Math 617 Examination 3 November 21, 2003

1. Give an example of a family of entire functions that is not a normal
family when considered as a family of functions whose domain is the
whole plane C but that is a normal family when considered as a family
of functions whose domain is the unit disc { z € C: |z < 1}.

2. Determine the number of solutions to the equation
242527 4432 =1

in the annulus { z € C: 1 < |2] < 2}.

3. In view of the Riemann mapping theorem, there exists an invertible
holomorphic function (a conformal mapping) that maps the first quad-
rant {z € C: Rez > 0 and Imz > 0} onto the unit disc {z € C :
|z| < 1}. Find an explicit example of such a function.

4. Suppose f is a holomorphic function that is defined in the unit disc
{z € C:|z] <1} and that has image contained in the unit disc. If
f(0) =0 and f’(0) = 0, how big can |f”(0)| be?

5. Suppose that G is a connected open subset of C, and {f,}>2, is a
sequence of holomorphic functions converging normally (that is, uni-
formly on compact subsets of G) to a non-constant holomorphic limit
function f. Prove that if every function f, in the sequence is a one-to-
one (that is, injective) function, then the non-constant limit function f
must be one-to-one.
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