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Chapter 1

Overview of asymptotic random matrix results.

Brief review of probability theory.

Probability space (€2, >, P). Here
) = set.
Y. = o-algebra of measurable subsets of 2.
P = probability measure on (€2, X), P(2) = 1.
X = random variable = (real-valued) measurable function on 2.
E = expectation functional,
EX] = /X P — /X(w) dP(w)
whenever defined.

px = distribution of X = probability measure on R,
px(A)=P(X € A)=Plwe: X(w) € A).

Also for f € Cy(R),
E[f(X)] = / F(@) dpix ().

A random matrix is an N x N matrix of random variables = M y-valued random variable.
These come up in a variety of models and settings.
Remark 1.1. In this course, our main interest is in the behavior of NV x N random X as N — oo. So

often a “random matrix X really means a sequence (Xy)%_,, each Xy N x N. There are also many
exact results for finite NV, which we will omit.



1.1 Gaussian orthogonal ensemble GOE y.

Fix N > 1. Forl <i<j <N,letB;; ~ N (0, 1) be independent standard normal variables. Define X

an N x N matrix by

1 ) .
(Xnlij = [Xn]ji = —=DBij, 1<y

VN

V2

VN
Usually the Gaussian Orthogonal Ensemble is defined without the \/Lﬁ normalization. We include this
normalization from the very beginning, to have

(so that X is symmetric), and

1 1 X
~ XN = < Xii
N [ Xy N 121
and 1
N N
1 27 1 . 1 1 9 2 9 B 2 )
NTI[XN] N Z Xig X = N <2Z NBZ‘J - Z NB”> = N2 ZBZ-J-;
wI=t <y 3 1<j
and so 1 )
_|_
2 —_
L [N TT[XN]} =N o — 1.
Theorem (Wigner’s Theorem I). Let Xy ~ GOEy. Then as N — oo,
1 1 /2
N TT[X%] — ¢, = Catalan number = 1 ( k)
S——— nu\m;;:r -+
random
and 1
N Tr[ X%+ — 0.

We will see a combinatorial interpretation of ci soon.

Convergence in what sense?

Definition 1.2. (z,)3_, random variables.

TN — a in expectation if
Elxy] — a.



TN — a in probability if Vo > 0,
P(lzy —a] > 9) — 0.

rN — a a.s. (almost surely) if
P(xy 4 a) =0.
Review the relation between these modes of convergence.

The theorem above holds in all three senses (Wigner 1955, 1958, Grenander ?, Arnold 1967).

Remark 1.3 (Second point of view: matrix-valued distribution). Take X ~ GOEy as before. Forgetting
the matrix structure, we may think of X as an RV(V+1)/2_valued random variable, jointly Gaussian with
joint density

1 x? 2 1
(=577 L ep(—557w) | ] dvis = - | | exp(=Nwijzji/4) | | dvyg
Zg 2(1/N) H 2(2/N) g ! Zl;[ 7 1;[ !

1 N
= - exp (—Z Tr[X2]) dX.

Note that if U is an orthogonal matrix,

%exp (—g Tr[(UXUT)(UXUT)]) dUXUT) = %exp (—g Tr[X2]> dX.

So this ensemble is orthogonally invariant. Since X is symmetric,
X =UAUT,

where U is a random orthogonal matrix, and A is a random diagonal matrix. From orthogonal invariance
it follows (after some work) that U is a Haar orthogonal matrix, with a uniform distribution over the or-
thogonal group, and so eigenvectors of X are uniformly distributed on a sphere. What about eigenvalues?

Third point of view: eigenvalues and spectral measure.

X is symmetric, so diagonalizable, with (random!) eigenvalues \; < Ay < ... < Ay. Combine these
into an empirical spectral measure

. 1
Ux = N((S)\l ++6}\N>

which is a random measure.

Note:
—_— k P — P — _ — . y
N Tr[X"] N Tr[(UAU)"] N Tr[A"] N ZE 1 A; /x dji(x),

the k’th moment of [i.



Theorem (Wigner’s Theorem II). Let X ~ GOE. Then as N — o0,
,LAL N — O
weakly, meaning that for any f € Cy(R),
[ i 1do,

and o is the (Wigner) semicircle law,

1
dO'([L') = % V4 — 1’21[,272] dx.

Figure 1.1: Semicircle law

Again, [iy random, so: [iy — o weakly in expectation if Vf € Cy(R),

EUfwﬂéfw;

PQ/wa—ﬂw
P(/fd,&Nﬁfda> ~0.

Remark 1.4. It is not hard to check that

/x%ﬂ do(z) =0, /x2k do(z) = .

/xkd[bN — /xkda(:c).

Of course this function is not in Cj(R).

weakly in probability if

25)—>O;

weakly a.s. if

So Wigner I says



Results so far are about (weighted) averages of eigenvalues. What about individual eigenvalues? Recall
that we defined A\; < X\ < ... < Ay, and showed

1
N((SAI —|——|—5>\N) — 0.

with support [—2, 2], figure omitted.

Theorem. Let X ~ GOEy. Then A\x(Xy) — 2 in probability.

(Fiiredi, Komlos 1981, Bai, Yin 1988)

Fluctuations.
Recall

1
N Tr[X3] — ¢, in probability,

An(Xy) — 2 in probability.
These are analogs of the laws of large numbers. What about the analogs of the Central Limit Theorem?

Theorem.

1
N (N Tr[X 3] — ck) — N(0,?) in distribution.

In contrast,
N?3(\y(Xy) = 2) — Tracy-Widom distribution.

Figure 1.2: The Tracy-Widom distribution



Remark 1.5 (Large deviations). Recall that for large N, iy ~ o with large probability. What are the
chances that it is far from o? Very roughly, for a probability measure v,
Prob(jiy &~ v) ~ e V1),

where
() = i/ﬁ dv(z) — %// log | — y| dv(x) dv(y)

= logarithmic energy = free entropy. Here /(o) minimizes /.

Spacing distributions.

Recall 1
N = N(ah + ...+ 0xy) = p(z) dx,

1
p(x) = %\/4 — 22159 ().

So intuitively,

A j
dr ~ =
INCCET

(in fact true) and

Thus

So renormalize
sj = Np(Aj)(Aj1 = Aj).
For 0 < 7 < N, independently of j, s ~ Gaudin distribution. Figure omitted.

This is of interest because of Wigner’s original model: X models the Hamiltonian of a large atom, in
which case \;’s are the energy levels. Physically what is observed are not \;’s but (\; — A;)’s. Figure
omitted.

These properties can also be stated in terms of k-point correlation functions.



1.2 Other ensembles.

Other Gaussian ensembles.
Gaussian unitary ensemble GUE y.

For1 <i,j < N, let B;; ~ N (0, 1) be independent. Define Xy by

1 . .
[(Xnlij = \/ﬁ(&j +V—=1By;), <],
1 . .
[(Xnlji = [Xnliy = ﬁ(&j —V—=1Bj), i<},

1
vN
Thus Xy is complex Hermitian, its off-diagonal entries are complex Gaussian, and its diagonal entries
are real Gaussian. Its distribution is invariant under conjugation by unitary matrices.

Gaussian symplectic ensemble GSE .

Recall that the algebra H of quaternions is
{a + biy + ciy + dig : a,b,c,d € R}

subject to the relations 73 = i3 = i3 = iyiyi3 = —1. For ¢ € H, we may define the quaternion conjugate
q as in the complex case. The dual Q* of a quaternion matrix is its conjugate transpose. A matrix
@ = Q" is self-dual. Finally, the symplectic group consists of quaternion matrices such that S*S =
SS* = I. The Gaussian symplectic ensemble consists of self-dual quaternionic matrices whose entries are
properly normalized independent quaternionic Gaussians. Its distribution is invariant under conjugation
by symplectic matrices.

Most results which hold for GOE hold, either exactly or with appropriate modification, for GUE and GSE
(in fact the results for GUE are often neater). Moreover we can include all these in the family of Gaussian
[J-ensembles, with § = 1 real/orthogonal, § = 2 complex/unitary, and § = 4 quaternionic/symplectic.

GOE satisfies two properties:

a. Symmetric with independent entries.

b. Orthogonally invariant.

These two properties in fact characterize GOE. So have two natural directions to generalize.
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Wigner ensembles.

[Xn]i; symmetric, independent,

1
Xij = ij' ~—=Y1, Yi~uy,

VN
1
VN

Var v; < oo, Var s < 00, and possibly with assumptions on higher moments.

XiiN 1/'27 }/2N1/27

Then iy — o still! Under extra assumptions, also Ay(Xy) — 2 and N?/3(A\y — 2) — TW.

Orthogonally invariant ensembles.

Recall for GOE,

More generally, may look at
1
X ~ - eXP (=N Tr[V(X)]) dX

for V' a nice function. Then iy — py, the equilibrium measure for the potential V' (different from o),
which can be described using [y (). However the spacing distributions, for nice V', do not depend on V/,
and so are universal, as is the convergence to the Tracy-Widom distribution.

Non-symmetric ensembles.

1
Xij~—Y, Y~u

1] \/N )
all independent.
X diagonalizable a.s.

R 1
fin = N(% oo+ Oay)

is a measure on C. For nice v, fiy converges to the circular law (Girko 1984, Tao, Vu 2008), figure
omitted.

Can ask similar questions in this context.



Wishart ensembles.

The oldest appearance of asymptotic theory of random matrices (Wishart 1928).

Consider a k-component Gaussian vector Y ~ N (0, X) with the covariance matrix Y. How to estimate
2?

Take N independent samples YV Y2 Y (V) The sample covariance estimate is
1 N
~ (n)y(n)
EYY;] ~ ;:1 Yy,

LetY = (Y1|Ys|...|Yy), ak x N matrix. Then

A A

N
1 ~ A 1
EY;Y;] ~ v § YinYj, = N(YYT)U.
n=1

X = %YT}A/ (note order) is the N x N Wishart(k, N, Y) matrix. If & is fixed, as N — oo, %YSA/T — 2.
What if both & and NV are large? Note that X is orthogonally invariant (check), so only its eigenvalues
matter, and they are closely related to the eigenvalues of %YYT. For example if > = I, and % — p, then

fix, converges to the Marchenko-Pastur distribution.

Connections to other fields.

Wigner, Tracy-Widom, Gaudin, Marchenko-Pastur distributions appear in unexpected contexts with no a
priori connection to random matrices. We only give two examples.

Example 1.6 (Ulam problem). Let & € S(N) be a permutation. Reorder {1,2,..., N} according to «,
and let L(«) be the length of the longest increasing subsequence in it. Pick o uniformly at random. What
can be said about L?

Theorem. (Vershik, Kerov 1977, Baik, Deift, Johansson 1999) As N — oo, the average length of the
longest increasing subsequence
E[L] ~ 2V/N,
and
L—-2VN
N1/6
Example 1.7 (Riemann zeta function). ((z) = analytic continuation of ) - | # The Riemann Hypoth-

esis states that all zeros of ¢ lie on the critical line z = % + 1y. Denote the imaginary parts of the zeros by
A1 < Ay < A3 < ... The prime number theorem implies that

— Tracy-Widom distribution.

A, 2mn

~ logn

10



and so
2T

logn

)\nJrl - )\n ~

So renormalize: roughly,
logn
Un = Qg (/\n+1 - /\n>
s
Then for large n, v appears to follow the (GUE version of the) Gaudin distribution. Extensive numerical
and some theoretical evidence (Montgomery 1973, Odlyzko 1987). No proof!

11



Chapter 2

Wigner’s theorem by the method of moments.

The techniques in this chapter go all the way back to Wigner (1955), but continue to be used with great
success.

2.1 Convergence of moments.

Theorem 2.1. Let X be a Wigner matrix with finite moments. That is, for each N, {X;; : 1 <i < j < N}
are independent,

1
X@'j = ij‘ ~ ﬁYz’j, Yz’j ~ Uy,
1
Xii ~ Yii, Yy~ vy,

VN
E[Yij] = 0, Var vy = 1, and all the higher moments of v, and v are finite. Then for k > 1,
1

~ T (X3 — e

and

1 _
v Tr[X¥ 1 =0

in expectation, in probability, and (as long as all the random variables live on the same probability space)
almost surely.

Remark 2.2. The condition Varv; = 1 is there purely to simplify the normalization. The condition
that entries are identically distributed can easily be removed as long as the moments of the entries are
uniformly bounded. The condition of equal variances is absolutely essential. The independence condition
can be weakened, but the proof becomes significantly more complicated.

12



Proof of Theorem 2. I| for convergence in expectation.

N
1 i 1
~ DXN = e Y YumueYu@ue) - Yamu):
u(1),...,u(k)=1

Fix @ = (u(1),u(2),...,u(k)). Let Sz be the set

= {u(1),u(2),...,u(k)}.

Consider the multigraph with the vertex set .S, and the number of undirected edges between u(7) and u(5)
equal to the multiplicity of the factor Y, ;)u(j) = Yu(j)u(i) 1n the product above; multiplicity zero means no
edge. Note that this multigraph comes equipped with an Eulerian circuit: the path

u(l),u(2),u(3),...u(k),u(l)

passes through each edge of the graph exactly as many times as its multiplicity. Finally, if we forget the
multiplicities, we end up with the underlying (simple) graph. The Eulerian condition implies in particular
that this graph is connected.

We decompose the sum above according to

1
~ LT[ Nl—l—k/ 5D EYuayu@Yu@u) - - Yawum)-

s=1 @:|Sz|=s

Note that each expectation on the right-hand side is independent of N.
First suppose that s < 1 + k/2. Then

N
{@: ]Sz = s} < (s)Sk < sFNE

Therefore
k/2
N1+k/2 Z Z U(l)u Yu@u) - - - YU(k)U(l)] — 0
s=1 @:|Sg|=
as N — oo.

Next, note that if some edge in the graph appears with multiplicity 1, then since entries of the matrix are
independent and centered, the corresponding expectation is zero. But if a connected multigraph has &
edges and each edge has multiplicity at least 2, it can have at most 1 + k/2 vertices. Therefore

N1+k/2 Z Y BN Ya@ue) - Yamum)] =0

s=2+k/2 u:|Sz|=s

13



and
1

1
FEMXNV = D BN Yueus - Yawuo)
@|Sgl=1+k/2

In particular this is zero for k£ odd; from now on we assume k to be even. In that case the argument above
shows that the non-zero terms in the sum correspond to graphs with 1 + k/2 vertices and k/2 edges,
each of multiplicity 2. This means that each underlying simple graph is a tree, and the sum is taken over
precisely all labeled ordered rooted trees with 1 + k/2 vertices, with a root (corresponding to u(1)), an
order of leaves at each vertex (corresponding to the order in which they are traversed by the Eulerian
circuit), and 1 + k/2 distinct numbers between 1 and N (labels of the vertices). The number of such
ordered rooted trees is the Catalan number c;, /5 (see the lemma below). Note also that a tree cannot have
self-edges, so no terms of the form Y;; appear. Thus using independence of entries

N(N =1)...(N — k/2)
N1+k/2

1
NE[Tr[X]’i,]] = Vark[yl]ckﬂ — Ch/2

as N — oo. L]

Lemma 2.3. The number of ordered trees rooted with k + 1 vertices is the Catalan number cj,.

Proof. Note that a tree with a fixed Eulerian circuit and root can be identified with an ordered tree, since
drawing the tree with the circuit on the outside corresponds to a unique way to define a depth-first order
on it. Let ¢, be the number of such trees. By removing the edge (u(1),u(2)), we see that these numbers
satisfy the Catalan recursion
k—1
te =Y titk—i1,
i=0

with to = 1, tl =1.So tk = Ck. ]

Exercise 2.4. Prove that the Catalan numbers satisfy the Catalan recursion. Here is one possible approach.
Suppose by = b; = 1 and the by’s satisfy the Catalan recursion. Let F'(z) = >~ byz" be their generating
function. Show that F' satisfies a quadratic equation. Solve this equation to find a formula for F'. Finally,
use the generalized binomial theorem to expand F' into a power series, to see that its coefficients are the
Catalan numbers.

To upgrade convergence in expectation to convergence in probability, we recall

Lemma 2.5 (Markov inequality). Let U be a positive random variable with a finite expectation. Then for
any 6 > 0

P(U > 6) < ~E[U].

| =

Lemma 2.6 (Chebyshev inequality). Let V' be a random variable with finite variance. Then for any § > 0

PV — E[V]| > 6) < %Var[V}.

14



Proof of Theorem|[2. 1| for convergence in probability. Since

P (|5 o) - o] 2.) < (|5 0 - B 2

1 k
- [F i - o)

)

we have just shown that ‘%E [Tr[X*]] — mk(0)| — 0 as N — oo, and using Chebyshev’s inequality, it
suffices to show that

1
Var |:N

Tr[Xk]] — 0.
This is ] ]
P [Tr[X*] Tr[X*]] — e

We refine our analysis in the previous proof, noting for future reference the speed of decay of various
terms. Denoting

— E[Tr[X¥)] B[Tr[X*]].

Y = Yuyu@) Yu@uG) - - Yukyu();

Vo | pHIX| =g Y (B - BV B,

s,t=14,0:|Sz|=s,|Sz|=t

Again we have a multigraph with the vertex set S;zU S5, this time covered by a pair of paths which together
traverse each edge according to its multiplicity. So it has at most two connected components with vertex
sets Sz and Sy if these are disjoint, or one component if these intersect. By the same arguments as above,
we can conclude that

the terms with |S; U S| < k go to zero at least as fast as & with N — oo, while the terms with

N2
57 U S5| =1+ k go to zero as +
Thus assume |Sz U Sz| > 1 + k.

E[Yz] E[Y5] = 0 unless both |Sz|,|Sz| < 1 + k/2 and the subgraphs restricted to Sz, Sy are trees with
double edges.

E[YzYs] = 0 unless

e | Sz US| = 2+ k and the graph has two components, each of which is a tree with double edges;

e or Sz U Sz =14k, |SzN Sz = 1, and the graph is a tree with double edges;

two components, one a tree with double
edges, the other with double edges and a single cycle;

two components, each of which is a tree
with double edges, and the total of two triple edges (note that these two edges have to lie in the
same sub-graph);

15



e or [S; US| =1+ kE, |SzN Sz = 0, and the graph has two components, each of which is a tree
with double edges, and a single quadruple edge.

In the case when |S; U Sz| = 2+ k and the graph has two components, each of which is a tree with double
edges, it follows that Sz and Sy are disjoint of size 1 + k/2, and

E[YzYs| — E[Ya] E[Y;] = 0.

Finally, suppose |Sz U Sz| = 1 + k, and the graph is a tree with double edges. We have two non-empty
paths whose union traverses each edge exactly twice. Since the graph is a tree, each edge must be traversed
by each path either zero times or twice. So the paths are actually edge-disjoint, although they may contain
common vertices. Then independence again implies that

E[YaYs] - E[Yq] E[Ys] = 0.
The same conclusion follows in the other sub-cases. We conclude that

k
1 1
Var [N mxk]] — Y > (BN - B EYi]) >0
s,t=14,0:|Sz|=s,|Sz|=t

at least as fast as 5. O

To upgrade convergence in probability to almost sure convergence, we recall

Lemma 2.7 (The Borel-Cantelli Lemma). Let {E ]\/}(J)\,O:1 be events (measurable subsets) such that

o0

Y P(Ey) < .

Then P(w : w lies in infinitely many Ey) = 0.

Corollary 2.8. Let {xy}5_, be a sequence of random variables. If

ZP(\Q:N—CL|25)<OO

N=1

forall § > 0, then x — a a.s. In particular, this conclusion follows from the stronger assumption that

Z Var[zy] < oco.
N=1

16



Proof of Theorem[2. 1| for almost sure convergence. We note that since the variances decay at least as fast
1
as ~
N2>

S 1
Z Var {N Tr[Xﬁ,]} < 0. O
N=1

Remark 2.9. One can use more complicated versions of the moment method to prove the Gaussian
fluctuations for moments, and convergence of the largest eigenvalue to 2.

Exercise 2.10. A complex Wigner matrix X has the form Xy = \/LNYN. Here Yy is a complex Hermi-
tian random matrix, such that the random variables {Y;; : 1 <14 < j < N} are independent,

Vij =Y, i<j
are identically distributed complex random variables with mean zero and variance
E (V] = B[(RYy)* + (3Y)*] =1,

and Y}, are identically distributed real random variables with mean zero and finite variance. Prove the
analog of Theorem for these matrices. You do not need to repeat all the arguments from this section,
just indicate where and how they need to be modified.

What about the quaternionic Wigner matrices, defined similarly? How does non-commutativity of entries
affect the argument? Note that for independent but non-commuting variables z, y, F|xyz] = E[2?|E|y),
but in general e[zyxy| # E[x*|E[y?].

Sketch of a solution. The argument, at least for convergence in expectation, basically goes through until
the last step, when the moments are reduced to a sum of terms over trees with Eulerian circuits traversing
each edge exactly twice. For a general graph, it is possible for an edge to be traversed twice in the same
direction (which causes problems in the complex case), and the Y terms corresponding to the same edge
may not be adjacent (which causes problems in the quaternionic case). However for a tree, each edge
traversed twice has to be traversed in opposite directions, and the Y terms corresponding to the same
edge may always be taken to be adjacent by “pruning the leaves.” Instead of a proof, we illustrate these
statements with an example. Consider the term

EYu1yu@ Ye@)u@) Ya@)u@ Yu@u@ Yuwue) Yue)u@ Yowue) Yoo u@w Yo@ue) Ye@um)]
corresponding to the path 1,2,3,2,4,5,4,6,4,2,1 (draw the corresponding tree!). Then using the very
weak form of independence called singleton independence, the term above is equal to

EYuyu@ Yu@u@ Yuu@ Yu@um E[Yu@ue Yue)w@) EYu@wue) Yue)u@] EYu@ue) Yae) )]
= EYu1yu@ Ye@um] EYu@ue) Yu@u@ | E[Yu@u@w Yu@u@) EYu@ue) Yaeuw ] EYuwue Yueu)

This argument in fact shows that, as long as they satisfy appropriate joint moment bounds and singleton
independence, the entries of the matrix Y can be taken from any non-commutative (operator) algebra, and
the corresponding moments of X will still converge in expectation to the Catalan numbers. [

17



Exercise 2.11. Let Yy be an N x N matrix with independent identically distributed entries, with mean
zero, variance 1, and finite moments. Let Xy = \/LNYN and Zy = Xy XZ%. Then Zy is a (generalized)
Wishart matrix. For each &, show that
1 k

as N — oo. Thus the moments of the asymptotic empirical spectral distribution of Z are equal to the
even moments of the semicircular distribution. Use this to conclude that this asymptotic distribution is the
quarter-circle law

(4 —x)

du(zr) = 104 dx.
p(x) 5rr 104

More generally, in the construction above we may start with Y an K x /N matrix, and assume that both
K and N go to infinity in such a way that K/N — « € (0, 1]. For each k, show that E[Z%] converges as
N — 00, and express the answer in terms of the number of certain combinatorial objects. Hint: the answer

involves directed bi-partite graphs. In fact the “combinatorial objects” can be enumerated, showing that

e £ () ()

Here the coefficients of o’ are called the Narayana numbers. The distribution with these moments is the
Marchenko-Pastur distribution with parameter «,

VE=O0 =),

2rax

du(z) =

o] d,

where A\ = (1 4+ /)2

2.2 Generalities about weak convergence.

Let Cy(R) be the space of continuous functions going to zero at infinity, with the uniform norm. Riesz
Representation Theorem states that the dual Banach space Cy(IR)’ is isometrically isomorphic to the Ba-
nach space of finite (Radon, complex) measures, with the total variation norm. By definition, a sequence
of finite measures vy — v in the weak* topology if for all f € Cy(R),

/fduN—>/fdy.

For this particular Banach space, this topology is also called the vague topology. According to the Banach-
Alaoglu theorem, the unit ball of the dual space is compact in the weak® topology. Since it is also
metrizable in this topology, this unit ball is also sequentially compact. Putting all these results together,
we get

18



Proposition 2.12. Any sequence of probability measures has a subsequence which converges vaguely to
a finite measure.

The limit need not be a probability measure. However the weak limit of a sequence of probability mea-
sures is again a probability measure. To upgrade vague to weak convergence, we need the following
notion.

Definition 2.13. A family of measures {vy }5_, is tight if Ve > 0 3C' VN
vn(lz| > C) <e.
Note that the set { [ a? dVN}]OVozl being bounded is a sufficient condition for tightness.

Exercise 2.14. Let {vx }5_, be a sequence of probability measures. The following are equivalent.

a. The sequence is tight and converges vaguely.
b. The sequence converges vaguely to a probability measure.
c. The sequence converges weakly.

Corollary 2.15. Any tight sequence of probability measures has a subsequence converging weakly to a
probability measure.

Lemma 2.16. In a metric space, a sequence {xy}~_, converges to a if and only any of its subsequences
has a further subsequence converging to a.

Lemma 2.17. Suppose g, h are continuous functions such that g > 0 and lim, . |h(z)| /g(x) = 0.
Suppose v, — v weakly and C' = sup {f g(x) dVN({E)};j:l < 00. Then

/hdUN—>/hd1/.

Proof. Fix € > 0, and choose I = [—K, K] so that |h(z)| /g(x) < eon I Let J = [-K — 1, K + 1],
and let ¢ be a continuous function such that 0 < ¢ < 1, o =1on [, and ¢ = 0 on J¢. Then

/hcpdl/N—>/h<pdV

/]h|(1—gp)dyN:/%g(1—cp)duN§€/gduN§SC’

and by Fatou’s lemma also

while

/|h| (1) dv < =C.

The result follows. O]
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Corollary 2.18. If for all k, [z*dvy — [a*dv and v is uniquely determined by its moments, then
Un — UV weakly.

Proof. Any subsequence of {vx}5_, has a further subsequence converging weakly to a probability mea-
sure. Call the limit . It suffices to show that 7 = v. Indeed, since the sequence { f xk dz/N}?:l
converges, it is bounded; and

/\x!kﬂ dvy < \//x2 dvy /x% dvy.

Taking g(z) = |z|/**" and h(z) = 2* in the preceding lemma, we conclude that [ z* dvy — [ 2* diz and
so [ ok dp = J 2 dv. Since v is uniquely determined by its moments, the measures are equal. [

Lemma 2.19. A compactly supported measure is uniquely determined by its moments.

The idea of the proof is that for a compactly supported i, its Fourier transform (characteristic function)
F(0) = [ €™ df is an analytic function with the power series expansion

n=0 ’

and that any p is uniquely determined by its Fourier transform. Alternatively, we could use Stieltjes
transforms as in Remark 4.3

Theorem 2.20. Let X be a Wigner matrix with finite moments as in Theorem[2.1} Then

~

Hxy — O

weakly almost surely.

Proof. Fix w such that for all &,

/azk dfix () — /xk do.

We know that the set of w where this is false has measure zero. Since o is compactly supported, for such
W, flxy(w) — 0 weakly. [

2.3 Removing the moment assumptions.

Theorem 2.21. Let X be a Wigner matrix. That is, for each N, {X;; : 1 <1i < j < N} are independent,
1
VN
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1
VN

ElY;;] =0, Varvy =1, and Var v, < co. Then

Xii ~ Yii, Y~ vy,

/)XN el
weakly in probability.

The result is obtained by combining the lemmas below. For the proofs we will follow very closely the
presentation in Section 5 of Todd Kemp’s notes, and so omit them here.

Lemma 2.22. In the notation from the preceding theorem, define for a (large) constant C' > 0
~ 1
Yii= ——Yily,1<c — ElYi1y.. ,
1= ooy Yiitmise = El¥idi, <))
where 0,;(C)? = Var(Y;;1)y,,|<c) for i # j, and 0:;(C) = 1 (see Remarkfor an alternative). Then
Yij = Yij = 0in L? as C — oo.
Definition 2.23. A function f : R” — R is Lipschitz if

1£1hsy = sup HE=E s )] <

r#y

The space of Lipschitz functions is denoted by Lip(R™). We only put in the second term to have
Lip(R"™) C Cy(R™).

Lemma 2.24. If [ fdu, — [ fdv, — 0 for all f € Lip(R), then [ fdu, — [ fdv, — 0 for all
f e Cy(R).

Lemma 2.25. Let A and B be N x N complex Hermitian (or in particular, real symmetric) matrices.
Denote by M\ < ... < M and \P < ... < \§ their eigenvalues, and by [i, and [ip their empirical
spectral measures. Then for any f € Lip(R),

]/fdﬂA—/fdﬂB

Lemma 2.26 (Hoffman-Wielandt inequality). For A, B as in the preceding lemma,

1 N 1/2
< Wl (N >0 - W) |

=1

N

DO =A< T[(A - Bl

i=1

We will follow Todd Kemp’s notes for the proof, but also outline the proof of the Birkhoff-von Neumann
theorem.
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Theorem 2.27 (Birkhoff-von Neumann). Let D be the space of N X N doubly stochastic matrices. The
extreme points of D are the permutation matrices.

Proof. 1t is easy to check that D is convex. Let A not be a permutation matrix. We will show that A is not
an extreme point, that is, it is a convex combination of two matrices in D.

Since A is not a permutation matrix, it has an entry A, (1), 2) With 0 < A1),y < 1. Since columns add
up to 1, there is another entry A, 2),(1) in the same column with the same property. Since rows add up to
1, there is another entry A, (2),(2) in the same row with the same property. Continue in this fashion until
we arrive in a row or column previously encountered. By possibly removing the beginning of this path,
we arrive at the family of entries

S = { Au)e(1)s Au@yo(1), Au@o(@)s - - - » Autkyot)> Auiyoih) }

all of which are strictly between 0 and 1. Note that there is necessarily an even number of them. Let
e =min{a,1 —a:a € S}. Let B be the matrix whose entries are ¢ for even numbered elements of S,
—e for odd numbered elements of S, and 0 otherwise. Then A+ B and A — B are both doubly stochastic,
and A= 1(A+ B)+1(A-B). O

Exercise 2.28. Let x1 < 25 < ... <zxyandy; <y < ...yy. Then for any permutation «,
Z TiYa(i) < Z TiYi-

Proof of Theorem Fix f € Lip(R) and €, > 0. By Lemma [2.24] it suffices to show that

o fr o

for sufficiently large N. For Y as in Lemma[2.22| denote X = \/Lﬁff Then the entries of X satisty the
assumptions of Theorem [2.20} and so

o(fr o

for sufficiently large /N. On the other hand, combining Lemma [2.25| with the Hoffman-Wielandt inequal-

ity,
’/fd/lXN - /fdﬂch

25>§6

> 5/2) <eg/2 (2.1)

<l (10 |5 - XNVDW.
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Therefore

P(‘/fd/lXN—/fdﬂxN

>o/2) <P (nfump (1 on—x0]) 2 5/2)

A, [Tr Fm - XN>2H

- 52 N
4113, 1 .
==t [T [ = Y’
41l 1 [ & )
- 52me Z(Yij_KJ)Q
ij=1
4 FI7 1 i i
= e (N(V = DE((Yia = Vi) + NE[(Viy = Vir)?])
4513,

< =5 (Bl(Via - V1)) + Bl(Vir — Yan)?]) < ¢/2,

where by Lemma the last quantity can be made arbitrarily small by choosing a sufficiently large C'.
The result follows by combining with the inequality (2.1)). [

Remark 2.29. In our cutoff, we could also have taken 1?;2 = 0, and the argument would still work.
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Chapter 3

Concentration of measure techniques.

Concentration inequalities are estimates on quantities of the form
F(zy,...,2,) — E[F(xq,...,2,)],

for (almost) independent and (almost) identically distributed random variables z; with distributions drawn
from some class, and sufficiently nice functions F'. Typically, this means that /' € Lip(R™). Our main
interest is in the random variables being entries of a random matrix. The lemma following the remark
contains natural examples of Lipschitz functions of such entries.

Remark 3.1 (Norms). The Frobenius norm of a real matrix A is

Al = v Tr[AAT] =

For a symmetric matrix we may re-write this as

’AHF \/ Zaz]+zazz

1<j

On the other hand, in the arguments below we will need to identify A with a vector in W—dimensional

space, with norm
”AH - \/Z azy + Z an

1<)

Clearly || A|| » < v/2||A]|. We will also occasionally use the operator norm, defined as

[Av]] _ |(Av, u)|

1Al :
||v||¢o vl ez [l vl
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Exercise 3.2. Prove that for any matrix (symmetric or not) ||Al|,, < [|A[|. Clearly this implies that the
map A — [|Al|,, is Lipschitz.

Lemma 3.3. Let X be a symmetric N X N matrix.

a. For each k, the map X +— \,(X) is Lipschitz of norm at most v/2.

b. Let f € Lip(R). Extend f to a map on symmetric matrices by

N

fre(X) = (X)) = TY[f(X)].

=1
Then fy is Lipschitz and | |, < V2N g5

Proof. For part (a),

N
[Ak(A) = Ak(B)| < J D i(A) = M(B)P < [[A= Bl < V2||A- BJ|.
i=1
Similarly, for part (b),

|fTr(A> - fTr(B)’ =

< Fllip D A(A) = (B)]

N
< |f|LipWJ > i) = n(B)
i=1
<Nl VN IA = Bl
< [ fllpip V2N (A = BJ|. O
3.1 Gaussian concentration.
Theorem 3.4. Let X = (X4,...,X,,) be i.i.d. N(0,0?) random variables, and F € Lip(R"). Then for
all A € R,

Eexp (A(F(X) = B[F(X)])) < exp (x2\%0%| F|,/8) .
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Therefore for all 5 > 0,

P(|F(X) - E[F(X)]| > 6) < 2exp (-20*/w0* | FI,,)

We follow the “duplication argument” of Maurey and Pisier as presented in Theorem 2.1.12 of Terry Tao’s
book. For a more conceptual approach using the Ornstein-Uhlenbeck semigroup, see Section 10 in Todd
Kemp’s notes. First we note two basic properties of the multivariate normal distribution.

Exercise 3.5. Let X = (Xj,...,X,,) be a vector of independent normal random variables, with X; ~

N(Mivo-zz)'

C'X:ClX1+...+Can

. . . . 2
is also Gaussian, with mean ) ", ¢;;1; and variance y . |¢;|” o7

b. Assume in addition that all X;’s are i.i.d. normal with X; ~ AN(0,02). Let U be an orthogonal

matrix. Then
N
j=1

has the same distribution as X, so that its components are independent standard normals. Hint:
recall that for jointly normal variables, uncorrelated implies independent.

n

i=1

Remark 3.6. We briefly recall the notion of conditional expectation. Instead of giving the definition, we
only list two key properties. First, for random variables Y and Z,

E[E[Z|Y]] = E[Z].
Second, if f, g are functions and X, Y are independent random variables,
E[f(X)g(Y)|Y] = E[f(X)]g(Y).

Proof of the theorem. Step 1. We first show how the second part of the theorem follows from the first. By
Markov inequality,

P (IF(X) ~ E[F(X)]| = 6) = P (exp(A[F(X) = BIF(X)]]) 2 ¢*)
< e Blexp(A [F(X) — E[F(X)]])] < 2¢7 exp (x2X20%|F]},, /8)

where we use el*l < e* + e~* and apply the first part of the theorem to both F and —F. By taking

46

2
7T202HF”Lip7
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we get the result.

Step I1. We assume for now that F' is smooth. By definition of the gradient and of the Lipschitz norm, for
a vector u,

. | F(z+ hu) — F(z)
[VF() - ul = lim . < 1P g el
Taking u = VF'(z), we conclude that [|VF(z)[| < ||F'[|, for all z.
By subtracting a constant from F’ (which does not change its gradient), we may assume that E[F'(X)] = 0.

Step III. (Duplication trick) Let Y be an independent copy of X. Since E[F(Y)] = 0, we see from

Jensen’s inequality that
Elexp(—AF(Y))] > exp(~AE[F(Y)]) = 1

and thus (by independence of X and Y))
Elexp(AF(X))] < Elexp(AF(X))]Elexp(=AF(Y))] = Elexp(A(F(X) — F(Y)))].
It thus suffices to estimate E[exp(A(F(X) — F(Y)))], which is natural for Lipschitz F'.

We first use the fundamental theorem of calculus along a circular arc to write

/2
F(X)—F() = /o C%F(Y cosf + X sin @) do.

Note that Xy = Y cos @ + X sin 6 is another gaussian random variable equivalent to X, as is its deriva-
tive X; = —Y sinf 4+ X cos 6; furthermore, and crucially, these two random variables are independent.
Applying Jensen’s inequality for the probability density %1[0,7T /2], We get

/2 /2 -
exp(A(F(X) — F(Y))) = exp ()\2/0 56%]7()(9) d@) < z/0 exp <A§%F(X9)) db.

™ ™

Applying the chain rule and taking expectations, we have

2 (/2 A
Elexp(AM(F(X) - F(Y)))] < —/ E [exp (;VF(XQ) Xé)} de.
T Jo
Let us first condition Xy to be fixed. Recalling that X; is equidistributed with X, we conclude that
2V F(Xp) - X} is normally distributed with standard deviation at most

N
> (VE(Xo)20> < ZA0| Flly,

i=1

AT

Therefore its moment generating function

A
E {exp (%VF(Xe) : X(;) X@} < exp <7T2)\20-2||F|‘iip/8> .
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Taking now the expectation with respect to Xy, the result follows.

Step IV. To approximate a general Lipschitz function F' by smooth functions, we follow the argument
of Todd Kemp in the proof of his Theorem 11.1. Let {¢. : € > 0} be a smooth compactly supported
approximate identity on R". That is, ¢ € C'>°(R™) is a non-negative function with support in the unit ball
By and total integral 1, and ¢.(x) = ¢~"(z/¢). Then 9. is also non-negative, has total integral 1, and is
supported in B.. Let

Po) = (Fr)@) = [ Fla -y dy
Then F is smooth, and so the theorem has been proven for it. Also,
P - Rl =| [ F@wtar— [ Pl - o)
< [1F@) - Fla = )| velo) dy
< 1Pl [ ol vel)dy < I,
since F. is supported in B.. Thus F. — F uniformly as ¢ — 0. Then E[F.(X)] — E[F(X)] and

Eexp (AMF.(X) — E[F.(X)])) = Eexp (AMF(X) — E[F(X)])) as € — 0 by the bounded convergence
theorem (since the distribution of X is a probability measure). Finally, by similar reasoning

R0 - RO = | [ - s - [ -2
< [1P@=2) - Fly = 9lv.) dz
< 1Flhy [ 1o = 916.2) dy = [ Fll o = o)
and so [|F.||.;, < [|F[|1;,- Therefore
Eexp (MF(X) = E[F(X)])) = lim Eexp (A(Fe(X) — E[F(X)])
< limexp (wA%0% | EL|1,/8)
< exp <7T2)\20'2||F||iip/8) . O
Exercise 3.7. Let 7 = (Zy,...,Z,) be i.i.d. N(0,1) random variables. Let ¥ be a positive definite
matrix, and define X = ¥.'/2Z. Then X is a jointly normal vector with mean zero and covariance matrix

Y. Let ' € Lip(R™). Then for all A € R,

Eexp (AF(X) = E[F(X)])) < exp (A2 [T, | FI},/8)
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and so for all § > 0,
P(|F(X) - E[F(X)]| > §) < 2exp (—25%2 1=, IIFIIiip) :
In particular if ¥;; = §;;0;,

P(|F(X) - E[F(X)]| > 6) < 2exp 20/ max(o?)| |13, ) -

3.2 Concentration results for GOE.
Now let Xy be a GOE matrix, f € Lip(R), and ' = fr,. Note that
F(Xy)=N / fdiix,

and for each matrix entry, the variance is at most % Then

P(‘/fdﬂXN—E[/fdﬂxN} 26) P (1F(Xy) — E[F(Xy)]| > N9)
< 2exp (~N26* /5% |F |}, )
< 2exp (—N&* /2% £,
< 20xp (N2 £]1,)

Similarly,
P (|\(Xn) — EDw(Xn)]| > 0) < 2exp (—6°/7°0%) = 2exp (—N§°/277)

Thus linear statistics concentrate at the rate of 6 ~ % (which is consistent with our moment method
results) while the eigenvalues appear to concentrate only at the rate of § ~ \/LN

Since the operator norm || A[| is less than the Frobenius norm, it also has Lipschitz constant at most V2,
and

P (|IXxll,y = Bl Xxl,)| 2

This last inequality holds also for non-symmetric Gaussian matrices.

5) < 2exp (—N52/27r2) )

3.3 Other concentration inequalities.

The arguments in the preceding section only worked for Gaussian entries. Here are some alternative
conditions on the matrix entries leading to roughly the same conclusions.
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Definition 3.8. Let i be a probability measure on R"™. The p-entropy of a function f is

Entu(f)z/flogfdu—/fdu'log/fdu-

u satisfies the logarithmic Sobolev inequality with constant c if, for any continuously differentiable func-
tion f : R" — R,

But, (1) < 2 [ 9] du

Gaussian measure satisfies LSI, as does any density of the form %e‘v for sufficiently smooth potential V'

(see below), as does the joint distribution of independent random variables each satisfying the LSI.

Lemma 3.9 (Herbst). Suppose the joint distribution of random variables j1x satisfies LSI on R™ with
constant c. For F' € Lip(R"),

P(|F(X) = BIF(X)]| = 6) < 2exp(=8%/2¢| FIIf,,)-

Proof. As in the proof of Theorem [3.4] we may assume that F[F'(X)] = 0, F' is smooth, and it suffices
to show that for all A,

Eexp (A\F(X)) < exp (NI FIIE, /2)

Let f(X) = eMX/2 f2(X) = M) and p(\) = E[eM X)), Then

Ent,(f?) = /e’\F(X)/\F(X) du — /eAF(X) du - log/eAF(X) dp = X' (\) — () log ()

while
2 AF(X) A2 2 c\? 2 AF(X) 2 2
2 [ VAP du=2¢ [ PO ORI (X)dp < SHIFIR, [ du= SopO)IFIE,,
Applying the LSI and dividing both sides by A2 (), we get
(A loge(N) _ I
POy T Sl
Note that for A > 0, the left-hand side is precisely d%w. Thus
d logp(A) _ ¢y
- < = .
dA A — HFHLlp
Moreover | \ | W1 0 0

A0 A A0 A ©(0)
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Therefore 2

1 7 d log (A Nl P12

_mww%ﬂi/<_ﬂﬁﬁ>wg;%hg
0

Ao d\ A
and so , )
cA || Flf.
wwgm<gmﬂ7
which is the desired result. O]

Proposition 3.10 (Corollary of the Bakry-Emery criterion). Let ® : R" — R be at least twice continu-
ously differentiable growing sufficiently fast so that the probability measure

1
po(dx) = 7 exp(—P(z1,...,x,))dzy ... dz,

is well defined. Write Hess(®);; = 0,0;®. If for all x,

I

Hess(®)(z) > %

as matrices, then g satisfies the LSI with constant c.

Corollary 3.11. Suppose X is
either a Wigner matrix with un-normalized entries satisfying the LSI with constant c
or is drawn from an orthogonally invariant ensemble %e‘N TV dX with V' (x) > 1 > 0. Then

for any Lipschitz f,

P (| o f e

P (|]\e(Xn) = B [M(Xn)]| = 6) < 2exp (—No*/4c)

> 5) < 2exp <—N252/4C||f||iip>

and for any k,

The corollary applies for example to V' (z) = |z|*, a > 2, but not for a < 2. For 1 < a < 2, we may still
get a weaker form of concentration using the following ideas.

Definition 3.12. Let  be a probability measure on R". The p-variance of a function f is

'Wmm:/(f—/fwfdu

(1 satisfies the Poincaré inequality with constant m if, for any continuously differentiable f : R" — R,

1
Va7 < o [ IV d
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Exercise 3.13. If y satisfies the logarithmic Sobolev inequality with constant ¢, show that it satisfies the
Poincaré inequality with an appropriate constant. Hint: apply LSIto f = 1 4 €g.

Proposition 3.14. Suppose the joint distribution of random variables | x satisfies the Pl with constant m
on R™. For F' € Lip(R"),

P(F(X) = E[F(X))| > 6) < 2K exp (—vimd/ V2| Fll,,)
where K is determined by m.

Proof. We may again assume that F' is smooth, and it suffices to show that for sufficiently small ||,
Efexp A(F(X) = E[F(X)])] < K.
Apply the PI to f(X) = eM'X)/2 We get
1 2
E[eAF(X)] . E[GAF(X)/2]2 < mAg”FHLipE[e)\F(X)]’
so that .
] _
AF(X) S CIE AL AF(X)/212
B0 < (1= IFIR, ) B

for sufficiently small |\|. That is,
1
logE[e/\F(X)} < —log (1 _ 4_)\2HF”iip> + QE[GAF(X)/Q].
m

Iterating,
AF(X)] « _ j—1 _ 2 )2 n [ AF(X) /2"
log Ele ] < ;2 log (1 4jm)\ HFHLip) +2"Ele ]
Since lim,, o, 2" E[eMX)/2"] = E[F(X)], it follows that

log BN COFF] < =Y og (1= R )
m
j=1

Since the right-hand side is an increasing function of A, by taking A = /m/||F Hiip we get an upper
estimate

log E[eMFE—EIFCON] < g 277 og (1 - E) =log K < o0
=1

since — 77, 2/ " log (I—5)~ X227 -

J=1

For Wigner matrices, having un-normalized entries satisfying the PI with a uniform constant leads to
concentration of the empirical spectral distribution at the rate e=V¢.
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Proposition 3.15 (Talagrand). Let the i.i.d. random variables be bounded, with | X;| < K/2. Suppose
that F' is a convex Lipschitz function. Then

P(IF(X) = MP(X)| > §) < dexp (~* /16K FII%,)

where M F(X) is the median of F'(X).
Remark 3.16. Note that in this case,
[E[F(X)] = MF(X)| < E[[F(X) = MF(X)]]
_ / P(F(X) — MF(X)| > t) dt
0

< [ e (<2/16KFI,) = SVRKIF
0
which is small if K[| F'[|;; is. It follows that

P(IF(X) = E[F(X)]| = Né) < P(|F(X) = MF(X)| + |[E[F(X)] - MF(X)| = N9)
< P(IF(X) = MF(X)| > N6 = 87K || F||4,)

—(N6 — 8\/%K||F|1Lip)2/16K2||F\|iip>

/N

< 4exp

= 4e 4" NOVT/ K lip exp (—N252/16K2||F||iip) i

For a Wigner matrix with bounded entries and a convex F' = fr., K ~ \/—% and ' ~ v/ N, so we have
Gaussian concentration with V.

Obviously (any) matrix norm is a convex function of the matrix.

Exercise 3.17. Let A be a symmetric matrix, with the largest eigenvalue Ay (A).

a. Prove that Ay (A) = sup {(Av,v) : [|v| = 1}.
b. Prove that )\ is a convex function of A.
c. Prove that the smallest eigenvalue )\, is a concave function of A. Hint: use —A.

Proposition 3.18 (Klein’s Lemma). If f is a convex function, then so is fr.
Proof. By approximation, we may assume that f is twice differentiable and f” > ¢ > 0. Then

Re(z,y) = f(x) = f(y) — (= y)f'(y) > sz —y)*.

N O
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Let X have eigenvalues {\;(X)} with unit eigenvectors {{;(X)}, and similarly for Y. Denote ¢;; =

[(6(X),&(Y)]*. Then
(&(X), Rp(X,Y)&(X)) = (&(X), f(X) = f(Y) — (X Y)f’(Y)>§¢(X)
f(A 1(X))+Z —cii f(N(Y)) = ciiAi(X) f/ (A (Y) 4 iz A (V) /(A (Y))

where we used } _; ¢;; = 1. Now summing over i, we obtain

TH{f(X) = f(V) = (X = V) (V)] 2 5 D e () = 3(Y))?

Applying this argument to f(x) = x? with R,2(z,y) = (z — y)?, we see that
D ei(N(X) = A(Y))? = Tr[(X — V).
1,
Thus finally,
Te[f(X) = f(Y) = (X =YV)['(YV)] =2 5 CTH[(X — Y)Y > 0.
For (X,Y) = (A, 5(A + B)) this gives

1

Tr [f(A) _ (%(A+B)) —(A-B)f (%<A+B))] >0

while for (X,Y) = (B, 1(A + B)) this gives

Tr [f(B) g (%(A + B)) - %(B Y (%(A+ B))] > 0.

Adding these inequalities, we obtain

Tr {f(A) + 1(B) - 2f (%(A+B))] >0
e SFnA) + 5 f(B) > f, (%A T %B) | 0

By cutoff arguments as in Section we can thus obtain concentration results (for convex f) for quite
general Wigner-type matrices.
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Chapter 4

The Stieltjes transform methods.

Stieltjes transform methods in random matrix theory were introduced by Leonid Pastur and collaborators
(1967-) in their study of Wishart matrices. They have been developed by many contributors, and are used
throughout the theory, in the study of many other classes, such as band matrices and spiked models.

4.1 General properties.

The transform method, using Fourier transforms or moment generating functions, is a standard technique
in probability theory. The transform most appropriate for random matrix theory is the Stieltjes transform.

Complex-analytic properties.

For a probability measure ;. on R, its Stieltjes transform is the function

5.0 = [ —— duta).

r—z

Sometimes it is called the Cauchy or the Borel transform, or is defined as [, ﬁ du(x). Note that for any
z € C\R,
1

r—z

1

— S

So the function x ﬁ is bounded, and S,,(z) is well defined on this set (in fact it can also be extended

to R \ supp(p)). It is also clear that S,,(Z) = S, (z). Moreover, we may differentiate under the integral to
obtain S/,(2) = [, ﬁ du(z), so S, is analytic on C \ R. For later use, we record that for any z € C*,

1
Z2—x

1

(32)

T — < - 4.1

Lip
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Next, we note that

liyS,(iy) + 1| =

/Rx ?Jiy du(z) + 1‘ < /R\/%d,u(x) — 0
as y — oo by Dominated Convergence. Thus

Jgrolo iyS,(iy) = —1. 4.2)
Finally, we compute

Su(l’Jri?/):/Rﬁdﬂ(t):/R(m_tt_ﬁdﬂ(fpri/ﬂ%(x_g—g_kyzdﬂ(t)‘

In particular, we note that S, maps C* to itself. Moreover for ¢ > 0, denote

Iy
Py(ZE) = ;x2+y2.

Then IS, (x + iy) = w(u * P,)(z). The family {P, : y > 0} is called the Poisson kernel for C*. Note
that P,(z) dz = Py(z/y) d(z/y).

Theorem 4.1 (Stieltjes). Any analytic function S : Ct — C7* satisfying equation @.2)) is a Stieltjes
transform of some probability measure.

We will not prove this theorem, but the measure corresponding to .S is identified through the

Lemma 4.2 (Stieltjes Inversion Formula). For any probability measure i, the measures

1
py(dz) = =S, (x + iy) do
s
converge weakly to v as y | 0.

Proof. The Poisson kernel is an approximate identity: P, > 0, fR P,(xz)dx = 1, and for any £, > 0,

for sufficiently small y, f|m|> s Py(x)dr < e. Then by general theory (cf. the proof of Theorem
recall details?) p x P, — p vaguely. Since p is a probability measure, we automatically get wea

convergence. [

Remark 4.3. Suppose 1 is compactly supported in [—a, a]. Then it is easy to see that z5,(z) — —1 as
z — oo and not just along the imaginary axis. Moreover the moments |my ()| < a¥, and so by the series
version of the Dominated Convergence Theorem

_Oomk—(ﬂ)__oo - r) == oom—k xr) = L xr) = z
% Skl ;/zkﬂdﬂ( ) = /;Zk—l—ld:u( )—/x_zdu( ) = S,.(2).

So S,,(2) is an (ordinary) generating function for moments of /.

36



Proposition 4.4. A sequence of probability measures (i — p converges weakly to a probability measure
if and only if S, (z) — S.(z) pointwise for every z € C*. It suffices to require convergence on a set
which has an accumulation point.

Proof. Since for every z € C™, the function = — ﬁ isin Cy(IR), one direction is clear. Now let A C C*
be a set with an accumulation point. Suppose S,,, (2) — S,(z) for all z € A. Choose a subsequence such
that y1n, — v vaguely for some measure v. Then by the other direction of the argument, S, (z) = S, ()
for all z € A. By analytic continuation, it follows that S, = S, on C*, and so v = 1 (and in particular it
is a probability measure). Since this is true for any convergent subsequence, the result follows. [

The Stieltjes transform of the empirical distribution of a matrix.

For a symmetric or Hermitian N x N matrix A,

Siu2) = [ T dinle) = 5 35— = w T A7)

r —z

Here the operator (A — 21)~! is the resolvent of A.

4.2 Convergence of Stieltjes transforms for random matrices.

In this section, we will give another proof of weak convergence of empirical spectral distributions for
general Wigner matrices under a slightly stronger assumption. One approach involves concentration in-
equalities. For example, we could assume that the matrix entries satisfy LSI, and then apply Herbst’s
method; or we could apply the cutoff procedure from Lemma [2.22] to suppose that the matrix entries
are uniformly bounded, and apply Talagrand’s inequality. We instead choose to avoid any sophisticated
concentration techniques by assuming the finiteness of the fourth moments.

Theorem 4.5. Let Xy = \/LNYN be Wigner matrices as in Theorem Thus Yy is symmetric and

otherwise has independent entries, {Y;; : i < j} are identically distributed with mean zero and variance
1, and {Y};} are identically distributed with mean zero and variance at most my > 1. We will additionally
assume that the fourth moment E[Y}j] = my < co. Then

N

Hxy — O

weakly almost surely.

The rest of the section constitutes the proof of this theorem.
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Let ij,k) be Yy with the £’th row and column removed, and u; be its £’th column with its £’t entry

removed. So for example
(Yn)u  uf
Yn = )
N ( s Y]\(Zl)

Also, let 3715,1) be the NV x N matrix obtained by adjoining to Y]f,l) a zero row and column. This matrix has

(1)

the same eigenvalues as Y’ plus an extra zero eigenvalue. Thus

1 1 11 1= 1
S, ro(2) = — o= =
) = 5 2 JV)WN -2 N2 DDy
1

- VNI (4.3)

Nz
Denote the Stieltjes transform of the empirical spectral distribution of X y
1 . 1 _
SN(z):/ diix, () :NTr [(XN—zI) 1}

r—z

and its average

U_dMXN )} = NE [Tr [(Xn —2I)7Y]].

Our goal is to prove that Sy converges pointwise a.s., and to obtain an equation satisfied by the limiting
function. The main strategy will be to relate Sy and Sy _1, in two ways. For the first relation, recall that

for N x N matrices,
1/2
<o e ) <t (o a1

o] 2| f o
Applying this to f(z) = and B = ?J(Vl) /V/'N, and using equations (#3) and @), and

Jensen’s inequality,

_ \/N7——<\/Nz) 11

} < Il

=) | = [l e —E[%Ww\

(4.4)

%_\

(32)?

N
2) Vi
j=1

N 1/2
1 12 1 1 \/2m2 1
< Ell==) V2 < —|E
—(S2)? (NNJZ_; Jl) ~(82)2 N < ) -

38



Now we derive the second relation. Write

1 1L
—_ J— -1 [ — _
Sv(2) = X =20 = 5 X
where . )
Vim o = —
((XN Z]) )kk ((\/LNYN_ZI) )
kk

Lemma 4.6 (Schur complement). Let
A B
v-(&3)

det M = det(A — BD'C) - det D.

If D is invertible, then

Proof. Tt suffices to note that
A B\ (A-BD'C B 1 0 -
C D) 0 D) \D7'C 1)

Applying the lemma to

- 1
VN \/Lﬁul (\%Y]S) — z[)
etc. and using Cramer’s rule,
det (LYN _ zf) 1
VN 1 Lol 1 ow
Vk == = (YN)kk —Z— —=UuU (—Y —zl U . (45)
det (ﬁij,k) — zI) VN NF VN N

Exercise 4.7. Let u be a vector of independent real random variables with mean zero and variance 1, and
A a deterministic complex matrix. Then

E[u’ Au] = Tr[A]
If moreover A is symmetric and E[u}] < my for all 4, then

Var[u” Au] = E[(uT Au)(u” Au)] — E[uf Au] E[u” Au] < (2 + my) Tr[AA].

39



Therefore

1 1 1 -1
Vi 1740 = Bl [V = 2= B | (vl = o) | v
1 1L v -
= - —Tr | —vV¥ -1
szr(¢NN z)
- 1 (4.6)
1 VN 1 0y VN
= —7z — — Tr YN — 21
NN —1 N —1 N —1
_ . VN1, VWZ
vN VMl yN =
and so
N 1 VN
EV] = E[V)| = —z — _
[ k] [ 1] < \/N N-1 ( N — 1Z>
It follows that

Our eventual goal is to conclude from this that
1
Z+Sn(z)
We thus want to bound the first term above. Note that since the Stieltjes transform preserves the sign of
[v%yyﬁﬁﬁ‘;z|%z\as.Then

(Vb

Sy(z) = —

the imaginary part, from equation (#.6), |

@M@—E%OQ

\_/
[\

1 1 1
Sﬁhf Vi BV | 4.7)
1« (Vi — E[Vi])? | o
:N;E S |
1 1
< g El0 = B = o ViV



Exercise 4.8. For any number c and a random variable z,
Var[z] + (Ex] — 0)2 = FE[(z — 0)2]
and so each term on the left-hand side is < the right-hand side.

It follows that

Val"[SN(Z)] < (%2)4 Var[Vl] (4.8)
and
s —12<1V[V] 4.9)
N(Z> E[‘/l] = (%2)4 ar|Vvy|. ( .
Write
Veafvi] = B [VarlWA 1] + var [ 1]
where
B [VarlilYyl] = B [EWVZY)| - B [EWYT
and

var [BVivl] = B [BvivP] - (B [Bmvdl])
On the one hand, from (@.6)

N -1 v N VN
Var [Ehﬂyjf{”]} - TV&I‘ Sn_1 < N 12) < Var | Sy_1 ( N 12)] ) (4.10)
On the other hand,
(1) Lo 1 o - (1)
Var[V1|YN ] = Var \/_—(YN)H —Z Nul WYN —z1 Uy YN
1 1 r( 1 Lo - (1)
=¥ Var[(Yn)11] + N2 Var | u; TYN —z[) w | Yy
1 1 A -
o 1
< 2t 5 (2 ma) T (\/—NYZS,) - z[) (\/—NY]\(,) - zl) ]

1 N-—1 1 -1
= L Lerm Y|y ((—va” _ zf) )
N N? — VN
1 1
s et @ Em) g

since

< :
‘/\N—j+1 (JLNYJSII) — ZI)‘ |\92|



Taking expectations preserves this estimate. Combining with equation (.10)), we get

VN 1 1 1
Var[Vl] S Var SN—I <ﬁz + ng + N(Z + m4) (%2)2
Thus using equation (4.8]), we obtain the estimate
1 VN 1 1
Var[Sy(2)] < S2) Var [ Sy_1 ( N 12) + ng(gz)4 + —(2+ my)
Let
Cy = sup {Var[Sy(z)] : &z > 2}.
Then denoting b = ma o7 + (2 + M) 55,
1 VN 1 1 1 1
CN S ?Var SN—l (ﬁZ)] + ngﬂ + N(Q + m4)%
—C —b
S gty + N
since & \/‘]/Vi_lz > iz for z € C*. Recursively,
1 1 2b 1
Cy < —b < — 4+ —0;.
V= 2;1(5] 16N11_N+16N—11
We conclude that for large N, Cy < C’/N,
'
sup Var|S —
ng [Sn(2)] < N
Also, Var[Vj] < #=Cy_; + b, so from equation (#.9),
? 2
— 1 — 1 c”
sup [Sn(z) + = sup |Sn(z) — < —.
Sz VN-1g VN Sz EV, N
>2 2+ Y5 SN (mz> >2 W]
Combining with equation (4.4), we obtain
VN -1 VN 1 1 "
sup Sn-1 N> i < N
s:>2| VN N -1 z 4V SNI( N71z> N

(4.11)

4.12)



First we prove weak convergence of jix, in expectation. Since their variances are uniformly bounded, this
family is tight. Given any subsequence, we may choose a further subsequence (V) such that /i Xy, M
weakly in expectation, for some probability measure .. Then S, satisfies

SM(Z) + Z—F;SM(Z) = 0.

Then S,,(2)% + 25,(z) + 1 = 0 (compare with Exercise[2.4), and

—z+V22 -4
Su(z) = 5

where we chose the branch of the square root so that S, (z) ~ —% at infinity. By Stieltjes inversion,

1 —(x+i )2 — 4 1
dp(z) = lim oW V@ o4 L s @),
yl0 T 2 2 [-22]

that is, ¢ = o. Since this is true for any initial subsequence, we conclude that iy — o weakly in
expectation.

Finally, we prove weak convergence almost surely. Given any increasing subsequence of positive integers,
choose a further subsequence (N) so that >~ , Nik < 00. Then using equation (#.11)) and the Borel-
Cantelli lemma, for any fixed z € C* + 2i, Sy, (2) — Sy, — 0 a.s. Since Sy, (2) — S,(2), it follows
SN, (2) — Sy(z) a.s. By a diagonal argument, we may assume this to hold for all z in a countable set
A C C* + 2¢ which has an accumulation point. Therefore iy, — o weakly a.s. Since this is true for any

initial subsequence, we conclude that iy — o weakly almost surely.
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Chapter 5

Joint eigenvalue distributions for orthogonally
invariant ensembles.

The exact joint distribution of eigenvalues for the orthogonally/unitarily/simplectically invariant ensem-
bles takes some work to compute, primarily because there is no natural bijective parametrization of such
matrices by eigenvalues and eigenvectors. See various sources on the web page for (different) ways to
do this. In the following section we will use this result without proof, and in the later section will de-
rive it (in the Gaussian case), by first reducing the matrix to a tridiagonal form, where such a bijective
parametrization is in fact available.

5.1 Maean field approximation.

The following is another, heuristic, derivation of the convergence to semicircle law for GOE. It already
appears in the work of Brézin, Itzykson, Parisi, and Zuber (1978). The joint eigenvalue density for a
normalized orthogonally invariant ensemble with potential V' is

oA, .. H N — N |? exp <—NZV(A¢)>

z<]

N
:Ziexp [ﬂZlog\)\ —NZV(A

1<)

1
:Z—exp[ NQ//logpc— y| din (z) dinn (y N/ x)din(z }

1 .
- Z—Nexp [—NQIV(/L)] ,
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where
I () = / V() du(x) - / / log |z — y] du(x) duly).

For large N, we expect fiy to concentrate around the measure ;¢ which minimises /y,. Looking at the
perturbations p. = p + ev for v a signed measure of integral zero, if x4 is an extremum of [y, then

V(z) - 3 / log |z — y| du(y) = C, = € supp(p).

So (at least formally)

%V’(:r) = p.v. / . i " du(y) = mHy(x), x € supp(u)

the Hilbert transform of . For example, for V' (z) = §x2, nH,(x) = x/2, and p = o on [—2, 2]. Indeed,
recall that for du(z) = p(x) dz,

1

S 07) = —p.v.
u(er i) pb.v o

du(t) + mip(x).

—

Thus
1
0= (ERSM(:U + 07) + g) IS, (x + 0i) = 5% (Gu(z 4 0i)* + (z +140) S, (x + 07)) .
Therefore the function S, (2)? + 25,,(z) + 1 analytically extends to R and so, since S,,(Z) = S,(z), to all
of C, i.e. it is entire. Moreover, assuming 4 is compactly supported, .S, (z) ~ —% as z — 00, and so this

function is bounded. So by Liouville’s theorem it is constant, and by the asymptotics above the constant
is zero. Thus finally, S, (2)* + 25,(z) + 1 = 0, which we know characterizes o.

5.2 Beta ensembles.

The initial ideas in this and the next section are due to Hale Trotter (1984) who tridiagonalized the GOE,
and researchers who studied the -eigenvalue distributions before the 5-ensembles were defined. They
were combined and developed in much greater depth by Ioana Dumitriu in her thesis (2002).

Tridiagonalization of Gaussian ensembles for 7 =1, 2, 4.

Lemma 5.1 (Householder transformation). Let Yy be an complex Hermitian (or in particular real sym-
metric) N x N matrix, and write it as
,U*
Yy = ("
N (U YN—l) )
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wherey € Rand Yy _y is (N—1)x (N —1). There is a unitary (or in particular orthogonal) transformation
Upn_1 such that

o]l
. 0
Un_iv = .
0
Therefore denoting
1 0
UN - (O UNl) )
we have
y ol 0 0
o]l
UnYnUy =10
: Unv1YnaUy_
0

which is automatically unitary and Hermitian (or orthogonal in the real case). Indeed,

~ ~ 1 1 1 1
UN_l’U = UN—l <§w + 5(1) + H’UH 61)) = —5?1) + 5(’0 + ”UH 61) —0= H’UH €1. O

A random variable Z has the Y}, distribution if Z* has Xi distribution, that is, the same distribution as
X?+ ...+ X} for Xy, ..., X}, independent standard normals.

Theorem 5.2. Let Yy be an un-normalized GOE matrix. Then the eigenvalue distribution of Yy is the
same as for the random tridiagonal matrix

ar b
b1 a9 bg
?N = b2 ’
bn-1
by—1  an

whose entries are, except for the symmetry, independent with distributions

N(0>2) XN-1
XN-1 N(O,Q) XN—-2
XN-2 a
X1
X1 N(072)
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Proof. Start with an un-normalized GOE y matrix

Yii vy,
Yy = ,
N (UN1 Yno1

Recall that its entries are independent (except for symmetry), Y;; ~ N(0,2) and Y;; ~ N(0,1). Using

the transformation from the lemma, we may choose an orthogonal Uy _; so that

Yii  |lun—| 0 .. 0
lun—1]]

UnYyUL = 0

UnvaYnaaUf 4

Here

Uil = Y3+ + YA,

so it is independent of all the other entries of the matrix (except for symmetry) and has x v distribution.
Moreover Uy_1Yn_1U% ~_1 1s a GOEy_; matrix. Applying the same procedure recursively, we end up
with a tridiagonal matrix with the claimed entry distributions which is unitarily equivalent to Yy. 0

Exercise 5.3. Show that a similar procedure works for the GUE matrices, except the distributions of
entries become

N(0,2) xov-1)
' Xov—1) N(0,2) Xov—2)
E X2(N-2) .
T X2
X2 N(O7 2)

Since the x? distribution is infinitely divisible, x5 can actually be defined for any real positive 3, with the
density
21—6/2

r(3/2)"

Definition 5.4. For 5 > 0, the (un-normalized) -ensemble consists of random symmetric tridiagonal
matrices

57167x2/2'

aq bl
by ay by
Yy = by
- by
bn_1 an,
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whose entries are, except for the symmetry, independent with distributions

N(0,2) xn-1)8
xiv-1s N(0,2) xv-2)8

= X(N-2)8
VB =

o X
xs N(0,2)

Trotter’s proof of convergence to the semicircle law.

Theorem 5.5. The normalized -ensemble matrices have, for any 3, the same asymptotic spectral distri-
bution as the sequence of deterministic matrices

0 N -1
N -1 0 N -2
1
Ty = — N —2
N \/N
.. 1
1 0

In particular this is the case for normalized GOE/GUE/GSE. The asymptotic spectral distribution of Ty
will be shown to be semicircular in the following proposition.

Proof. We note first that since yg > 0 and E [X%] =0,

E[B(xs—v/B)* < El(xs+vB)*(xs—/B)?] = E[(x3—B)*] = Var[x%] = B Var[x}] = BE[x{—2x3+1] = 2.

Thus E[(x5—+/3)?] < 2. So in an un-normalized S-matrix Yy, E[a?] = 2 and E[(by — /(N — k)B)?] <
2. Then for XN = \FYN’

[ sdis, - [ rao

11~
< Hf“Lipﬁ HXN - TNHF

||f||L1p Zak+22 bk_ —k)B)Z

Ul Jz“ak+2 b — N =B

and so using Markov’s inequality,
Ll 1
P diig. — [ fdo|>6) < =——=2 60
(‘/‘f Hxw /f - )_5 VB VN

as N — oo. O]
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To compute the asymptotic spectral distribution of 7, we use the following theorem.

Theorem 5.6 (Kac, Murdock, Szeg6 1953, Trotter 1984, particular case). Let H be the Hilbert space of
sequences h = {h; : j € Z, h; €C L*([0,1)])}, with the norm ||h|* = > |h;||* < oo. Denote

h) =Y hj(z)e™",
jez
a function in L*([0,1]%). Note that the map o is an isometry.

For any square N x N matrix A, define n(A) € H as follows. Consider A as included in an infinite
matrix. h; is a step function, with steps of length L and heights given by values of A in the j th diagonal
(where the main diagonal corresponds to 7 = 0).

If each Ay is normal and n(Anx) — hin H, then the spectral distribution of Ax converges weakly to the
distribution of o (h).

Proposition 5.7. The asymptotic spectral distribution of Ty is the semicircular distribution.

Proof. Ty has zero diagonal entries, and

k
Tigr1 = Thrrp =11 — N

Thus clearly hy(x) = h_1(z) = v/1 — z, and we have
o(x,t) = 1 —12cos(2nt), (x,t)€]0,1]?

It remains to compute its distribution. It is clearly symmetric. For a > 2, [{o(x,t) < a}| = 1. Finally,
for0 < a < 2,lett € [0,1/4] satisfy cos(27t) = a/2. Then

[{(z,1) 21 V1 —22cos(2mt) < a}| = H(x,t) €[0,1] x[0,1/4] : 1 — iaQSeCQ(me) <z< 1}‘

1
2
1 1/4 1
-~ 4 2/ (—a sec (27rt)1[0,ﬂ + 1[t,1/4]> dt
2 0 4
1
2

1 1
+ 0 2 tan(27t)|E + 5 2t
—1+ia —1—a2/4
47T a/2

=1+ yym (a\/m - 4arccos(a/2)> :

- 2
- arccos(a/2)

Differentiating with respect to a, we get

i(m_

47

a? 1
+2 -
Va4 —a? 1 —a2/4) 27
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Remark 5.8. We have proved Wigner’s theorem by four different methods (under various assumptions),
which ultimately reduce to four different characterizations of the semicircle law:

e Its moments are the Catalan numbers.

e Its Stieltjes transform satisfies the quadratic equation S,,(z)* + z5,(z) + 1 = 0.

e It is the minimizer of the logarithmic energy Iy (u) = [ 2 du(x) — 2 [[log |z — y| du(z) du(y).
e It is the distribution of o (x,t) = /1 — 22 cos(27t), (z,t) € [0,1]2

Remark 5.9. The spectral distribution of T’y is the uniform distribution on its eigenvalues, in other words
on the roots of its characteristic polynomial Qx (\) = det(Ay — v/ NTy). By Lemma|5.11| the polyno-
mials () (\) satisfy the recursion

Qni1(A) + NQn-1(A) = AQn-1(N),

so they are the (monic) Hermite polynomials. So we have also proved that the density of the re-scaled
roots of the Hermite polynomials converges to the semicircle law.

This is the end of the 2017 course notes.

Exercise 5.10. (unverified) Let Yy be a K x N matrix with independent A/ (0, 1) entries, and assume that
both K and N go to infinity in such a way that K/N — « € (0, 1]. Let Xy = \/LNYN and Zy = Xy X5
Then Zy 1s a K x K Wishart matrix (compare with Exercise [2.11)).

a. Show that we may choose orthogonal matrices V € O(K), U € O(N) such that

XK XN-1
XK-1 XN-2
VYNU* ~
X1 XN-K
and so
2 2
Xx T XNn_1 XN-1XK-1
XN-1XK-1 Xk_1+ Xh_a XN-2XK-2
VYNYR VT ~ XN—2XK—2 '

XN-K+1X1
XN—K+1X1 XTI+ XN_xk
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b. Show that the asymptotic spectral distribution of Zy is the same as of

K+N-1 VN —1)(K —1)
VN —1)(K —1) K+ N-3 VN =2)(K —2)

N XN-2

vN -K+1
VN-K+1 1+N-K

c. Show that this distribution is the same as the distribution of

o(z,t) =14 a — 20z + 2cos(2nt)y/(1 — az)(a — ax).

5.3 Topics for the second part of the course.

Exact eigenvalue distribution for S-ensembles.

We will prove that the joint density of ordered eigenvalues of an un-normalized S-ensemble matrix is

1 B 2 8
Z—NeXp <_ZZ>\Z> A(Al,,AN) .

Along the way we will develop some general results on the spectral theory of finite Jacobi matrices and
orthogonal polynomials.

Asymptotic distributions and asymptotic freeness.

Question. Let (Ayx)3_; and (By)%_, be ensembles of self-adjoint random matrices at least one of which
is unitarily invariant. Suppose their empirical spectral distributions converge weakly almost surely:

A

Hay — K, ﬂBN—>V'

Since Ay and By do not commute, one cannot speak directly of their joint distribution. What are their
asymptotic joint moments? What is the asymptotic distribution of Ay + By and (if it makes sense) of
AnBn?

Answer. Under mild assumptions, Ay and By are asymptotically free. This means that there exists
an operator algebra A with a positive linear functional ¢, and two operators a,b € A which are freely
independent, such that almost surely

1
NE[Tr[A?V(l)B}’V(l) AR BYR s @ W) R pe), (5.1)

51



Moveover, using free independence, the joint moments of a and b can be computed in terms of individual
moments of a and b. There are also formulas for expressing ji,+4 and (in the appropriate setting) iqp in
terms of u, v.

Reference: (Mingo, Speicher 2016) extracts from Chapters 1, 3, 4.

Fluctuations and second order freeness.

Question. Convergence (5.1)) is a version of the law of large numbers. One may then ask a central limit
type question: what is the asymptotic distribution of

E[Tr[AYV B AP BN — Np[arMpr®) | qu R pe)]

(note the factor of V).

Answer. Under appropriate assumptions, these fluctuations are asymptotically Gaussian. Under stronger
assumptions, one can compute their joint covariances for any u,v. Under stronger assumptions, one
may explicitly diagonalize these covariances. One approach is to show that Ay and By are not just
asymptotically free but asymptotically second order free.

Reference: (Mingo, Speicher 2016) Chapter 5.

Band and block matrices and operator-valued freeness.

In many applications one encounters random matrix ensembles which are not unitarily invariant and
whose entries are not independent or identically distributed. Two commonly occurring generalizations
of GOE/GUE matrices are the following.

L

\/NY’ where the entries of Y are

A Gaussian band random matrix is an Hermitian N x N matrix X =
jointly Gaussian with mean zero and covariance

E[eryqs] = 57"5517(10-(7"/]\[7 p/N)

Here o(z,y) = o(y, =) is a sufficiently nice function.

A Gaussian block random matrix is an Nd x Nd matrix X = \/LNY considered as a d X d matrix of N x N

blocks, such that the blocks (Y @)¢._ | have jointly Gaussian entries with mean zero, (Y (4))* = Y09,
and covariance -
EYY] = 0,8500 (i 5 k. ).

Note that for d = 1 we get a GOE matrix, while for o(¢, j; k,l) = 0;40;,0(4, j), we get a special band
matrix.

One can study asymptotic (joint) distributions of such matrices using operator-valued free probability.

Reference: (Mingo, Speicher 2016) extracts from Chapters 9, 10.

52



Spiked models, subordination, and infinitesimal freeness.

Suppose Ay is as before, but By is a diagonal matrix with 5 non-zero eigenvalues (independently of
N). Then clearly jip,, — 0p and fia,+p5, — . Nevertheless, it turns out that one may identify certain
eigenvalues of Ay + By as coming from those of By. They can be studied using subordination functions
and infinitesimal freeness.

Reference: (Shlyakhtenko 2015) and earlier work by Capitaine, Belinschi, Bercovici, Fevrier.

5.4 Spectral theory of finite Jacobi matrices.

An N x N Jacobi matrix is a tridiagonal matrix of the form

aq bl 0
bl (05}
bn-1
0 by-1  an
where a1,...ay € Rand by,...,by_1 > 0.

Spectral bijection.

Lemma 5.11. Let Q),,()\) be the characteristic polynomial of J,,, Q,(\) = det(\l,, — J,,). Then for all
n>2
Qn(A) + ananl()\) + bilean()\) = )\anl(k) (52)

while setting Qo = 1, also Q1(\) + a1Qo = A\Qo.

Proof. Expand the determinant with respect to the last row, and then the last column, to obtain

Qn(A) = (A = an)Qn1(N) = b1 Qna(N). H

Exercise 5.12. Let X be a general symmetric N x N matrix, with eigenvalues A\ (X) < ... < Ay(X).

a. The eigenvalues of X have the following minimax description:

(Xu,u)
An(X) = max
S T
and forn < N,
(Xu,u)

An(X) =

min max 5
V:dim V=n u€V,u#0 HU ||

Hint: diagonalize the matrix, and recall that its eigenvectors are orthogonal.
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b. Let X be X with the last row and column removed. Then the eigenvalues of X and X interlace:

AL(X) < A(X) < X(X) < X(X) <. < Anvoa(X) < Avoa(X) < An(XD.

Corollary 5.13. A Jacobi matrix with positive b;’s has distinct eigenvalues.

Proof. We need to show that () has distinct roots. Suppose \;(Jy) = Ai+1(Jn). Then from the in-
terlacing property, also Qn_1(A(Jx)) = 0. From the recursion (5.2)) it follows that Qx_2(A(Jy)) = 0.
Applying the recursion repeatedly, by induction we get that Qy(A(Jx)) = 0, and so obtain a contradic-
tion. 0

Since the matrix Jy is symmetric, it can be diagonalized, so that J = UAUY, in other words
JnU = UA.

Here A is the diagonal matrix whose diagonal entries are the eigenvalues A\; < ... < Ay, and U is an
orthogonal matrix whose columns 71, . . . @y are the normalized eigenvectors. Denote

pi = ‘Ui1|2>
sothatp; + ...+ py = 1.

Proposition 5.14. The map

i=1

N-1
@ RY xRY™T — RY x {(pl,...,le): allpi>0,2pi<1}

given by
(o (al,...CLN,bl,...bN,1 — (Al,...,AN,pl,...,prl)

is a bijection.

For (p1,...,pn—1) as in the proposition, denote py = 1 — Zf\:ll p;, and

N
VN = Z pié)\i .
i=1

Then vy is a probability measure, such that [ f dvy = Zfil pif(N)-

Lemma 5.15. For all k,
my(N) = (J*¥) = /:zrk dvy.
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Proof.
(JF)i = (UAUT)y, = ZUU)\fUli = Zpi/\f = /xk dvy. O

Exercise 5.16. Recall that for the empirical spectral measure, we had

1 N
NTr[J’“] :/xkduJN,

and the measure also had atoms at the eigenvalues of Jy, except the weights of all the atoms were equal
to % Show that for any unit vector £, the probability measure with moments <J ke € > is also atomic
with atoms at the eigenvalues. What is its precise form? Which £ corresponds to the empirical spectral
measure?

Remark 5.17. For a sequence of random (for example, Wigner) or deterministic (for example, Jacobi)
matrices X, one can ask whether the sequence of measures from the preceding exercise corresponding
to some vectors £ converges weakly as N — oo. Some natural choices for £ are { = e; (the first
basis vector), 5 = ey (the last basis vector), the trace case from the exercise, or {5 random uniformly
distributed on the unit sphere.

Remark 5.18. Define a family of polynomials as follows: /) = 1,
Cllp[) + blpl(l‘) = IPQ,
forl1<n<N -1,
by—1Py—2(x) + anPy1(x) + b, Pp(x) = 2P, (),

and
bele,Q(l’) + CI/NPN,1<$> + PN(1’> = xPN71<J}).

Then each P,, 0 <n < N, is a polynomial of degree n. Since all b;’s are positive, each P, has a positive
leading coefficient. It is easy to see that

Qn(x) =0b,...01P,(7)
for0 <n <N —1and
Qn(x) =by_y...b Py(2).
In particular Py()\;) = 0forall 1 <i < N.

Moreover by definition,

Py(z) Py(z) 0
JN Pl(ﬁ) — P1(l’) B 0
PN,I(.SL') PNfl(.T) PN(CE)



Py(\
So for each 1, 1(‘ ) is an eigenvector of Jy with eigenvalue \;. Since all of the eigenspaces are

Pn_1(Ni)
one-dimensional, and F, = 1, while the first entry of u; is U;, it follows that

Ui; = Uilpjfl()\i)-

Lemma 5.19. {Fy,..., Py_1} are the orthonormal polynomials with respect to the measure vy with
positive leading coefficients.

Proof.
/le(x)Pn 1 dVN sz j— 1 (A)

- Z U’Ll Uzlpn 1 Z Uszm = UTU)jn = 5j:n~ [

Lemma 5.20. The orthonormal polynomials with respect to any measure v with positive leading coeffi-
cients satisfy a three-term recursion as above (which may not terminate, and the b coefficients may not be
strictly positive). If v is supported on at least N points, then by, ... by_1 > 0.

Proof. Let{P, : n > 0} be orthonormal polynomials with respect to a measure v. Since they are obtained
by a Gram-Schmidt procedure from the basis {z" : n > 0},

= i o, ()
=0

for some coefficients «, ;. Since

(PusPics), = [ Pia)oPus(w)dvla) = (o, Paot), = 0
forn—1>1i+1, o,,; = 0fori <n — 2. Denote b, = v, 5, Ay, = Q1 and ¢, = Q2. Then
Cp = <xPn—17 Pn—2>l, = <Pn—17 xPn—2>,, = bn—l‘

Thus finally,
2P, 1(x) = by_1Pyo(x) + anPy_1(x) + b, P ().

Since the leading coefficients of P, and P, _; are positive, b,, > 0. If by = 0, then x Px_1, and so all poly-
nomials of degree IV, are in the linear span of {Fy, ..., Py_1}. It follows that the space of polynomials
on the support of v has dimension at most /N, and so this support contains at most /N points. [
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Proof of Proposition It suffices to prove a bijection between matrices .JJy and measures vy . Starting
with Jy, its vy = Zil p;0y, is uniquely determined by its eigenvalues and eigenvectors. Conversely,
start with v . Use Gram-Schmidt orthogonalization to construct orthonormal polynomials with positive

leading coefficients Py, P, ..., Py_1. They satisfy a three-term recursion relation, whose coefficients are
determined by
bn - <'IP7’L—1’ Pn>VN
and
ap = <$Pnflapn71>,/N- [

The Jacobian of the spectral bijection.

Now that we have proved that ¢ is a bijection, we want to compute its Jacobian determinant. We do this
in two steps, using an intermediate bijection with (my(N), ..., may_1(N)).

Proposition 5.21. The Jacobian determinant of the transformation
(al, bl, ag, bz, C. >bN717 GN) — (ml(N), . ,mQN,l(N))
is
2N 1H .
H]kv 11 b,
Proof. Recall that my(N) = (J*);;. Using Motzkin paths, we can observe that
ka_l(N) = akbi_l PN b% + Polynomial(ak_l, o, ar, bk—h N ,bl)

and
mor(N) = bib;_, ...b7 + Polynomial(ag, ..., a1, by 1,...,b1).

It follow that the Jacobian matrix of the transformation
(a1,b1,a2,b,...,by_1,an) = (M1(N),...,man_1(N)
is upper triangular, and its Jacobian determinant is

[J [ H (26507, .. b2) = 2N iy b . O

k=2 k 1 bk

Proposition 5.22. The Jacobian determinant of the transformation

(P15 PN=1, A1, - AN) = (Ma (), .. man—1 (V)

57



is, up to a sign,

where
A, )= I v=x)
1<i<j<N
is the Vandermonde determinant.
Proof.
N
mp(N) = pid = ZPM’“ (1—p — Pn-1)A]
=1
So
Om, k_ \k
— )\
Ip; ! N
Iy, k—1 :
= kp; )\ N
a)\i 1 << IV,
om _
—k:k(l—pl— — PN 1))\N1—ksz)\’f\,1
OAN

and the Jacobian matrix of the transformation
(pb -y PN-1, >‘17 ey )‘N) — (ml(N)u s 7m2N—1(N)

1S

Al — AN ce AN—1 — AN b1 e PN-1 PN
/\% — )\?V Ce A?\f—l — )‘?V 2]91)\1 Ce 2pN_1)\N_1 QpN)\N
MV NYE  T ATT N = Dp YT L 2N = Dpn A2 (2N = Dpn Ay 2
Factoring out p; . .. py, we get the matrix
Al — AN AN—1 — AN 1 1 1
A —\3% . N = A\ 2\ .. 2AN_1 2N
AZNSL QN1 NSl QaN-L g N2y - AN (2 - 1)A2N2
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We need to compute its determinant. Up to a sign,

Al — AN AN—1 — AN 1
| M A2, — A2 2,
)\%N*l o )\?VNfl )\?V]\izl o )\?VNfl (2N o 1))\%N72
0 .. 0 1 0
)\1 _)\N )\Nfl _)\N )\N 1
= det AT =AY Ao — Ay Ay 2\
AZN-1 _ )2N-1 AN-1_ p2N-1 \3N-1 (g 1))2N-2
1 . 1 1 0 .. 0
A1 coe AN—1 AN 1 e 1
= det )\% /\?V—l )‘?V 201 2AN_1
BV N @ -
1 . 1 1 0 e 0
A1 cee AN—1 AN 1 . 1
= det AT Mo AR 2n 27N 1
AR R N S DAY L N - D
1 . 1 1 1
A e /\N—l )\N T1
aN
= det | AP A AT
87—1 87—]\[ TLI=MA1ye-es TN—)‘N : : E o
A%N—l A?\f]\i—ll )\?VN—I 7_12N—1

The determinant is a Vandermonde determinant

[T =) ] =20 [IE =) =TI =) [ [ =2 ][ -

1<j 1,5 1<j 1<j 1>7 i
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22N

(2N — A2 (2N — 1)\ -2

1 1
20N

(2N — AN 2 (2N — 1)AN 2

0 0
1 1

2\N_1 2\
2N — DAV 2 (2N — 1A 2
0

2N

0
1
27—N

(2N — 1)72N =2

1 1
TN-1 TN

2 2
TN-1 TN
ON—-1 _2N-1
TN-1 N

M T =20 @ =7

1<J 1<J



So the expression above is

aN
. A H()\j — i) H(Tj — i) H(Ti — i) H(Tj — i) H(Tj - i)
67-1...87—]\77_:)\ =)\ .. .- . .. .-
1 15 TN=AN §<j 1>] ) 1<J 1<J

_ lim Hi<j()‘j - )‘i) Hi>j(>\j + hj - >‘i) Hz()‘z + h; — /\i) Hi<j<>\j + h]’ - >‘i) Hi<j ()‘j + hj — A — hi) — 0

Riy.ey hNA)O hl . e h/N
=TI =2 Ty =2 TTw =2 Ty = 2)

i<j i>] i<j i<j
- iA()\b 7)\N)4

Corollary 5.23. The Jacobian determinant of  is, up to a sign,

N1 y4(N—k)
oN-1 k=1 "k

A(/\17"-7)\N)4H£\;1pi fevz_ll bk

Proposition 5.24.
N-1 N 1/2
Hbiv_k: <le> A(}\l,...,)\N).
k=1 i=1

Consequently the Jacobian determinant of  is, up a sign,

N
oN-1 I[ii, pi
[T b
Proof. Denote by e, the first basis vector. Let A be the matrix with columns

A= (61, J@l, ceey JN_161).

Then A is upper-triangular, with entries 1, by, . . ., Hff:_ll by on the diagonal. So
N—-1 n N-1
det A= ] [Joe=[]o0™"
n=0 k=1 k=1

On the other hand, denote ¢ = (qi, ..., qy)? = UTe; be the first row of U, so that ¢> = p;. Then
A= (UU e, UNU ey,...,UNNWTe)) = UU e, AU ey, ..., AV U e))

q1 )\1q1 Ce )\i\f—lql

=U@@AG... A =U + +

av ANGN .. AN an
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and so

N IO VIR 'l
1 N
detA:(H%’) det [ = = .0 :<H%’> A(A1y -5 AN).
i=1 ;

1 Ay ... AV!
We conclude that the Jacobian determinant of ¢ is

4
<(Hz]ilpl> A(/\b"'v)‘N)) No1 2
—oN-tX 7 O
A<)‘17 ceey )‘N)4 f{V:_ll bk kN 11 bk

2N—1

Exact eigenvalue distribution for S-ensembles.

Theorem 5.25. The joint density of ordered eigenvalues of an un-normalized [3-ensemble matrix is

—exp( Z)\2> (Aty oo )P

Proof. Recall that for the $-ensembles, a; and b; are independent, with distributions

\/Eak ~ N(O, 2)

and
V/ Bby, ~ X(N—k)8

So their individual densities are %e_(ﬁ/ Y and %b,iN_k)ﬁ “le (/20 and their joint density is

(B/4)ai bkﬁ 1,—(8/2)b} _P 2 P b2 p(N—R)E-1
| | e | | ex E a E | |
Z k=1 —z7 ( 4 b2 k=1 k) '

We want to express this in terms of \;’s and p;’s. We note that all b, > 0 a.s. (so the results from earlier
in the section apply),

N N-1
> ap+2) b =Te[J"J] Z)\
k=1 k=1

and

N-1 N B/2
bEgNik)ﬁ = <H pz) A()‘h ) AN)IB
k=1 i=1

Since N

i=1Pi
[Jacap-op] =2V HN T,
k=1 Yk
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we obtain the density

] & N /21
Z_NeXp <_ZZ)\’2> (sz) A()\l,---a)\N)’B-

i=1 i=1

Thus the joint densities of A;’s and p;’s are independent, and the joint distribution of the p;’s may be
integrated out. 0

To obtain the precise normalization constant in the joint density of eigenvalues we need to trace the
constants carefully throughout the proof, and at the end use the Dirichlet integral

Uopem s N\ r(8/2)Y
A A O

Another approach to compute

N
ZN:// exp (25T ) AOw, A dA - dy
A< <Ay 4 —

N
1 B ) 5
ZM/RNGXP (‘ZZA> A AP dAr L day

is to deduce it as a limiting case of the Selberg integral

N-1

L S - 2 11 Dla+ o)l (b + joT(( + 1)e)
m/o /0 [ 00 1800 ) dAl...dAN—jHO RS S ey e
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