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Background

Let φ : Cn × Cn 7→ Cm be a conjugate symmetric, bilinear map
A Quadric is a submanifold of the form

G = {(z ,w) ∈ Cn × Cm; Im w = φ(z , z)}

Example: Heisenberg Group, where m = 1 and φ(z , z) = |z |2.

Let t = Re{w}. Identify (z , t + iφ(z , z)) ∈ G with
(z , t) ∈ Cn × Rm
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Identification of Points on G

Figure: (z , t + iφ(z , z)) identified with (z , t)



Background Cont.

Recall
G = {(z ,w) ∈ Cn × Cm; Im w = φ(z , z)}

and t = Re{w}.

G has a Lie Group Structure:

gg ′ = (z ,w)(z ′,w ′) =
(
z + z ′,w + w ′ + 2iφ(z ′, z)

)
gg ′ = (z , t)(z ′, t ′) =

(
z + z ′, t + t ′ + 2 Imφ(z , z ′)

)



Background

Let v1, . . . , vn be any orthonormal basis for Cn. Then the (right)
invariant vector fields are:

Xj = ∂vj − 2 Imφ(z , vj) · Dt , 1 ≤ j ≤ n

Yj = ∂Jvj
+ 2 Reφ(z , vj) · Dt , 1 ≤ j ≤ n

Dtk =
∂

∂tk
, 1 ≤ k ≤ m

Tangential Cauchy-Riemann Vector Fields:

Zj =
1

2
(Xj − iYj) =

∂

∂zj
− iφ(z , vj) · Dt

Z j =
1

2
(Xj + iYj) =

∂

∂z j
+ iφ(z , vj) · Dt

Note: [Z`,Z j ] = 2iφ(v`, vj) · Dt . This is the Levi form.
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�b Calculation (from Peloso/Ricci 2003)

Define: �b = ∂b∂
∗
b + ∂

∗
b∂b

For any orthonormal basis, v1, . . . , vn for Cn, and |L| = q:

�b(fLdzL) =
∑
|I |=q

�LI (fL)dz I

where the diagonal terms are:

�LL =
−1

4

n∑
k=1

(X 2
k +Y 2

k )+i

∑
k∈L

φ(vk , vk) · Dt −
∑
k 6∈L

φ(vk , vk) · Dt


For the off-diagonal terms, if |I ∩ L| = q − 1, then

�LI = ±[Z`,Z j ] = ±2iφ(v`, vj) · Dt

where ` = L− I and j = I − L. If |I ∩ L| < q − 1, then �LI = 0.
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Solvability of �b

Fix λ ∈ Rm. Let
φλ(z , ζ) = φ(z , ζ) · λ

Theorem
(Peloso/Ricci 2003) Let n+(λ), resp n−(λ) be the number of
positive, resp. negative, eigenvalues of φλ. Then �b is solvable on
(0, q)-forms if and only if for every λ ∈ Rm, either n+(λ) 6= q or
n−(λ) 6= n − q.

Goal. To find an explicit formula for the fundamental solution, N
to �b:

�bN = I − P

where P = orthog. projection of L2
(0,q)(G ) onto the kernel of �b.
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Eigenvalue Notation

Fix λ ∈ Rm, let vi = vλi , i = 1, . . . , n be an orthonormal basis for
Cn which diagonalizes the form

φλ(z , ζ) = φ(z , ζ) · λ

Let µi = µλi , i = 1, . . . , νλ ≤ n be the nonzero eigenvalues for φλ.
For simplicity, assume νλ = n.



Representation Theory for Quadrics

Define the group transform, for f ∈ L2(G ), λ ∈ Rm:

f̃λ(·) =

∫
(z,t)∈G

f (z , t)πλ(z , t)(·) dzdt

as an operator on L2(Rn), where for h ∈ L2(Rn),

πλ(z = x + iy , t)(h)(ξ) = e i(λ·t)e−2i
Pn

j=1 µ
λ
j yj (ξj+xj )h(ξ + 2x)

Under the transform, Xj → 2Dξj , Yj → −2iµλj ξj , Dtj → iλj .
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More Representation Theory

Recall

�LL =
−1

4
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(X 2
k +Y 2
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Since Xj → 2Dξj , Yj → −2iµλj ξj , and Dtj → iλj ,
�LL transforms to

�λ
L,ξ = −∆ξ +

n∑
k=1

(µλξk)2 +
∑
k∈L

µλk −
∑
k 6∈L

µλk .

�λ
L,ξ is a multi-dimensional Hermite operator.
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Fundamental Solution to �b

So using the group transform, solving �bN = I − P becomes
equivalent to solving

�λ
L,ξÑλ = I − Pλ

L

where Pλ
L is the orthogonal projection onto the zeroth eigenspace

of the Hermite operator �λ
L,ξ.

Define the Hermite functions:

ψ`(x) = c`
d`

dx`
{e−x2}ex2/2

A complete basis of eigenfunctions on L2(Rn) for �λ
L,ξ is

Ψλ
` (ξ) =

n∏
j=1

ψλ`j (ξj).

where ` = (`1, . . . , `n), `j ≥ 0, and

ψλ`j (ξj) = ψ`j (|µ
λ
j |1/2ξj)|µλj |1/4
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Fundamental Solution to �b

Eigenvalues:

�λ
L,ξΨ

λ
` = Λλ`Ψλ

`

where Λλ` =
∑n

j=1(2`j + 1)|µλj |+
(∑

j∈L µ
λ
j −

∑
j 6∈L µ

λ
j

)

Theorem
(Peloso/Ricci, 2003) Suppose |L| = q. If the number of negative
eigenvalues of φλ is not equal to q or if the number of positive
eigenvalues of φλ is not equal to n − q, then the Kernel of the
operator �λ

L,ξ is zero and its inverse is given by the operator

Nλ =
∑
`

1

Λλ`
Pλ
`

where Pλ
` = orthogonal proj. onto the space spanned by Ψλ

` (ξ).
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Fundamental Solution to �b

Now in certain cases, we can evaluate

Nλ =
∑
`

1

Λλ`
Pλ
`

in closed form and then evaluate its inverse group transform. This
process involves manipulating Mehler’s formula and lots of inverse
Fourier transform calculations.

Special Case: Take the case when |µλj | = |λ|, all 1 ≤ j ≤ n. This
includes the case of the Heisenberg group. It also includes the
following codimension two example:

{(w1,w2, z1, z2) ∈ C 4; Im w1 = 2 Re{z1z2}, Im w2 = |z1|2− |z2|2}

where µλ1 = |λ| and µλ2 = −|λ|.
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Special Case: |µλj | = |λ|
When |µλj | = |λ|,

Λλ` =
n∑

j=1

(2`j + 1)|µλj |+

∑
j∈L

µλj −
∑
j 6∈L

µλj


= 2(

n∑
j=1

`j + J)|λ| = 2(|`|+ J)|λ|

where J is a positive integer (depending on L). Obtain:

N(z , λ̂) = Cn|λ|n−1

∫ ∞
0

sJ−1(s + 2)n−J−1e−(s+1)|λ||z|2 ds

One can recover the usual formulas for N for the Heisenberg
group.

For the codimension two example in C 4, q = 0, then

N(z , t) =
C

(|t|2 + |z |4)3/2
.
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Fundamental Solution to �b

When |µλj | are not all equal

Example. Take the hypersurface in C 3,

{(w , z1, z2); Im w = σ1|z1|2 + σ2|z2|2}

σj > 0. Take the case L = (1, 0) (q = 1). Obtain:

N(z , t) = C

∫ 1

0

P1(r , σ)σ1σ2 dr

(it + s1(r)σ1|z1|2 + s2(r)σ2|z2|2)2

+ C

∫ 1

0

P2(r , σ)σ1σ2 dr

(−it + s1(r)σ1|z1|2 + s2(r)σ2|z2|2)2

where C is the same constant for both integrals, and where

Pj =
rσj−1 dr

(1− rσ1)(1− rσ2)
sj(r) =

1 + rσj

1− rσj


