Math 222 - - Exam II

Instructor - Al Boggess

Fall 1998
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Suppose z is the vector = u; — 2uy in R?. Express z in terms of the
basis v1 and vs.

1. Let

SOLUTION. The transition matrix to change from the u— basis to
the v—basis is
S=v~'U

where U is the matrix whose columns are the us:

e [11]

and V is the matrix whose columns are the wvs:

(1)

Therefore




The vector £ = u; — 2usy transforms to the vector av; + bvy where

(1) - (4
[ ](4)
()

Thus the answer is 3v; — Twvs.

o< (3) o= (1)

as in Problem 1. Let L : R? — R? be the linear transformation given
by L(z) = (A)(z) where
2 1

Find the matrix of L with respect to the basis vy, vs.

2. Let

SOLUTION. The matrix which represents L with respect to the basis
V1,V i8S

B = V'AV

2112 121
1 -1 3|11
14 2 1][2 1
-1 2| -1 311

[ o4
T -3

as the answer.

3. Find a basis for the kernel and range of the linear map L : R* — R3,
L(z) = (A)(z) where

1 0 -1 2
A= -2 1 1 -1
-3 1 2 -3



SOLUTION.

The row reduced form of the given matrix is

10 -1 2
RREF(A)=|0 1 -1 3
00 00

This indicates that the first two columns of the original matrix are
linearly independent and span the column space. So a basis for the
column space is

1 0
v = -2 Vg = 1
-3 1

A basis for A can be found by looking at the row reduced form of A:

10 —1 2
RREF(A)=]0 1 -1 3
00 00

The variables x3 and x4 are free. Letting z3 = 1 and z4 = 0 leads to
the vector Ny = (—1,—1,1,0)T. Letting 3 = 0 and z4 = 1 leads to
the vector Ny = (2,3,0,1)”. The vectors N; and N, form a basis for
the nullspace of A.

. Find a basis for the orthogonal complement of the space in R* spanned
by

1 1

-2 0

U = 0 Ug = 1
1 1

SOLUTION. First form the matrix whose rows are u; and us:

1 -2 01
U_ll 011]

The orthogonal complement of the space spanned by u; and uy is the
same as the kernel of this matrix. The reduced form of this matrix is

10 11
01 1/2 1



The variables x3 and x4 are free. Letting z3 = 1 and z4 = 0 leads to
the vector Ny = (—1,—-1/2,1,0)”. Letting x3 = 0 and x4 = 1 leads
to the vector No = (—1,0,0,1)". The vectors N; and Ny form a basis
for the nullspace of U and therefore the orthogonal complement of the
space spanned by u; and us.

. Let P, be the vector space of polynomials of degree less than n. Let
vi=1, vo=14+2x v;3 :(L‘-I-:E2, v4:x2+x3
be a basis for P;. Let
up =1, wus =14z, U3:(II+(II2

be a basis for P. Let D : P3 — P, be the map D(p) = p’ for p € Ps.
Show that D is a linear transformation. Compute the matrix of D
with respect to the basis u;, 1 <4 <4 and vj, 1 <j < 3.

SOLUTION. D is the differentiation operator and we must show that
D is linear. We have

D{ap, + Bp2} = {ap1 + Bp2}’
= ap + Bpl
aD(p1) + BD(p2)
So D is linear.

To compute the matrix of D with respect to the us and vs, we compute
D(u;), for 1 <i <4 and express them in terms of the vs. We have

D(uy) = D(1)=0

D(us) = D(l+z)=1=uv

D(uz) = D(z+a?) =1+2z=—v; + 20,
D(ug) = D(z%+ 23) =2z + 32> = vy — vy + 3u3

The coefficients form the columns of the matrix. So the matrix for D
with respect to the us and vs is

01 -1 1
00 2 -1
00 0 3



6. Suppose v, vy is a basis for R? and let L; and Ly are two linear
transformations from R? to R?. Show that if Li(v;) = La(v;) for
i =1,2, then Li(v) = Ly(v) for all v € R2.

SOLUTION. Since v; and vy form a basis of R?, any v can be expressed
as v = avi + Bve. So

L1 (1)) = L1 (041)1 + ,31)2)
=" Li(v1) + BL1(v2)

Since L; and Lo agree on v; and v, we have

L1 (Q)) = Ole

OzLQ

(v1) + BL1(v2)
(v1) + BLa(v2)
La(a(v1 + Bvz)

= Ls(v)

Thus, Li(v) = La(v).

7. Suppose u1,...,u; is a basis for the subspace U C R"™. Show that a
vector v € R belongs to U~ (the orthogonal complement of U) if and
only if v - u; = 0 for each 7 with 1 <17 < k.

SOLUTION. Suppose v -u; =0 for 1 <4 < k. We must show that v
belongs to U+, or equivalently, that v -u = 0 for all w € U. Now if
is any vector in U, then u can be expressed in terms of the basis:

u=aaiuy + ...+ apug
Therefore

veu = v-(ug + ..+ agug)
= ar(v-up)+ ...+ ag(v-ug)
=0

since v - u; = 0 for each 3.

Conversely, suppose v € UL, then v - v for all w € U. Since each u;
belongs to U, clearly v - u; =0 for each 1 <14 < k.



