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Reminders on first-order differential equations

Example. Solve the differential equation % =3yory =3y

with the initial condition y(0) = 4.

Solution. We know a function whose derivative is 3 times the
function: namely, y(t) = €%, or more generally y(t) = ce® for
an arbitrary constant c.

Thus the general solutionto y' = 3y is y(t) = ce®l.

The particular solution satisfying the initial condition y(0) = 4 is
y(t) = 4€d.

Highlights

From last time:
» eigenvalues and eigenvectors
Today:

» application of eigenvectors to systems of differential
equations

Linear systems of differential equations
Exercise 1(b), page 323

=2y, +4
Find the general solution to the system y} v v
Yo =—y1—3)2.
; ; 14 2 4
Solution. Writey = and A= . Then the
Vo -1 -3

system says y' = Ay.

Observe that if v is an eigenvector of A with eigenvalue A, then
y(t) = ev is a solution of the differential equation. Since

A has eigenvalues 1 and —2 with corresponding eigenvectors

(_4) and (_1) , the general solution is the superposition

)
t) = 4ciel + e

y(t):c1et< 4>+02e2t< 1>,or ya(t) 1 t 2 N
—1 —1 yo(t) = —crel — cre™ 2.

An initial condition would let you determine ¢; and c..



Euler’s formula Differential equations with complex eigenvalues
Example: exercise 1(d), page 323

— — —
Solve y} TNV oy Aywith A= (1 1).
Yo=Yi+ e T 1
. . . . 2 _ .
The complex exponential function is related to the trigonometric The characteristic equation is A= — 2X + 2 = 0. By the quadratic
functions via Euler’s formula: formula, A = 2548 = 1 £ j. An eigenvector corresponding to

i
1

B ne (1 _ [€'(—sin(t) +icos(t))
V(= (1) B ( e'(cos(t) + isin(t)) ) '

eigenvalue 1 +iis ( ) One complex-valued solution is

e’ = cos(t) + isin(t).

For example, e = — 1, e™/* = (1 +/)//2, and . : o
g(2+31)t — e?!(cos(3t) + i sin(31)). Because the differential equation is real-valued, both the real

and imaginary parts of the complex solution are real solutions.
The general (real) solution is therefore

—sin(t) cos(f)
¥y =oae ( cos(t)) + 06’ (sin(t)) '

Higher-order systems
Example: exercise 5(b), page 324

7 — 2 !
Solve y}, Vi y€
Y2 =2y2+ 5.

Solution strategy. We know how to handle systems of
first-order differential equations, so introduce two new variables
yz and ys via y; = ys and y, = ys. The system becomes

Yi=Y3

0010
Yo =Ya . |o o 0 1

or = .
Y3 =21+ a Y=l2001]Y
Ya=2yo+Y3 0210

Proceed as before: find the eigenvalues [£1 and £2], the
corresponding eigenvectors, and write the general solution
[with four arbitrary constants ¢y, ¢, c3, and ¢q].



