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Introduction

Basic equation:

Reformulate as a first-order system in time (to avoid multi-step 
time integrators):

In variational formulation:  solution           , test functions   
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Introduction

Use space-time Galerkin method:

By choice of function spaces, recover appropriate time-stepping 
scheme. For example, Crank-Nicolson scheme
" piecewise linear + continuous in time for trial space
" piecewise constant + discontinuous in time for test space

Advantages of Crank-Nicolson scheme:
" exactly energy-conserving (if grid does not change)
" unconditionally stable
" 1-step scheme, and equations for  u  and  v  can be decoupled
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Error Estimation

For goal functional  J(w), define dual problem in the usual way:

If  J  is linear, then

From here: 
Don't try to be clever!

Try to evaluate error representation as-is:
" any estimate would lose the sign of the error
" for oscillatory solutions, we need the sign, since we would 

otherwise lose cancellation effects from different cells
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Error Estimation

So, how to evaluate

" solve primal problem for  w
h

" solve dual problem for a higher-order approximation of  z , or
" solve dual problem for z

h
 , and generate an approximation for  z 

from that by patch-wise interpolation

" effort obviously in the implementation, not in the derivation of 
the error estimator
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Error Estimation

Drawbacks 1:
" error representation formula depends on both primal and dual 

solution
" since dual problem is backward-in-time, evaluation of error 

representation cannot be done in parallel to computing on a time 
step

" primal and dual solution have to be stored on disk, leading to 
vast amounts of data:

"

2000 timesteps  x  500,000 cells per timesteps  x  2 two solution 
components  x  2 solutions

=  4,000,000,000 values = 32 GB

" this will become difficult in 3d!



Error Estimation

Drawbacks 2:
" dual solution can be computed inaccurately if only good meshes 

are required
" but we need even higher accuracy than for the primal problem if 

error estimates are to be good
" this makes the data problem even more severe

Yet:
" produces very efficient grids
" error estimates are not too far away from true error, if one 

accepts additional effort



Excitation of the string at the center
String of variable thickness

1d Problem



1d Problem

Primal solution Grid generated after 
smoothness of solution



1d Problem

Dual solution Grid generated by dual 
error estimator



1d Problem

Quality of estimates

Quality as a 
refinement criterion
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2d Layered Model Example

Low-frequency, ocean wave induced P-waves in a layered model

Grid generated by “traditional” refinement:



2d Layered Model Example

Low-frequency, ocean wave induced P-waves in a layered model

Grid generated by duality-based refinement:


