Math 618 Theory of Functions of a Complex Variable II Spring 2015

Exercise on approximation

The algebraic numbers are the complex numbers that are zeroes of nonconstant

polynomials having rational coefficients. Examples are \3/5 (a zero of the polyno-
mial z3 — 2) and —1 + i (a zero of the polynomial z? + 2z + 2). Complex numbers
that are not algebraic are called transcendental. Since the algebraic numbers form
a countable set, “most” numbers are transcendental, but determining whether a
specific number is transcendental can be a daunting task. Two especially famous
numbers known to be transcendental are e (proved by Hermite') and 7z (proved by
Lindemann?).

The transcendental number 7 is nonetheless a zero of some nonconstant entire
function having a Maclaurin series with rational coefficients (the sine function, for
instance). What about e? Viewing an entire function as a “polynomial of infinite
degree,” one might ask which numbers are zeroes of nonconstant entire power
series having rational coefficients. The amusing answer, due to Hurwitz,? is that
every complex number has this property; moreover, the entire function can be
chosen to have only one zero.*

Your task is to show that if ¢ is an arbitrary complex number, then there is an
entire function A such that the Maclaurin series of (z — ¢)e® has rational coef-
ficients (in the sense that the real part and the imaginary part of each coefficient
are rational numbers). Moreover, if the number ¢ happens to be real, then the
coefficients of the series can be taken to be real rational numbers.

1. Show thatif f is holomorphic in a neighborhood of the origin, then f can be
expressed as g — h, where g is holomorphic in a neighborhood of the origin
and has rational Maclaurin coefficients, and A is entire.

2. If ¢ # 0, then z — ¢ can be written locally in a neighborhood of the origin in
the form /¥, What can you deduce from the preceding step?
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