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Abstract

We consider the nonlinear Dirac equation in one dimensiba fhassive Gross-Neveu model). We explicitly
construct solitary wave solutions, and then study the timation of the equation at a solitary wave. We present
numerical simulations and justify them with explicit cansttion of some of the eigenfunctions. Then we present a
WKB-based argument which justifies (but does not prove) pleetsal stability of solitary waves of sufficiently small
amplitude. We also compare our results with previously kmowmerical simulations.

1 Introduction

Field equations with nonlinearities of local type are nateandidates for developing tools which are then used for th
analysis of systems of interacting equations. Equatiotts cal nonlinearities have been appearing in the Quantum
Field Theory perhaps starting with the articles by SchifiS1al Sch51b], who studied the nonlinear Klein-Gordon
equation in his research on the classical nonlinear messryttof nuclear forces. These papers stimulated devel-
opment of mathematical tools for tackling such nonlinearagipns. Well-posedness for the nonlinear Klein-Gordon
equation was addressed by Jorgéns [Jor61] and by Seg@iJBeNonlinear scattering was studied by Morawetz and
Strauss in[[Seg66. Strb8. MS72]. Existence of solitary wamenonlinear Schrodinger equation and Klein-Gordon
equation was proved for a large class of nonlinearitiesiiry[# and [BL83]. Stability of solitary waves takes its drig
from [VK73] and has been extensively studied in[in [SHa838%Sha8b, GSS87]. The asymptotic stability of the
standing waves in nonlinear Schrodinger equation wasgurav certain cases in [WeiB5][, [BP93], [SW92], [SW99],
and [CucO1].

Much less is known for systems with Hamiltonians that aresmmpt-definite, such as the nonlinear Dirac equation,
such as the Soler modél[Sal70], and Dirac-Maxwell systehe @xistence of standing waves in the nonlinear Dirac
equation was studied ih [Sol70], [CV86], [Mel88], ahd [EFJEhe existence of standing waves in the Dirac-Maxwell
system is proved il [EGS96] (far € (—m, 0)) and [Abe98] (forw € (—m,m)). For an overview of these results,
see [ES02]. The local well-posedness of the Dirac-Maxwetem was considered in [Bou96]. The local and global
well-posedness of the Dirac equation was further addresged/97] (semilinear Dirac equation in = 3), [Bou00]
(interacting Dirac and Klein-Gordon equationsrin= 1), and in [MNNOO5] (nonlinear Dirac equation in = 3).
Numerical confirmation of spectral stability of solitary wes of small amplitude is contained [n [CP06].

In this paper, we give numerical and analytical justificasigbut not a rigorous proof) of spectral stability of small
amplitude solitary wave solutions to the nonlinear Diraaatgpn in one dimension.
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2 Nonlinear Dirac equation

We consider the nonlinear Dirac equation of the form

0 = =iy 00,1+ By,  wER", (2.1)
Jj=1
where
1 i
p=1| ... |eCVN and ¢=0u1p,
YN
with ¢t = [3)1,...,4n] being the Hermitian conjugate of. The Hermitian matriceex and3 are chosen so that

(=i 30 @jdy; + Bm)? = (=A +m?)I, whereA = 3" 97 is the Laplace operator anldis the unit matrix.
Thatis,a; andg are to satisfy '

=l Bl {ae)=2n  {an8) =0

We assume that the nonlinearitys smooth and real-valued. We denate= ¢(0).

Whenn = 3, one can take Dirac spinord/(= 4 components). This equation with= 3 andg(s) = 1 — s is the
Soler model([Sal70], which has been receiving a lot of attenin theoretical physics in relation to classical models
of elementary particles. The case= 1 (when one can take spinors witfi = 2 components) is known as the massive

Gross-Neveu model [GNT4, LGI75].
In terms of the Diraey-matrices, equatiof (2.1) takes the form
V'O = gy, wheren’ =B, ) =Bay, =0, 0 =0s,. (2.2)

The nonlinear Dirac equation can be written in the Hamikorform as)) = —id;E, where

Bw.b) = [

R3

[ idBa;0,,1 + C(H0)] do = /

R3

(5 (CitBa0,, b + i0,, DBas0) + Gl | de, @3)

with G being the antiderivative af such that7(0) = 0. Note thatG(2") = —F(2") from [SV8E].
We consider the Dirac equationRt:

(0% + ady )t = g(y) B (2.4)
As o and3, one can take any two of the Pauli matrices. We choose
& = —02, 6 = 03,

where the Pauli matrices are given by

o (4) e () ()

The nonlinear Dirac equatioh (2.4) takes the form

(O + (—02)0 )b = g( T o31p) 039 (2.6)
We can rewrite this as a system
{ Z.8151/}1 - az¢2 + g(|’¢)1|2 - |’¢)2|2)1/)17 (2 7)
i0ptp2 = —0pthr — (|1 * — [2|*) 1. '



3 Solitary wave solutions
We start by demonstrating the existence of solitary wavetssl and exploring their properties.
Definition 3.1. The solitary waves are solutions fo (2.1) of the form
S = {¥(2,t) = du(2)e ™" ¢, € H'(R",CV), w € R}.
The following result follows from[[CV86].

Lemma 3.2. Assume that
m = g(0) > 0. (3.1)

Let G be the antiderivative of such thatG(0) = 0. Assume that for givem € R, 0 < w < m, there existsZ,, > 0
such that

wZ, =G(Zy), w# g(Zy). and wZ <G(Z) for & € (0, Z,). (3.2)
Then there is a solitary wave solutiai{z, t) = ¢,,(z)e~*“t, where
b= 0] wuer® (33)

with v, v real-valued.
More precisely, let us defing"(x) and % (z) by

X =07 —u?, & = vu. (3.4)
Then2 (z) is the solution to
X" =09 (2G(X)? + 2,227,  20)=2,  Z2'0)=0, (3.5)
and? (z) = — - 27 (x).

Proof. From [2.T), we obtain:

wv = dzu + g(|v|* — Jul?)v,
{wu——mv—mwﬁ—wmw (36)
Taking into account that bothandw are real-valued, we can rewrife (8.6) as the following H&omin system, with

2 playing the role of time:

—0pu = —wv + g(v* — u?)v = 0y h(e),
{ 0,0 = —wu — g(v? — u?)u = 9, h(¢), (3.7)
where )
hp) = _g(lﬂ + )+ ZG0* — ). (3.8)

The solitary wave corresponds to a trajectory of this Hamilin system such thhn,, ., 1 o, v(2) = lim, ., 4 u(z) =
0. SinceG(2") satisfies5(0) = 0,
h(v(x),u(x)) = 0. (3.9)

Thus,
w(v? +u?) = G? —u?). (3.10)

Studying the level curves which solve this equation is mosvenient in the coordinates
X =% —u?, Z =0 +u?;

see Figurgl3. We conclude from(3110) and Fidudre 3 that sphitaves may correspond to| < m, w # 0. If w > 0,
then the solitary waves correspond to nonzenwith « changing its sign.

Remark3.3. If w < 0, then the solitary waves correspond#e: 0, and tov changing the sign.



Figure 1: Existence of solitary waves in the coordina#és= v? — u?, 2 = v? 4+ u2. Solitons withw > 0 andw < 0
correspond to the bump on thé axis and to the dotted bump on thé axis (respectively) in the first quadrant.

The functions?(x) and# (x) introduced in[(3.4) should solve

{ X = —4w¥,

Y = (2 +u)g( D) +w2 = —L(2)9( X))+, (3.11)

with the limit behaviorim ;o 2 (z) = 0, lim;|—o #(z) = 0. In the second equation i (3]111), we used the
relation [3:8) and the identity(¢) = 0. The systenT(3.11) can be written as the equatio?an
X" = =09 (—2G(2)* +2,°27%). (3.12)

This equation describes a particle in the poteritigl.2") = —2G(27)? + 2w?2°?; see Figur€l2. Due to the energy
conservation (withr playing the role of time), we get:

c%rlz %'/2

5 2G(Z) + 202272 = 5+ Uu(2) =0. (3.13)
Using the expression fo?™ from (3.11), relation[(3.13) could be rewritten as
12
0= a + U (2) = 8w %> —2G(Z)° + 2w° 2% = 2w* (W*u® + (v* — u?)?) — 2G?, (3.14)

which is equivalent td(3.10).

For a particular value af, there will be a positive solutio?”(z) such thalim, .1, 2 (z) = 0 if there exists
2., > 0 so that[3P) is satisfied (see Figlite 2). For conveniencasseme tha2’(0) = 2., so that2 (z) is an
even function.

Un(2) = —2G2( ) + 202 22

Z

0 Zo

Figure 2: Effective potential/,,(:2"). A solitary wave corresponds to a trajectory which satisf¢0) = 2.,
1immﬂoo %(:v) =0.

After we find 2" (z), the function? (z) is obtained from the first equation in(3]11). Knowid§(z) and% (x),
one can expressx) andu(z). O



4 Explicit solitary waves in a particular case

As shown in[[LG75] for the massive Gross-Neveu model, in thecil case of the potential

2
ar g -2

(4.1)

the solitary waves can be found explicitly. Substitut®g%") from (4.1) into [31B), we get the following relation:

Az dx
de = — =— .
2\/(Z — 22/2)2 — w2272 22\ (1 — 27 /2)2 —w?

We use the substitution
X w

-5 =mgs 2 =21 )

Then 2w sin 20
dr = — d2 _ 2 cos? 20 doe _ do
— 2 _ 2 w [z cos20 —w’
2%\/(1 %/2) v 4(1 o cosQG)) cos220 w?
1 t
P M 7

2k |/l —tan©

where

k=11-w?, u—l_w

S l+w
(VB +tan©)e*™* = /i — tan ©, tan © = —,/utanh k.

w w 1 +tan?©
—2(1- —o(1-—2 V=o(1-w 22
4 ( cos2®) < 2(3052@—1> ( wl—tan2@>’

Also note that

and then
1 1 2 de 1 2
Y =——F =—-—— (—2sin20)— = —-———(—2sin20 20 —
4w 4 cos? 2@( St )da: 4 cos? 26( sin 20)(cos w)
tanh
2 2 1—tan®*© 1 — ptanh” kx
Denote

Z(z) = v*(z) + ().
Note that in the notations of the paper [CPQ#](z)/2 = Q(x). Then

2 2
F () = 2 ( w )21+tan®<1 1+ tan @>.

cos 20 0820/ T “1—tan?@© _wl—tanQG

There are the following relations:
v=VZcosO, uz—@sin@,

X = Z cos 20, A = —%fsinQ@.

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

Remarkd.1 By (4.1), tan © changes from// to —,/i asa changes from-oco to +00. Thus, in the limitw — 1,

wheny — 0, one has?” ~ 2, while |%| < 2\ /p.



5 Linearization at a solitary wave

To analyze the stability of solitary waves we consider tHatgm in the form of the ansatz

w(z,t) = (o) + R(z,t))e ™, ¢, = { v } . (5.1)

u

Then, by [Z.1),
iR+ wWR = —i Z ady, R+ B [9((¢0 + R) (¢ + R))($w + R) — g(dutd)du] -

J
The linearized equation dR is:

iR==i) adyR—wR+B[9(butu)R+ (0uR + Réw)g ($udu)bw) -

J

p1+ i1

Let us write this explicitly. Namely, leR = .
prety 4 { p2 162

} , with p;, ¢; real-valued. The linearized equation py

takes the following form:

P1 P2 P1 P1 v
P2 —pi P2 —pP2 A
Oyp = 0 =J — 2 — 5.2
w0 =0r | y Wil | e o | T2 —up)g | (5.2)
S -1 ) —G2 0
whereJ corresponds ta/i:
[0 L
e
We can write[(5.R) as follows:
g—w Oz v? —ww
. _ 0 I -0, —g-—w J|o—uw w?
p—J%p—{_IQ 0 } g—w O, +2g 0 ol ¢ ©3)
—0: —g-w 0 0

wherel is the2 x 2 unit matrix.
We defines7;. as follows:

lg—w Oy [ 20v*+g—w 0. —2¢vu
%_{ — 0y —g—w}’ o | =0, —2¢'vu 20 —g—w |’

Then the linearization at the solitary wave takes the form
al P = 0 I He 0 |[p] 0 A p
¢l | -, 0 0o a2 ||s]| |- O ¢ |’
Remarlks.1 Alternatively, to analyze the stability of solitary wavess need to consider the operator

H = E//((bw) - WQ//(¢w)'
Let® = (&1, P2), whered, = 1 + ix1, P2 = @2 +ix2, Wherep; andy; are real-valued. We have:

1
Qo) = 5/ (T +e3+xi+x3) de,  Q"(P) =1,
R

The energy functional is given by
E(®) =/ (-id*ad’ + G(9D)) dx :/ (@* [ (1) (1) }¢’+G(I¢1|2 - |¢zl2)> dx
R R -

6



= /R (((e1 = ix1) (@ +ixb) — (P2 — ix2) (@) +ix1)) + G(P + X5 — 3 — x3)) da.

For its second derivative, we have:

0 8, 0 0 ©? —er e e 100 0
-0, 0 0 0 —p1p2 2 —p2X1  P2X2 10 =10 0
E,, ) — +2GH 2 +G
() 0 0 0 9 P1x1 —ex1 XTI —XiXe 0 01 0
0 0 -0, O —pP1X2  P2X2 —X1X2 X3 0 00 -1
Evaluating this at the solitary wavé,= ¢, = (v, u), with bothv, u real, we have:
0 0, 0 0 v2 —ovu 0 0 1 0 0 0
-0, 0 0 0 —vu uw? 0 0 0 -1 0 0
" _ T " /
E@ =1 o o o o, | T2 0o 00|70 01 o
0 0 -9, 0 0 0 0 0 0 0 0 -1

Then
H = E"(9) —wQ"(9) = B"(9) ~wli = { o } '

5.1 Spectra of77.

While we are ultimately interested in the spectrum of therafme L, we start by analyzing the specta.gf. which
are easier to compute and which will shed some light on thexdebr of the full operatof..
Define
m4 =1+ w.

Lemma 5.2. oeont (74 ) = R\ (—my, m_).

Proof. The symbol of /7% atz — oo and§ = 0is given bylim,| o o(F4)(2,&)|._, = [ S 0 ] .lts
eigenvalues correspond to the edges of the continuousspect O
Lemma5.3. o4(#2) D {—2w,0}.

[

Proof. By (3.8), 77 { Z } =0, hencep = { ] € ker ##_. Moreover, there is a relation

S

(%+2w){ﬂ_{9+‘” 0: H“}_o, (5.4)

where again we used (3.6). O

The numerical computations show that there are no otheneddiges in7_; this agrees witi [CP06].
Lemma 5.4. o4(7) D {—2w,0}.
Proof. One can immediately check that

vl [ 200 +g—w 0. —29vu o
%Jr[u']_[ -0, —2¢'vu 29U —g—w o =0
Moreover,
wl] [ 29 +g+w  0r—2¢"vu ul| | g+w Oy u |
(‘%ﬂ++2w)[v]_[ -0, —2¢'vu 2¢'u? — g+ w v | | =0, —-g+t+w v =0

The last equality is due t6(3.6). O

The rest of the spectrum of. is computed numerically; see the spectrum of the operHtor:= —.J7, on
Figure[4. (We consider2#, for easier comparison with the spectra 8f. and L from [CP06] represented on

Figurel3.)
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Figure 3: Spectra ofF . (left) and of H_ (right) versusw, computed in[[CPJ6] via Scalapack library on a parallel cotepcluster. Note the
absence of the exact eigenvalie= 2w of o(H. ). These plots are courtesy 6f [CR06].
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Figure 4:0ur recalculation ofr(rH+)'viathe shooting method. The eigenfunction corresponding+ 2w has been found in the explicit form,
confirming our plot. Bifurcation ab ~ 0.5 is absent. Our recalculation of H_) coincides with the right plot on Figufé 3 obtained by [CP06].

5.2 Spectrum ofL

Lemmab5.5. 1.
Ucont(Lw) = (_OO, -1+ W] N [1 — W, —|—OO)

et [ [ 2]

Proof. Letp = { Z } Due to the above results,

0 e A e g e

To find the continuous spectrum @f, we consider the limit of. asxz — oo, substitutingv, u by zeros,g by
g(0) =m =1, andd, by i§. We would also like to find the asymptotics of functions whsdiive (L — \)¥ = 0 for

3. 04(L) > {£2iw}.

a particular\ € C. We assume that such a function has the farm [ ; ] e, At z — -+oo, we have:

en[i]-[5 B[]

m- i } coinciding with boths#,. at|z| — oo. HenceHs = Ar, Hr = —\s, H?*r = —\?r,

with H = { .
—1& —my



m2 4+ €2 —2w¢

whereH? = 2iwe m2 4 €2 . Therefore \ satisfies
0=det(H* +A?) = (m2 + & + X)) (m3 + € + \?) — 4°¢%,
(I4+w? =20+ + N1+ + 20+ +A%) — 4w =0
(IT4+w?+2+21)2 —4w? 40?2 =0, 14+ 4+w?+ 2 =+20/1+ €2,
1424w +20/1+2 ==X, wH1+ =i\
Therefore,

A=diwEV1+82), Fix=wt 1+, I+ =Hdwti\, &=+ (wEiN?— L

The continuous spectrum éf (values of\ which correspond tg € R) is

Ucont(Lw) = (—Z'OO, _im—] N [im_, +ZOO)

O
Possible resonance points=€ 0):
M 2221+ w?) 4+ (W= 1) =0,
M=—14+w)+ /01 +uw?) - (1-w?)?2=—-1-w?+2,
A =+i(l +w).
For the eigenfunctions af corresponding to a particulare C one can take
| 2iwé
T_|:T2:|_/\|:m2+€2+)\2:|7 (5.5)

which is an eigenvector dif? corresponding te-\2.

Remark5.6. This definition ofr gives an eigenvector df? corresponding te-\? everywhere except at = +im_,
where [5.5) vanishes. Then one could take

T_|:T‘1:|_/\|:m3_+§2+/\2:|

ro —2iw€ (5.6)

which represents an eigenvectori@f corresponding to the eigenvalue\? everywhere but ah = +im, (where

(5.8) vanishes).

Then we use the relatiar = —\s to find

s1 | m_ i€ 2iwé B iE(2m_w+m? + &2+ \?)
T i —my m2 + &2+ | T | 2wE —my(m? + €24 \?)

Denote

fir =& =/ (WEiIN2 - 1=+ (—idFw)? -1
Let A = a + ¢b. We assume that bothandb are non-negative. Then

brr =V ((b—ia) Fw)2 —1=+/(bFw)? —2ai(b Fw) — a2 — 1.
For+/z, we choose the branch of the square root suchRhgtz > 0. Define

Cit ={2€C; £Rez >0, +Imz > 0}.



We expect that the eigenvalues emerge fi¢hH w). Assume that < <1+ w,0<a < 1. Then

oo =+V/(b+w)? —2ai(b+w) —a?— 1~ +/(142w)? —2ai(1+2w)— 1€ C,_,

- =—-&-€Cy, &_=8_€eCy,
Err =4V (b —w)?2 —2ai(b—w) —a? — 1~ +/—a? — 2ai = —i\/a® + 2ai € C _,
&+ =&+ €Cy, 534- = 5-21--1- eC__.

The eigenvector correspondingge= £ is given by

1 A2iwé
- || A(m2 + &2+ )?)
TEET s | T | —2miwé —if(m2 4 €2+ \2)
52 —2wE? +my (m? + € 4+ \?)

Noting that

m2 4+ &+ XN =(1-w)?+ (wEiN)? — 1+ A =207 — 2w =+ 2w = 2w(—m_ £ 2i)),

we have:
i€ i& —ig —i§
— IA—m_ — —iN—m_ — IA—m_ _ —iA—m_
St = 5 ) S = _5 ) St = _6 ) S = 5
A+im_ A —im_ A+im_ A —im_

¢s in the upper half-plane correspond to waves decaying-as+oo

0577 -€7+ T

‘ I

¢sin the lower half-plane correspond to waves decaying as —oo

Figure 5: Im &, 4+ < 0, hence’é++* decays forr — —oo. On the other haniin & > 0, hencee’*-+* decays for
xr — +00.

Denote byX ~ the subspace i’ (R, C*) with even first and third components and with odd second aunrdtfo
components. Similarly, denote by* the subspace i’(R, C*) with odd first and third components and with even
second and fourth components. ThefR,C*) = X+ & X~. Noticing thatL,, is invariant inX* and X -, we
conclude that all eigenvalues éfalways have a corresponding eigenfunction eithekKih or in X~ (or both). To
find eigenvalues of, corresponding to functions frodd ™, we proceed as follows:

e For A € C, construct solutiong’;, 1 < j < 4, to the equatioll ¥V = AW with the following initial data at

HEONENE!

Then¥,, ¥5 € X, while U5, U, € XT.
— NZ_se’-+% =0, wherelm &4 > 0.

coor
coroO
oroo
~ooo

e Pick vector_ and=__ such tha{ L, |

r=+4oc0

e Define the analog of the Evans functiéit (A, R) = det [\111|I:R, Usl s 24, E,,]

o Similarly, defineE* (\, R) = det |Wa|,_., Wyl._., 5., E__]

10



e The condition£* (), R) = 0 means that a certain linear combinationiofand¥s € X~ (or, respectivelyy,
and¥, € XT) coincides atr = R with a decaying solution ofL,— .. — A\)¥ = 0. Therefore, ifA € o4(L),
then eithelimpg .y« £~ (\,R) =0 orlimp_, 4o, E1 (A, R) = 0 (or both).

Numeric computations do not show any unstable eigenvaleggdenw = 0.2 andw = 0.9 (we do see exact
eigenvalues ak = 0 and\ = 2wi). On Figurd ¥, we plot the results of our computationsdor 0.2, in the vicinity
of the point where — presumably — an unstable eigenvalue [@P06] (see Figurel6, right) was to be located.

6 Resonances of7,

We consider the operator

15,2 _ 9/
%ﬂ.z[QgU +g—w 0y —2¢vu ]

—0p —2¢'vu 2¢'u? —g—w

6.1 Resonanceof? atA\=m_=m—w

The resonance eigenfunctioi/, N) is to satisfy the equation
|:—N/:|_|:—3’02+U2 2uv ][M]
M| 2uw —2 402 — 3u? N |’
We are looking for a solution of the form
TN e g R o B el
Assuming thatv < 1 and keeping the principal contribution (see Renfark 4.1)gete
—N' = —3v%M, M' = (=2 +v?)N,

M" + (2 —v*)(30*)M = 0.

The WKB approximation for a solution is:

Mz ~eos( [ VB dy).
The resonance condition takes the form

/\/@da:%\/é/ VZ(x)de =7n, necZ. (6.1)
R R

SinceZ” ~ v? ~ 2(m — w)e2#I*l, wherex = v/m?2 — w2, we have

\/E/R\/yd:cz\/E/Rv(:c)d:cz\/E/R\/2(m—w)e*“|”|d:cz\/6-2- \/7%) = \/i\:—_—:&w

Remark6.1 Let us check the applicability of the WKB method. As a mattéfazt, the applicability condition

L/ Z (z) << Z (z) does not hold. Let us check the magnitude of the error. Weidenthe equation

—Z"—i-(— . )Z:Q7 Z|,_ =1,
cosh” x
which has the exact solutidfi(x) = — tanh 2. The WKB method gives the approximate solution
D)
Zwkp(x) = cos( _oshy d )

11
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Figure 6: Spectra ofL,, atw = 0.2 (left) andw = 0.7 (right), computed in[[CPU6] via Scalapack library on a datalomputer cluster. Note

the absence of exact eigenvalues= 4-0.4i on the left plot. These plots are courtesy[of [CPO06].
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Figure 7 Trying in vain to corroborate an unstable eigenvalud.gfatw = 0.2 by computing the Evans functiorS* (X, R) (with R = 20)
for even-odd-even-odd spinors frami— (left) and odd-even-odd-even spinors froxt (right) in the vicinity of A ~ 0.15 + 0.8i. The unstable

eigenvalue 11l  ~ 0.15 + 0.84) from Figure[® (left) would be somewhere in the middle of thewe plots. The regions where the Evans function
takes positive real values are marked witt',‘while positive imaginary values are marked with":* An eigenvalue at a zero of the Evans function

would be at the intersection bbrdersof the marked regions. None of such intersections takeg mlaither plot.
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1. The total phase change famh x asz changes from-co to +o00 is , while total phase change &fyy i 5 IS
fR co\s{}?y dy = \/iﬂ-'

2. The asymptotics far < 0, |z| > 1 for the solutionZ(z) = — tanh = and its approximatio&yy x () are

et —e * 1—e?®

Z(x) = —tanhx = — = ~1—2e%",
e?+e® 14e2®
Z (z) =~ cos (\/5/1 ¢ d ) co (_ew ) 1 _e%
x) ~ — = cos ~1-—.
WKB 2 Y /2 4

We see that the WKB asymptotics are imprecise.

The numerical simulations show that the “phase shift2by(n = 2 in (€.1)) corresponds to the limit — 1. At
the same time, the phase shift whiEh {6.1) givesdot 1 is approximatelyl\/% ~ 4.9. Numerical computations
show that the phase shift 3¢ (n = 3) corresponds ta = 0.367, the phase shift by (n = 4) corresponds to
w ~ 0.205. For these values af, our approximate conditiofi (8.1) becomes very imprecisessit was derived for
w < 1.

6.2 Resonanceof? at\=—-—m,  =-m—w

The resonance eigenfunctioi/, N) is to satisfy the equation

=N [ 2-302+u? 2uv M
M| 2uw v? — 3u? N |-

We are looking for a solution of the form

. M) | |0 . M) | | O
mﬂmoo[ N(z) } - { 1 ] IETOO{ N(z) | = [ #1 |-
Keeping the principal contribution, we get:

—N'=(2-3v}M, M’ =v*N,

N" 4+ (2 — 3v*)(v*)N = 0.

The WKB approximation for a solution is:

N ~eos( [ VE=3R0) R0 dy).
The resonance condition takes the form

/\/ﬁda:%\/i/ VZ(x)de =7n, neZ. (6.2)
R R

7 Resonancesolb at A = im.

Recall thatny = m + w. The eigenfunctions correspondingtce= i(m + w) = im satisfy
: pl_| 0 I Sy P
e[ I L ]

imyp = g, imys = —Ip.

or
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Explicitly,

. -~ |l g—w Oy . o _ 20 +g—w  8.—24vu
zmip—ﬁf7§— _aw —g—w S, m4s = %er— _aw _2g/vu 29’u2—g—w
P = —2g'vupy + (29'u® — g — w)p2 + iMmico,
—ph = (29'v? + g — w)p1 — 2¢"vups + imicy,
1 = (—9 —w)sz — imyp2,
—¢b = (9 —w)s1 —imyp;.

Keeping the main contribution, we get:
Py = (—my + Z7)p2 +imacy,
—ph = (m_ — 32 )p1 +imyc,

1= (=my + Z)s2 — impa,
—¢h=(m_ — 2 )1 —imyps.

7.1 Resonanceof at A =im

P = (=my + Z)p2 + imc,
—py = (m— —32)p1 +imyq,
1= (=my + )52 — imypa,
=S = (m— — Z)s1 —imyp1.

We take:(p1, p2, 1, $2)] = (0, 1,0, —17). We differentiate the second and fourth equations and disded”'(x):

z— —o0

—py = (m- = 32)py +imis = (m— = 32)((=my + Z7)p2 + imy) + img ((—my + Z)s2 — imyp2)
=) = (m— = 2)qg —imypi = (m- — Z)((—my4 + Z')s2 — imgp2) — imy((—m4 + 27)p2 + im4c2),

which takes the form

Py +mips+ (mo —32)(—my + Z)p2 + (m- — 32 )imyco +imy(—my + 2 )2 =0
5 — (m— — Z)imyps — imy(—=my + Z)p2 + mic + (mo — ) (=my + 2 )52 =0

Disregarding terms wit#2"2, we get:

i
P2 2 1 — Img +m_ —2imy p2 |
[Q} —l—{(mJr mm+)[i 1 }—I—%[ 0 My +m_ o =0
Denotel's = py + ica, To = p2 — ice. Coupling the above system witlh, 7), one gets
Ty + 2 [Bmy +m_, —imy +im_] [ 2 } =T5+2Z(my +m_ e +22my Ty =0. (7.1)

Coupling the above system witlt, —i), one gets

p

Tg+2m+(m+—m,)T2+%[3m++m,, —3zm+—zm,] |: §2 :| = Tg+2m+(m+—m,)T2—|—3?f(3m+—|—m,)T2 = O
2

Thus, T, = 0. The WKB approximation of{7]1) yieldB; (z) = C cos([*__ \/2mZ (y) dy).
Since the solutiolip, ¢) can be broken into odd and even components, the resonandéicomakes the form

/R V2mZ (x) dx = mn, n € Z. (7.2)

Remark7.1 Letus note that the resonance conditfonl(6.2)#6r at A\ = —m_, coincides with the resonance condition
(Z2) for L at A = +im, (both derived under the same approximations), suggestinitasbifurcation pattern fop#,.
at—m and forL at+im_. Although these criteria in present form are very impredise absence of bifurcations in
the spectrum of#, indeed matches the absence of bifurcations in the spectium o
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