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Let t = Re{w}. Identify (z,t + i¢(z,2)) € G with
(z,t) e C" x R"



Identification of Points on G
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Figure: (z,t+ i¢(z,z)) identified with (z, t)



Background Cont.

Recall
G={(z,w) e C"xC™; Imw = ¢(z,2)}

and t = Re{w}.
G has a Lie Group Structure:
ge' = (z,w)(Z, W) = (z+ 2, w+ w +2i¢(, 2))

gg' =(z,t)(Z,t)=(z+ 2, t+t +2Im¢(z,2))
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Let vi,..., v, be any orthonormal basis for C". Then the (right)
invariant vector fields are:

X = 8W—2Imgb(z,vj)'Dt,1§j§”
\/j = 8JVJ+2RE¢(Z,VJ)DU 1§J§n
D, = 0 1<k<m

ot

Tangential Cauchy-Riemann Vector Fields:

Z = S0G-¥) = 5~ id(zv)- D
J

—= . 0 i
Zj = *(XJJF’YJ)ZgJF’(Z)(Z,Vj)'Dt
J

Note: [Z;, Zj] = 2i¢(ve, vj) - Dy. This is the Levi form.
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Define: Oy = gbgz + 5251,
For any orthonormal basis, vy, ..., v, for C", and |L| = g:

f[_dZ Z D[_[ f[_
lll=q

where the diagonal terms are:

O = — Z(X;Hryk i D o(vie vie) - De =Y~ dlvie, vi)
kel kgL
For the off-diagonal terms, if |/ N L| = g — 1, then

|:lL/ = j:[Z[??J] = i2i¢(‘/€7 VJ) : Dt

where /=L —landj=1—-L If|[INL| <q—1, then Oy =0.



Solvability of [,

Fix A € R™. Let
oMNz,0) = ¢(2,¢) - A

Theorem

(Peloso/Ricci 2003) Let n(X), resp n=(\) be the number of
positive, resp. negative, eigenvalues of ™. Then Op is solvable on
(0, q)-forms if and only if for every A\ € R™, either n*(\) # q or

n~(\) #n—gq.



Solvability of [,

Fix A € R™. Let
oMNz,0) = ¢(2,¢) - A

Theorem
(Peloso/Ricci 2003) Let n(X), resp n=(\) be the number of
positive, resp. negative, eigenvalues of ™. Then Op is solvable on
(0, q)-forms if and only if for every A\ € R™, either n*(\) # q or
n~(\) #n—gq.
Goal. To find an explicit formula for the fundamental solution, N
to Llp:

ON=1I1-P

where P = orthog. projection of L%O q)(G) onto the kernel of Op.



Eigenvalue Notation

Fix A\ € R™, let v; = v, i = 1,..., n be an orthonormal basis for
C" which diagonalizes the form

¢>\(Za C) = ¢(Z7 C) A

Let uj = M,?‘: i=1,...,0v" < n be the nonzero eigenvalues for ¢*.

For simplicity, assume v* = n.



Representation Theory for Quadrics

Define the group transform, for f € L?(G), A € R™:
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Representation Theory for Quadrics

Define the group transform, for f € L?(G), A € R™:

() = /( bec f(z,t)ma(z, t)(-) dzdt

as an operator on L?(R"), where for h € L2(R"),
’7T)\(Z = x+iy, t)(h)(f) _ ei(A-t)e—ZiZ};l M]\X/(€J+Xj)h(£ + 2X)

Under the transform, X; — 2Dg,, Y; — =213, Dy — i;.
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More Representation Theory

Recall
-1
DLL:TZ Xk+yk Zd) Vk,Vk Dt Z¢ Vk,Vk
k=1 kel kgL

Since Xj; — 2Dg;, Yj — —2ip}¢j, and Dy, — i);,
0, transforms to

DLg——A§+Z (1) +Zﬂk Zﬂk

kel kel

Di\g is a multi-dimensional Hermite operator.
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Fundamental Solution to [,

So using the group transform, solving N = | — P becomes
equivalent to solving

)Ny =1— P}

where Pi‘ is the orthogonal projection onto the zeroth eigenspace
of the Hermite operator Dig-
Define the Hermite functions:

C/Z 7X2 X2 2
ve(x) = cozle e /
A complete basis of eigenfunctions on L?(R") for Di\,g is
v (€)= [T va ()
j=1
where ¢ = ({1,...,4,), ¢; >0, and

U2 (&) = o, (i} [V2E) [ 1M



Fundamental Solution to [,
Eigenvalues:
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Fundamental Solution to [,
Eigenvalues:
01 V7 = AV

where /\? = 27:1(2@‘ + 1)‘#}‘ + (ZjeL Nj\ - ZJ'¢L “J)\)

Theorem

(Peloso/Ricci, 2003) Suppose |L| = q. If the number of negative
eigenvalues of ¢* is not equal to q or if the number of positive
eigenvalues of ¢* is not equal to n — q, then the Kernel of the
operator Dﬁg is zero and its inverse is given by the operator

].
A 2: A
l

where PK)‘ = orthogonal proj. onto the space spanned by \Ilz\(f).



Fundamental Solution to [,

Now in certain cases, we can evaluate

1
A 2: A
l

in closed form and then evaluate its inverse group transform. This
process involves manipulating Mehler's formula and lots of inverse
Fourier transform calculations.



Fundamental Solution to [,

Now in certain cases, we can evaluate

1
N =) P
¢ 14
in closed form and then evaluate its inverse group transform. This
process involves manipulating Mehler's formula and lots of inverse
Fourier transform calculations.
Special Case: Take the case when || = ||, all 1 <j < n. This
includes the case of the Heisenberg group. It also includes the
following codimension two example:

{(Wl, Wg,Zl,Zz) € C4; Imw; = 2Re{21?2}, Imw, = ’21|2 — |22|2}

where p3 = |A| and 1y = —|)|.



Special Case: [p}] = ||
When [1}] = [Al,

n

DS IRV AR DTS ST

Jj=1 JeL JéL

= 234+ DA =204 + DA

j=1

where J is a positive integer (depending on L). Obtain:
N(Z, 3\) — Cn’)\’nl/ SJil(S + 2)anflef(er1)|)\\|z|2 ds
0

One can recover the usual formulas for N for the Heisenberg
group.
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When [1}] = [Al,

n
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Jj=1 JeL JéL
= 20} 4+ NI =20 + DA
j=1

where J is a positive integer (depending on L). Obtain:
N(Z, 3\) — Cn’)\’nl/ SJil(S + 2)anflef(er1)|)\\|z|2 ds
0

One can recover the usual formulas for N for the Heisenberg
group. For the codimension two example in C#, g = 0, then

C

N(Z, l') = W.



Fundamental Solution to [,

When ],uj’\| are not all equal
Example. Take the hypersurface in C3,

{(w, 21, 2); Imw = 01|z1|* + 02| 2|*}
gj > 0. Take the case L = (1,0) (g = 1). Obtain:

1
Pi(r,o)o107 dr
N(z,t) = C/
(z,¢) o (it +si(Nofz? + 2(r)o2|z)?

N C/ P(r,o)o102 dr
(=it + si(r)o1|z1]? + s2(r)o2|22|?)?

where C is the same constant for both integrals, and where

roi—1 dr _ 1+ r%

Pi=a=mya=r =1




