Posteriori Estimates for J(.)

Evaluation of error estimate:

" Approximate unknown exact solution  x  by a higher order 
interpolation of the numerical solution   xh ;

" Estimates accurate if exact solution is smooth;

" Cheap;

" Efficient refinement criterion;

" Estimates used as stopping criterion: if J(.) below noise then stop
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Numerical Examples

Verify:

" accuracy of error estimates

" efficiency of error estimates as refinement criteria

Compare our estimator with ad-hoc refinement criteria:
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Example 1: Smooth Coefficient

Exact solution:

u =  x 2,           a =  1A x 2,             z =  u

Exact displacement  u Recovered coefficient  a



Example 1: Smooth Coefficient

Quality of error estimates:



Example 2: Discontinuous Coefficient
Exact solution:

Exact displacement  u Recovered coefficient  a

u =  r2,                if rP 1
2

  

r2/8A7/32,  otherwise

,           a =  1,  if rP 1
2

   

8,otherwise

,            z =  u



Example 2: Discontinuous Coefficient

Quality of error estimates:



Example 2: Discontinuous Coefficient

Comparison of different refinement criteria:



Example 3: Criss-cross Coefficient
Exact solution:

Exact displacement  u Recovered coefficient  a

u =  B • Ea• B1 f,           a =  constant in 4 sectors,             z =  u



Example 3: Criss-cross Coefficient

Quality of error estimates:



Example 3: Criss-cross Coefficient

Comparison of different refinement criteria:



Example 3: Criss-cross Coefficient

Comparison of different refinement criteria with respect to 
error in parameter:

qB q
exact



Helmholtz-Example: Layout

Abstraction of cross-well logging:

Free (earth) surface: Neumann boundary conditions
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4 different frequencies: k2=25, 30, 35 40 

Total:
32 different
experiments



After 5 Newton steps,
64 parameters

After 10 Newton steps,
61 parameters

After 15 Newton steps,
118 parameters

After 20 Newton steps,
235 parameters

After 25 Newton steps,
1290 parameters

After 30 Newton steps,
6016 parameters



Helmholtz-Example: Error Estimation

Estimated error astonishingly close to true error, so can 
be used as a stopping criterion: when error drops below 
noise level, then stop!

No noise:
J x B J x
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A Posteriori Estimates for Functionals

What if we want to estimate the error with respect to arbitrary 
functionals E(x) ?

Define dual solution     by

             is stationary point of combined Lagrangian 

Since continuous and discrete solutions satisfy stationarity of L:
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A Posteriori Estimates for Functionals

Evaluation similarly as for estimate w.r.t. J(.)

Drawback: Dual problem

as expensive as a full Newton step. 

Idea: Solve Gauss-Newton system instead:

Then estimate assumes the form
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A Posteriori Estimates for Functionals

Evaluation of error estimate

" As expensive as one Gauss-Newton step;

" H2 expected to be small for small residual problems;

" Accuracy and numerical efficiency presently under investigation.
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Outlook

We have: Efficient techniques for
" The nonlinear solvers
" The linear solvers
" Inequality constraints
" Adaptive discretization techniques
" Error estimation for inverse problems

Future:
" Test estimates for arbitrary parameters
" Techniques for the choice of the 

regularization parameter
" Precondition Schur complement


