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1. The given function

-1 0<z<1/4

)4 1a<a<1)2
@ =90 92 1pp<s<3n
3 3/4<z<l

can be written as
flz) = —¢(4z) + 4¢(4x — 1) 4+ 2¢(4x — 2) — 3p(4x — 3)
Using the equations
) = (¥(22) + ¢(22)) /2
) = (o(2z) —9(22)) /2
Pdr —2) = ¢(4(x —1/2)) = (W(2(x - 1/2)) + ¢(2(x — 1/2))) /2
) = ¢4z —1/2) = 1) = (6(2(z — 1/2) = ¥ (2(x — 1/2))) /2

into the terms for f(z) and collecting terms, we have
f(z) =3/2¢0(22) — 1/2¢(2x — 1) — 3/2¢(2x) + 5/2¢(2x — 1)

The terms involving ¢ (2z) and ¥ (2x — 1) belong to W;. We need to
further decompose the terms involving ¢(2z) and ¢(2z — 1). The key
equations are

¢2z) = () +¢(x))/2
o2z —1) = (o) —¢(x))/2

Substituting these equations and collecting terms gives
f(x) = =o(x) — (1/2)¢(x) — 3/2¢(2x) + 5/2¢(2z — 1)
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The term involving ¢(x) is the Vj component of f. The term involving
() is the Wy component of f. The sum of the terms involving ¢ (2x)
and ¥ (2x — 1) is the W; component of f.

. The dimension of a vector space is the number of basis elements. So
suppose the dimension of A is n and the dimension of B is m. Let
ai,...ap is a basis for A and by, ... b, is a basis for B. We would like
to show that the collection aq,...ay,, b1, ...b,, is a basis for A ® B.

First we show this collection spans. An arbitrary element of A ® B is
of the form a + b with a € A and b € B. Since ay,...a, is a basis for
A, there are constants rq,...,r, with

a=rial+ ...+ rpa,.

Likewise, there are constants sq,...s,, with

b=s1b1+...8mbm.
Adding these two equations yields

a+b=mria1+... +rpa, +51b1 +...8mbm
which shows this collection spans.
To show linear independence, suppose that
ria1+ ...+ rpan + s1b1 + ... Smbm =0

We wish to show that all the coefficients (the s and the ss) are zero.
Let a =ria1+ ... +rpa, € A and let b = s1b1 + ... 8,0, € B. Thus
the above equation becomes a + b = 0. Taking the inner product of
both sides with this equation with b gives

((a+b),b) = (0,b) = 0.

Since (a,b) = 0 (by hypothesis), we conclude that (b,b) = 0, which
means that s1b1 + ... s;,b, = b = 0. Since bq,...,b,, is a basis for B,
they are linearly independent. So all the s-coefficients must be zero.
In the same manner (taking the inner product with a), we can show
that a = 0 and hence all the r-coefficients must be zero.

If A and B are not orthogonal, they may have a nonempty intersection.
In this case, the dimensions are related by

dim(A + B) = dim(A) + dim(B) — dim(AN B).



In fact, a basis for A + B can be constructed as follows. Start with a
basis for AN B, say c1,...c, (assuming the dimension of AN B is k).
Expand this collection to a basis for A as ¢1,...,c,a+1,...,a, Also
expand the collection of ¢s to a basis for B as ¢1,... ¢k, bgr1,- .. b
Then a basis for A + B can be shown to be

Clye vy ChyQkgly---Qny0ks1,-- b
which is a collection of n +m — k elements.

. Vo is spanned only by ¢(z) since any translate of ¢ is zero on the
interval 0 < x < 1. Thus, V) has dimension 1. Likewise, V] is spanned
by ¢(2x) and ¢(2x — 1). All other translates of ¢(2x) are zero on the
interval 0 < z < 1. In general, the collection

o2 — k), k=0,1,2,...2" -1

is a basis for V,,. All other translates of ¢(2"x) are zero on the interval
0 <z < 1. Therefore the dimension of V,, is 2".

The same argument with ¢ replaced by 1 shows that the dimension
of W,, is also 2".

For the second part, we use the decomposition
Vi=Wh1®dWh 2®...0Wed W
The dimension of the right side (using the previous problem) is
on—tpon=2 4 20 4 90

From the formula for the geometric series

n—1 n—2 0 1-2" n
2 + 2 +...2:1 2:2 —1

Therefore
0t pon2 4 29 420 =2 1)+ 1=2"

which agrees with the dimension of V,, computed in the first part of
the problem.



4. Suppose f =Y, app(2x — k) is orthogonal to Vy which is spanned by
the ¢(x —1). We wish to show ag = —a1, a2 = —asz .... Now f is
orthogonal to ¢(x —[) for all [. Suppose | = 0, then since ¢(x) is one
for 0 < z <1 and zero otherwise, we have

1
0= (f,é(z)) = / S apo(2z — k)
k

The only values of k& which contribute to this sum are k¥ = 0 and 1. Any
other translate of ¢(2x) is zero on the interval 0 < z < 1. Therefore
the above equation becomes

O—ao/ol¢(2x)+a1/ol¢(2x—1)

Since the graphs of ¢(2z) and ¢(2x — 1) are boxes of width 1/2 and
height 1, both integrals are 1/2. Therefore the above equation becomes

0:a0/2+a1/2

which implies that ag = —aq, as desired.

In general, f is orthogonal to ¢(x — ) for any [ and so the above
arguments can be repeated over the interval | < z < [+ 1 and we
conclude that agy = —agy1.

5. First we claim that if |f/(z)] < M then

[f (@) = f(y)] < Mz —y]

This follows from the Mean Value Theorem, which states

f(x) = fy) = fl(e)(x —y)

for some ¢ between x and y. Since |f'(c)] < M, the previous inequal-
ity now follows. So on the interval k/2" < z < (k + 1)/2" (which
has width 1/2"), the function f varies by no more than M/2"™. The
function f,(z) = >, arp(2"x — k) with ap = f(k/2") has constant
value f(k/2%) on the interval k/2" < 2 < (k4 1)/2". Thus, f, and f
differ by no more than M/2"™. To make this quantity less than e, we
must require
M/2" <e

or
M/je <2"



or
logo(M/e) <n

as claimed.

. Since V; = V;_1 & W,_1, the function ¢(2/z — k) € V; can be written
as:

Oz —k) = apj_1.(x) + Brpj—14(x) (1)

lezZ

for some choice of constants o; and ;. Our goal is to compute ;.
Since ¢;_1; and v;_1,; are orthonormal, we have

Bio= 9Pz — k)12
= 260702 [ g2l — K@ Te ) do

Now we use the defining equation for :

V(@) =3 (D) Pi_pod(2z — K

k/

with x replaced by 2712 — [. We obtain

G =20~/ /OO 62z —k) > (-1 pr_wd(2a — 20 — k') da.
oo ~

Since {27/2¢(272 — k),k € Z} is an orthonormal set, the only con-
tributing term on the right occurs when 2/ + k' = k or k' = k — 2l and
we obtain

B =270 1fp gy (2)
So
Brbjaa(x) = B2Y VP2 e 1) by definition of ;1
= 27 (=1)fprppa (22 = 1) by (%)

Thus from (1), the projection of ¢(2/z — k) onto W;_y is

> Bicig =Y 27 progpat (2 e — ).

ez leZ



8. The orthogonality condition can be stated as

/w(x —K)d(@ —1)dz = 6 = 0

By replacing x — [ by x in the above integral and relabeling n = k — [,
this orthogonality condition can be re-stated as

/ (& —n)d(@) dz = 0. (3)
Recall that Plancherel’s identity for the Fourier transform states
/ flx / f LIS for f, g € L.
We apply this iden/ti\ty with f(z) = ¢¥(x —n) and g(z) = ¢(z). As

shown in class, 1(z — n)(€) = ¥(€)e™™¢. So the orthogonality condi-
tion (3) can be re-stated as

o~

| d©d©e e ds =0

— 00

By dividing up the real line into the intervals I; = [27j, 27 (j + 1)] for
J € Z this equation can be written as

27T( '+1) R - .
> [ d@i@e e =

jez’2mi
Now replace & by £ + 2mj. The limits of integration change to 0 and
2m:

/% S B + 2m) (€ + 2mj)eMER2M) gg — 0

JjE€EZ

Since 2™ = 1, for j € Z, this equation becomes

/%Z¢ (€ + 21§) 0 (€ + 2m5)e= ™) dg = 0. (4)

JjE€EZ

Let _
F(&) =21 Y $(& + 2mj) (€ + 27j).

jEZ

The orthogonality condition (4) becomes

af2m) [ F@e S dg =0 5)



The function F' is 27 - periodic because

Fe+2m) = 20> (€ +2n(j + D)(E +2n(j +1))
jez
= 2r Z G(& + 215 )b(€ + 2m")

J

where the last equality uses the change of index j/ = j + 1. Since
F is periodic, it has a Fourier series, 3. a,e"®, where the Fourier
coefficients are given by oy, = (1/27) [Z™ F(£)e~ "€ d¢. Thus, the or-
thonormality condition, (5), is equivalent to «,, = 0, which in turn is
equivalent to the statement F'(§) = 0. This completes the proof.



