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Recap from last time

We reduced the solution of the d-equation on (0, 1)-forms to the following.

Key estimate. If () is a pseudoconvex domain in C”, then there exist smooth weight functions
@1, ¢2, and @3 such that when f = 2}7:1 fjdz; is in the intersection of the domains of dand o,
then 3 3

1£llgz < 10" Fligy + 19 lgs-

To prove the key estimate, we need (a) to compute the terms on the right-hand side and (b) to
choose suitable weight functions.
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Computation of the norm of df

A clever technical point: if the weight functions @1, ¢,, and @3 are chosen to grow sultably
fast at b(), then the C* functions with compact support in Q will be dense in Dom d N Dom J.
Assuming this density for now, we may compute in C;°(Q}).

— = d 9 _ _ — of: 9 2
If f = %I 1f]-dz]-, then 3f = Tjoi (32— 5) dze ndzj, s0 BfF = L[5 - 3| -
of, 9 ofi 12 0 9
3 Yk P ﬁ =Yk (a—zi ~ 5 ajsz) Therefore
oriz, =3 [ (|Z[ - L% ew
& ik 0O 8Zk aZk 82]

and we need to handle the term with the minus sign.
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Computation of 0

The choice of weight functions (to be made later) guarantees that C(Q) is dense in Domd,

so to compute 0 we may pair with a smooth, compactly supported function and integrate by
parts without boundary terms.

_* _ n 3 n B
(0 f,8)¢1 = (f,08) g, = ,Zl<f]'/a_§j>(/’2 == 'Zl<e(’)1a%(e ¢2]fj>zg>q21

= =
S0d f = —]fl 91 (¢ fj). Set dif; := e¥ L (7% fj) and rewrite 3'f = —e91 92 jfl (6f; —
fja%(ﬁl’z —¢3)).

We do not need three independent weight functions. It is convenient to use two independent

functions ¢ := @3 and ¢ satisfying @3 — ¢ = ) = @2 — ¢1. Thend f = —e IPZ;( Sif; +f] )
]
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Approaching the key estimate

oY
By the triangle inequality, ™% Xy 8ifjllpy < 19" fllg, + le™¥ K f3% llgr-
Since 2y + (p1 @3 = ¢, squaring both sides gives

J Ik <2, 2 [P oire
Addlng the previously computed term ||0f H%% yields

¥ ( 5:F)(5efe) — f’ f">e—¢s||5f||%p3+2||5*f||%01+2 /Q 2 oy,

Because §; is adjoint to —d/dz; on Ci°(Q)), the left-hand side simplifies after two integrations by
parts.
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The punch line

9 2 5 _ %
The commutator 5]a_zk — a—Zk(S] = Tz Therefore

an) v = =k
—fifce ? < |lof 15, + 209 £l +2/ 2 9|2 e ?.
[\ % s e < 131, 20515, +2 | 17
If we can choose ¢ sufficiently strongly plurisubharmonic that for every vector w in C" we have

L
Jik

2

o’ 2 (92 2
azjazkijk22|w] 09| 4 2|w|? e¥

then we will have the key estimate, and hence the solution of the d-equation on pseudoconvex
domains.
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