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Full counting statistics of chaotic cavities from classical action correlations
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Quantum transport through a chaotic cavity is described by a N2 X Nj transmission matrix t,
where N; and N2 are the number of open channels in the source and drain leads, respectively.
We present a trajectory-based semiclassical calculation of the moments Tlr(ttT)m7 which completely
characterize the transport process. This requires two different sets of m classical trajectories with
correlated actions, therefore generalizing previous works on conductance and shot noise. Our results,
obtained for a quantum graph model, reproduce predictions based on random matrix theory in the
semiclassical regime of many open channels, N1, N» > 1.
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Phase-coherent electron transport through ballistic
quantum dots display a number of universal properties if
the corresponding classical dynamics is chaotic [1]. These
are well described by random matrix theory (RMT), in
which the system’s scattering matrix is assumed to be a
random element of the appropriate ensemble [2]. While
RMT is concerned with the average behaviour of a collec-
tion of different systems within a universality class, the
properties of individual chaotic systems are expected to
agree with its predictions after a local energy average. To
derive this result from first principles is of primary im-
portance and one of the main objectives of the semiclas-
sical trajectory-based approach to mesoscopic transport
[3, 4]. This approach has been successful in reproducing
the RMT results for conductance [4, 5] and shot noise
[6-8], among other properties [9].

In this work we advance this line of investigations to a
new level by computing, in the semiclassical limit, the full
counting statistics of ballistic chaotic systems, of which
conductance and shot noise are the simplest examples.
This statistics is encoded in the moments (or in the cu-
mulants) of the fluctuations of the charge current through
the system [10, 11], and characterizes the transport pro-
cess. Several experimental measurements of higher mo-
ments have recently been performed [12]. Our result thus
considerably extends the microscopic justification for the
observed connection between chaos and universality.

Quantum transport is governed by the transmission
matrix ¢, or equivalently the hermitian 7" matrix given
by T = tt'. This matrix has n = min{N7, N2} non-
zero eigenvalues, where N7 and Ny are the number of
incoming and outgoing channels, respectively. The set
of moments Tr[T™], m > 1, is the full counting statis-
tics of the system. In the regime of many open channels,
N1, Ny > 1, which corresponds to the semiclassical limit,
their RMT ensemble averages M,, = (Tr[T™]) may be
computed by integrating 7™ against the density of eigen-
values p(T') [13, 14]. Explicit expressions were recently
derived through a different, and slightly more general,
method in [15]. They are given by

where N = Ny + N, £ = N1 N3 /N? and ¢, are the Cata-

lan numbers,
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The result is the same for all relevant ensembles (COE,
CUE and CSE). The first two moments are related to the
conductance (x M;) and to the shot noise (o< My — My).

A semiclassical approximation to the ¢;, element of the
transmission matrix is available from the corresponding
theory for the Green’s function [3]. It is given as a sum
over all trajectories connecting incoming channel ¢ to out-
going channel o,

tio=»  AeS/m (3)
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As usual, S, is the action of the trajectory v and A, is
related to its stability. The semiclassical expression for
Tr(tt7)™ contains 2m sums over classical trajectories. We
consider M?3¢ = (Tr(tt!)™), where the average is taken
around a classically small energy window, small enough
to keep the classical dynamics and the amplitudes A,
essentially unchanged. The phase factor on the other
hand is rapidly oscillating as A — 0, and this selects
from the sum only correlated trajectories, with the total
action difference of order i. The object of our analysis is
therefore
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where ¢ stands for {i1,...,%,} and similarly for other
bold characters; «y; is a trajectory going from i; to o,
while p; goes from ;41 t0 0j (imy1 = ¢1); finally, S, =
>, Syand S, =37 Sp.

We will perform our calculations for the quantum star
graph depicted in Fig. 1, a model introduced in [6], for
which the semiclassical formulation (3) is exact and clas-
sical action correlations are exact degeneracies (for recent
reviews on quantum graphs, see [16, 17]). The closed
version of the star graph consists of a central vertex con-
nected to B outer vertices by B bonds. The bond lengths


http://arxiv.org/abs/cond-mat/0703803v2

FIG. 1: (a) A chaotic cavity with two attached waveguides
and a scattering classical trajectory. (b) A quantum graph
model: the leads to infinity shown in bold correspond to
transversal modes of the waveguides.

are taken to be incommensurate. Wave propagation in
this system in governed by a B x B scattering matrix o
defined at the central vertex. We choose its elements to
be

- e27riab/B/\/E, (5)

and with this choice the model is expected to follow RMT
predictions in the limit B — oo [19]. This matrix is
clearly unitary, Z{il Oab0p, = 0qar. The classical dy-
namics defined on a graph is a probabilistic Markovian
process, with bond-to-bond transition probabilities de-
fined by |o4s|? = B~!. Thus a particle coming from any
bond has equal probabilities to scatter into any other
bond and effects related to the Ehrenfest time (see for
example [18] and references therein) are naturally absent.

To open the system we extend N = N; + Ny bonds to
infinity, identifying N7 of them as incoming and N» as
outgoing. These bonds are the analogue of lead modes
in a cavity. Let us denote the set of all “internal” bonds
by G, the set of incoming bonds by £; and the set of
outgoing bonds by L3. We shall consider the limit of
large number of channels, N1, No > 1, after having taken
the limit B — oo. The notion of a classical scattering
trajectory in this case is played by a finite sequence of
bonds, v = [i,p1,...,pt,0|], where i € L1, 0 € Lo and
all other bonds are internal, p; € G. The quantity t is
the topological length of the trajectory. The action is
the wavenumber k times the total metric length, S, /h =

kL., where L, = 22:1 Ly, with L, the metric length

of bond p;. The amplitude is
Ay = Oip,Opips *** Opjo- (6)

The total lengths of the trajectories required to com-
pute M5 must satisfy >0~ L, = > oo, L, . The as-
sumption of incommensurability of the bond lengths then
implies that if a bond b appears exactly n, times in the
family of trajectories «y, then it must also appear exactly
np times in the family p. As an example, to compute M7¢
we need only two trajectories. To leading order in N1
the only contribution comes from the case when these

trajectories are exactly the same, so that we have

sc - (B_N)t N1N2
M :ZZ|A7|2:N1NQZ B+1 N
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The calculation of the second moment involves four tra-
jectories, and was shown in [6] to give
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in agreement with RMT. Quadruplets of different tra-
jectories contribute to this result if there is a cross-
ing. By this we mean they can be represented as
v = [i1,A1,B1,01), 72 = [i2,A2,B2,05] and p1 =
liz, A2, Bi,01], po = li1, A1, B2, 00], where A;, B; are
some bond sequences. In particular, the first term in
(8) comes from the case when either A;, A3 = § or
By, By = {), while the second term arises when all A;, B;
are non-empty.

Trajectory crossings constitute the general mechanism
that provides us with the correlated families of trajec-
tories that we need in order to obtain Mj;¢. A family
~ will make a contribution if it allows some reconnec-
tion at its crossings which produces an acceptable part-
ner family p. We must construct all possible families
~, and to this end we take a diagrammatic approach
in which = is represented by a tree, of which channel
41 is taken to be the root. Trees can be characterized
by a vector v = (v1,ve,...), where v, is the number of
points where n + 1 trajectories cross. Such points will be
called n-nodes. In figure 2 we present two examples of
trees contributing to Mj°. One of them has characteristic
v = (3,0), and the other has characteristic v = (1, 1,0).
The edges of the trees represent arbitrary sequences of
bonds (called segments). Along these segments the am-
plitudes coming from - and p are complex conjugate and
combine into classical probabilities. Each of the bonds
making up a segment can be chosen from the available
B — N internal possibilities. The sum over all bonds
of a segment which are not involved in crossings is thus
always equal to

yE AL )

Therefore, we arrive at Rule 1: each segment contributes
N1

At the crossings we need to compute a different type
of sum. Suppose a crossing is an (n — 1)-node, i.e. it
involves n trajectories. Let us label the bonds arriving at
the crossing as @ = {a1, ..., a,} and the bonds departing
from the crossing as b = {b1,...,b,}, in such a way that
[a1,b1] is part of a trajectory in « while [ag, b1] is part of a
trajectory in p and so on. For the moment we assume all
of these bonds to be internal; crossings involving external
bonds will be considered after Eq. (20). If the crossing



FIG. 2: Examples of trees contributing to M3°. The edges cor-
respond to sequences of internal bonds (called “segments”),
the empty circles correspond to the leads, marked by ¢ or
o, and the shaded circles (called “nodes”) correspond to the
crossings. Once the external leads and the bonds compris-
ing the segments have been chosen, the corresponding con-
tribution to M;; can be read off the tree by traversing it
i1 — 01 — 12 — --- — on — 11, taking always the shortest

path.

consists of a single vertex, we have (with a,+1 = a1)

n
= Z H Ta;b;

a,b j=1

Tazpat; A(@A(D),  (10)

where the quantity

n

Afa) =1-]] a0 (11)
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prevents all bonds a; from being equal at the same time
[20, 21]. Writing the unitarity condition for o as

g OabOhyr = Oga’ — E CabOlg s (12)
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we can transfer sums from inside the graph to the leads.
Applying this several times one can show that

(B—N)2 _2(B_N)n+1

(13)

For an ‘extended’ crossing [21] involving s vertices we get

B—-N 2n+s
Xoy1(n) = (B"T)l) (14)
If we sum this over s and combine it with (13), we arrive
in the limit B — oo at Rule 2: the contribution of a cross-
ing is —N, independently of the number of trajectories
involved.

We assumed in the above that all crossings were in-
dependent. We checked for several cases that when two
crossings share a common bond the contribution indeed
vanishes. The same assumption is commonly made in the
study of the form factor of closed systems [21, 22], and
much effort has been put into its justification.

If a tree has characteristic v, it contains |[v| =Y v,
crossings, while the number of segments is m + |v| +

d(v) = 2m + |v| — 1, where d(v) = >, nv, = m —
1. In view of Rules 1 and 2 (which are also valid for
Hamiltonian systems, see Table 1 of [9]), the contribution
of such a tree to M:¢ is (—1)IVINE™. If N(v) denotes the
number of trees characterized by v, then their combined
contribution is

Cn = Z N (=) (15)

d(v)=m-—1

Finding N (v) would probably be a rather difficult prob-
lem, but we were able to compute the above sum without
obtaining this quantity explicitly, by making use of gen-
erating functions. We notice that if

:ZN(

is the generating function of N (v), the function defined
by f(r) = g(—r,—r2?,—r3,...) is the generating function

of the quantity that we seek, Cpy,,

ZN VI — ZO Pt (1)

One can count the number of trees characterized by v
by counting all possible subtrees emerging from the top
node, resulting in the recurrence relation

g(z1,22,...) Jetas? ... (16)

2n+1

= Z Z H N(Vj>5w,vfen7 (18)
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where w = . v; and e, has 1 in n-th entry and zero
everywhere else. Substituting this into Eq. (16) we see
that it satisfies ¢ = 14+21¢°+x2g°+. . .. Correspondingly,
f(r) satisfies f = 1 —rf3 —r2f5 — Summing the
geometric series we arrive at f =1 — rf2, and thus

f("”) = 1+27 ‘1+4T (19)
r
When compared with the generating function for the
Catalan numbers ¢, this gives
Cpo = (=1)""tepy, (20)
in agreement with Eq. (1).

The previous calculations assumed all bonds involved
in crossings to be internal. It can be shown that if a cross-
ing involving n bonds contains an external bond a; € L1,
then the only non-vanishing contribution comes from the
case a1 = ... = an € L1. In that case we say that the
crossing touches £ (see [7] for a similar discussion in the
case of billiards), and its contribution becomes NNy ™.
Analogously, the crossing may touch L5, and then its
contribution is NN, ™. In addition, the number of seg-
ments is reduced by n in both cases. Let us consider for
example the tree in the figure 2(a). All nodes in the tree
have n = 2. The lower node has two segments leading



to outgoing leads. These segments could be empty and
thus the node could touch £5. The top node could touch
L1, while the middle node cannot be made to touch any
of the lead spaces.

For a given tree, denote by ¢; ,, the number of n-nodes
that can be made to touch £;. Let us define

T(v)= Y JIa-=0)mm@ -z, (21)

trees(v) n

where z; = N/N; (notice that 2120 = £~!). The sum is
over all trees with characteristic v and the values of ¢ »,
and g2, depend on the tree. Similarly to (15) we have

M) =N Y (=)MT(v). (22)

vid(v)=m-—1

Now we define the generating function of T'(v),

F(x1,29,...) = Z T(v)ztzs? ..., (23)

and, denoting G(r) = F(—r,—7r?,...), obtain

G(r) =Y My (24)

Unfortunately, it is not straightforward to write a recur-
sion for T(v) in the fashion of (18). This is because,
unlike any other node in a tree, the top node can touch
both L1 and Lo (although not, as a direct calculation

shows, at the same time). After resorting to auxiliary
recursion relations, we can arrive at an algebraic equa-
tion for G(r) [23]. Without going into the cumbersome
details, this results in

G(r)_;\]—r< |4 e —1>, (25)
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which finally implies
, T /m—1 _
GRS Bl G [C Y
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reproducing the complete result from random matrix the-
ory (1). The same generating function (25) was obtained
within RMT in [14].

This result shows that the applicability of RMT to
chaotic transport remains valid for the full counting
statistics, beyond conductance and shot noise. Several
extensions are possible. Obtaining higher-order terms
in N~! requires incorporation of trajectories with self-
encounters. This is a non-trivial problem also from the
RMT point of view, since expressions that are valid for
arbitrary number of channels are known only up to the
third moment [15, 24]. Another interesting development
would be to include effects due to finite Ehrenfest time,
a program that was initiated in [25]. Also, analogous cal-
culations could be done for more generic billiard systems.
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