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Exercise on Runge’s theorem

The goal of this exercise is to demonstrate under-
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standing of Runge’s theorem: If K is a compact sub-

set of C, then every function holomorphic in a neigh-

borhood of K can be approximated uniformly on K

by rational functions. Moreover, if E is a set contain-
ing at least one point from each bounded component
of C \ K, then the poles may be taken to lie in E.

Consider the example illustrated in the figure:
K is the set of points z in C such that |z| ≤ 2 and
|z − 1| ≥ 1 and |z + 1| ≥ 1.

1. Can every function holomorphic in a neighborhood of K be approx-
imated uniformly on K by rational functions with poles only at the
points −1 and 1?

2. Give an example of a function holomorphic in a neighborhood of K

that cannot be approximated uniformly on K by polynomials but that
can be approximated uniformly on K by rational functions with poles
only at the point −1.

3. The polynomially convex hull K̂ of a compact set K is the set of points
that cannot be “separated” from K by a polynomial: namely, if ‖p‖K

denotes sup{ |p(z)| : z ∈ K }, then

K̂ = {w ∈ C : |p(w)| ≤ ‖p‖K for every polynomial p }.

Determine the polynomially convex hull of the compact set K shown
in the figure.

4. Let G be the interior of the compact set K shown in the figure; that is,
G = K \ ∂K. The open set G has how many connected components?
The complement C \ G has how many connected components?

5. Can every holomorphic function on G be approximated normally on G

by polynomials?
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