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Abstract — We considerthe modelDirichlet problemfor Poisson’s equationon a planepolygonal
convex domainΩ with data f in a spacesmootherthanL2. Theregularity andthecritical caseof the
problemdependonthemeasureof themaximumangleof thedomain.Interpolationtheoryandmulti-
level theoryareusedto obtainestimatesfor thecritical case.As a consequence,sharperrorestimates
for thecorrespondingdiscreteproblemareproved.Someclassicalshift estimatesarealsoprovedus-
ing thepowerful toolsof interpolationtheoryandmutilevel approximationtheory. Theresultscanbe
extendedto a largeclassof elliptic boundaryvalueproblems.

Keywords: interpolationspaces,finite elementmethod,multilevel decomposition,shift theorems,
subspaceinterpolation

1. INTRODUCTION

Regularity estimatesof thesolutionsof elliptic boundaryvalueproblemsin terms
of Sobolev normsof fractionalorderareknown asshift theoremsor shift estimates.
Theshift estimatesfor theLaplaceoperatorwith Dirichlet boundaryconditionswith
non-smoothdataon polygonaldomainsarewell known (see,e.g, [21], [23],[27],
[2]). The classicalregularity estimatefor the casewhenΩ is a convex polygonal
domainin 2, with boundary∂Ω, is asfollows: If u is thevariationalsolutionof

� ∆u � f in Ω
u � 0 on ∂Ω � (1.1)

then,u � H2 � Ω � and

�
u
�
H2 	 C

�
f
�
H0 � for all f � H0 � Ω �
� L2 � Ω ��� (1.2)

Let ω betheradianmeasureof thelargestcornerof Ω ( ω 
 π), andlet
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s0 � min� 1� π � ω � 1� . If u is thevariationalsolutionof (1.1),thenfor 0 
 s 
 s0, it
is known (seee.g.[16]) that

�
u
�
H2� s 	 C � s� � f

�
Hs � for all f � Hs� Ω ��� (1.3)

Here,Hs� Ω � is theinterpolationspacebetweenH1 � Ω � andL2 � Ω � s� distancefrom
L2 � Ω � . In this paperwe will prove a strongerversionof (1.3) and approachthe
problemin thecritical valuesituations � s0. Weprovethat,for s0 
 1, thefollowing
estimateholds. �

u
�
B

2� s0∞ � Ω � 	 c
�
f
�
B

s0
1 � Ω � � for all f � Bs0

1
� Ω ��� (1.4)

whereB2� s0∞
� Ω � andBs0

1
� Ω � arestandardinterpolationspacesdefinedin Section3.

It is worthnotingherethatthespaceBs0
1
� Ω � containsall theHilbert spacesHs with

s � s0. The estimate(1.4) leadsto new finite elementconvergenceestimates.The
methodpresentedin this papercanbeextendedto otherboundaryconditionssuch
asNeumannor mixedNeumann-Dirichletconditions.

The techniqueinvolved in proving shift resultsis the real methodof interpo-
lation of Lions andPeetre([3], [24] and[25]), combinedwith multilevel approx-
imation theory. The casesq � 2, q � 1 andq � ∞, whereq is the secondindex
of interpolation,areof specialimportancefor our problem.The following type of
interpolationproblemis essentialfor our approach.If X andY areSobolev spaces
of integerorderandXK is a subspaceof codimensiononeof X, thenhow canone
characterizethe interpolationspacesbetweenXK andY for q � 2 andq � ∞? The
problemwasstudiedin [21], [20] and[1] for q � 2 andparticularspacesX andXK.
Thispapergivesaninterpolationresultof this typefor thecaseq � ∞ .

The remainingpart of the paperis structuredasfollows. The interpolationre-
sultspresentedin Section2 give a formulasfor thenormson theintermediatesub-
spaces�XK � Y� s� 2 and �XK � Y� s�∞ whenXK is of codimensionone.In Section3 the
mainresultconcerningthecodimension-onesubspaceinterpolationproblemis pre-
sented.Shift theoremsfor thePoissonequationon polygonaldomainsareconsid-
eredin Section4. In thelastsection,a straightforwardapplicationof theinterpola-
tion resultsis shown to leadto somenew estimatesfor finite elementapproxima-
tions.

2. INTERPOLATION RESULTS

In this sectionwegive somedefinitionsandresultsconcerninginterpolationspaces
via realmethodof interpolationof LionsandPeetre(see[3], [4]), [24]).

2.1. Interpolation between Banach spaces

Let X � Y beBanachspacessatisfyingfor somepositive constantc,

X is adensesubsetof Y and�
u
�
Y 	 c

�
u
�
X for all u � X � (2.1)
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where
�
u
�
X and

�
u
�
Y arethenormson X andY respectively.

Theinterpolationspaces�X � Y� s� q, 1 	 q 	 ∞ ands � � 0� 1� aredefinedusingthe
K function,wherefor u � Y andt � 0,

K � t � u� : � inf
u0 � X

� � u0

� 2
X � t2 � u � u0

� 2
Y � 1� 2 �

Then,for q 
 ∞, thespace�X � Y� s� q consistsof all u � Y suchthat

0

∞ � t � sK � t � u��� q dt
t

 ∞ �

and �X � Y� s�∞ consistsof all u � Y suchthat

sup
t � 0

t � 2sK � t � u� 2 
 ∞ �

Thenormon �X � Y� s� q is definedby

�
u
� 2�

X �Y� s q : �
0

∞ � t � sK � t � u��� q dt
t
�

andthenormon �X � Y� s�∞ is definedby
�
u
� �

X �Y� s ∞ : � sup
t � 0

t � sK � t � u���

Remark 2.1. SinceK � t � u� 	 t
�
u
�
Y for all u � Y, the interval � 0� ∞ � in the

above definitionscanbe replacedby any subinterval � A� ∞ � . The new normsob-
tainedareequivalentwith theoriginalnorms.

2.2. Interpolation between Hilbert spaces

An extendedHilbert interpolationtheorycanbe found in [24]. For completeness
andconsistenceof notationwe presentin this sectiontheinterpolationresultsused
in this paper.

Let X � Y be separableHilbert spaceswith inner products��! � ! � X and ��! � ! � Y, re-
spectively, andsatisfying(2.1). Let D � S� denotethe subsetof X consistingof all
elementsu suchthat

v " � u� v� X � v � X (2.2)

is continuousin thetopologyinducedby Y.
Forany u in D � S� theanti-linearform (2.2)canbeuniquelyextendedtoacontinuous
anti-linearform onY. Thenby Rieszrepresentationtheorem,thereexistsanelement
Su in Y suchthat

� u� v� X � � Su� v� Y for all v � X � (2.3)

In this way S is a well definedoperatorwith domainD � S� in Y. The next result
illustratesthepropertiesof S(see[24]).



4 C.Bacuta,J.H. Bramble, J.Xu

Proposition 2.1. ThedomainD � S� of the operator S is densein X and con-
sequentlyD � S� is densein Y. Theoperator S : D � S�$# Y " Y is a bijective, self-
adjoint andpositivedefiniteoperator. Theinverseoperator S� 1 : Y " D � S�%# Y is
a boundedsymmetricpositivedefiniteoperator and

� S� 1z� u� X � � z� u� Y for all z � y� u � X � (2.4)

Thenext lemmaprovidestherelationbetweenK � t � u� andtheconnectingoper-
atorS. A proof of thelemmais givenin [2].

Lemma 2.1. For all u � Y andt � 0 ,

K � t � u� 2 � t2 � I � t2S� 1 � � 1u� u Y �
For thespecialcaseq � 2 (X, Y Hilbert spaces),dueto thespectralor multilevel

representationof thenormon �X � Y� s� 2, thedefinitionof thenormis slightly changed
asfollows:

�
u
� 2�

X �Y� s 2 : � c2
s

0

∞
t � � 2s� 1� K � t � u� 2 dt �

where

cs : �
0

∞ t1 � 2s

t2 � 1
dt

� 1� 2
� 2

π
sin� πs�&�

With the new definition for the norm of �X � Y� s� 2 it is natural(seethe multilevel
representationcasein Section3) to define

�X � Y� 0 � 2 : � X � and �X � Y� 1 � 2 : � Y�

Remark 2.2. Lemma2.1yieldsotherexpressionsfor thenormson �X � Y� s� 2 and
�X � Y� s�∞. Namely,

�
u
� 2 �

X �Y� s 2 � c2
s

0

∞
t � 2s� 1 � I � t2S� 1 � � 1u� u Y dt � (2.5)

and �
u
� 2 �

X �Y� s ∞ � sup
t � 0

t2� 1 � s� � I � t2S� 1 �'� 1u� u Y � (2.6)

2.3. Interpolation between subspaces of a Hilbert space

Let ( � span� ϕ � bea one-dimensionalsubspaceof X andlet X) betheorthog-
onal complementof ( in X in the ��! � ! � X inner product.We areinterestedin de-
terminingthe interpolationspacesof X) andY, whereon X) we consideragain
the ��! � ! � X innerproduct.To applytheinterpolationresultsfrom theprevioussection
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we needto checkthat thedensitypartof thecondition(2.1) is satisfiedfor thepair� X) � Y � .
For ϕ �*( , definethelinearfunctionalΛϕ : X " C, by

Λϕu : � � u� ϕ � X � u � X �
Thefollowing resultis anextensionof Kellogg’s lemma[21]. Theproof canbe

foundin [1].

Lemma 2.2. Let ( bea closedsubspaceof X and let X) be theorthogonal
complementof ( in X in the ��! � ! � X inner product.ThespaceX) is densein Y if
andonly if thefollowing conditionis satisfied:

Λϕ is notboundedin thetopology of Y
for all ϕ �+(,� ϕ -� 0� (2.7)

For the remainingpart of this sectionwe assumethat Λϕ is not boundedin the
topologyof Y, sothecondition(2.1)is satisfiedfor thepair � X).� Y � . WedenoteX)
by Xϕ . It follows from theprevious sectionthat theoperatorSϕ : D � Sϕ �/# Y " Y
definedby � u� v� X � � Sϕ u� v� Y for all v � Xϕ � (2.8)

hasthe samepropertiesasS. Consequently, the normson the intermediatespaces
�Xϕ � Y� s� 2 and �Xϕ � Y� s�∞ aregivenby:

�
u
� 2 �

Xϕ �Y� s 2 � c2
s

0

∞
t � 2s� 1 � I � t2S� 1

ϕ � � 1u� u
Y

dt � (2.9)

and

�
u
� 2 �

Xϕ �Y� s ∞ : � sup
t � 0

t2� 1� s� � I � t2S� 1
ϕ �'� 1u� u

Y
� (2.10)

Ouraimin thissectionis to determinesufficientconditionsfor ϕ suchthatthenorm
�Xϕ � Y� s� q (for q � 2 andq � ∞) canbecomparedwith morefamiliar intermediate
normswhich areindependentof ϕ . First, we notethat the operatorsSϕ andS are
relatedby thefollowing identity:

S� 1
ϕ � � I � Qϕ � S� 1 � (2.11)

whereQϕ : X "0( is theorthogonalprojectiononto ( � span� ϕ � . Theproof of
(2.11)follows easilyfrom thedefinitionsof theoperatorsinvolved.

Next, (2.11)leadsto anew formulafor thenormson �Xϕ � Y� s�∞ and �X � Y� s� 2.

Theorem 2.1. For anyu � Y wehave,

�
u
� 2 �

Xϕ �Y� s 2 �
�
u
� 2 �

X �Y� s 2 � c2
s

0

∞
t � 2s� 3

� u� ϕ � Y� t
2

� ϕ � ϕ � X � t dt � (2.12)
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and

�
u
� 2�

Xϕ �Y� s ∞ � sup
t � 0

t2 � 2s � u� u� Y� t � t4 � 2s
� u� ϕ � Y� t

2

� ϕ � ϕ � X � t
� (2.13)

In particular for u � Xϕ wehave

�
u
� 2 �

Xϕ �Y� s 2 �
�
u
� 2 �

X �Y� s 2 � c2
s

0

∞
t � � 2s� 1�

� u� ϕ � X � t
2

� ϕ � ϕ � X � t dt (2.14)

and

�
u
� 2�

Xϕ �Y� s ∞ � sup
t � 0

t2 � 2s� u� u� Y � t � t � 2s
� u� ϕ � X � t

2

� ϕ � ϕ � X � t
� (2.15)

where � u� v� X � t : � � I � t2S� 1 � � 1u� v X for all u� v � X � (2.16)

and � u� v� Y� t : � � I � t2S� 1 � � 1u� v Y for all u� v � Y� (2.17)

Proof. The first two formulasfollows immediatelyfrom Remark2.2 and the
following identity

� I � t2S� 1
ϕ �'� 1u� u

Y
� � u� u� Y � t � t2

� u� ϕ � Y � t
2

� ϕ � ϕ � X � t �

Theproof of the identity is basedon (2.11).A detailedproof of it canbefound in
[2]. Using(2.4)andasimplemanipulationof theoperatorSwe get

t2 � u� ϕ � Y � t � � u� ϕ � X � � u� ϕ � X � t �
which, for for u � Xϕ leadsto (2.14)and(2.15). 1

Theorem2.1 can be easily extendedto the casewhen K is of finite dimen-
sion(see[1]). Suchanextensionwould beneeded,for example,to treatthecaseof
mixedNeumann-Dirichletconditionsor thecaseof thebiharmonicproblem.

3. MULTILEVEL REPRESENTATION OF INTERPOLATION SPACES

Let Ω beadomainin 2 with boundary∂Ω. Assumethat

M1 # M2 #2�������'��# Mk #3�����
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is a sequenceof finite dimensionalsubspacesof H1 � Ω � whoseunion is densein
H1 � Ω � , andassumethatanequivalentnormonH1 � Ω � is givenby

�
u
�
1 : �

∞

∑
k4 1

λk

� � Qk
� Qk � 1 � u

� 2
1� 2
� (3.1)

whereQk denotestheL2 � Ω � orthogonalprojectionontoMk,
� ! � � � ! �

L2 � Ω � , Q0 � 0

andλk � 4k � 1.
The sequence� Mk � canbe taken for examplethestandardsequenceof piece-

wise linear functionsassociatedwith a sequenceof nestedmeshes.Proofsfor the
multilevel representationof thenormon H1, for specificchoicesof thespacesMk
canbefoundin [1], [10], [28] and[30] .

3.1. Scales of multilevel norms

OnH1 � Ω � weconsiderthenormgivenby (3.1)anddefineH � 1 � Ω � to bethedualof
H1 � Ω � . Theelementsof L2 � Ω � canbe viewed ascontinuouslinear functionalson
H1 � Ω � andwe have thenaturalcontinuousanddenseembeddings

H1 � Ω �5# L2 � Ω �6# H � 1 � Ω ���
TheprojectionQk, k � 1� 2������� , canbeextendedto bedefinedon H � 1 � Ω � by

� Qku� v� L2 � � u� v���+7 u � H � 1 � Ω ��� v � Mk �
where��! � ! � ontheright handsiderepresentsthedualitybetweenH � 1 � Ω � andH1 � Ω �
.

Onecaneasilycheckthattheinducedinnerproducton Hε � Ω � is givenby

� u� v� ε : �
∞

∑
k4 1

λ ε
k
� qku� qkv��� for all u� v � Hε � Ω ��� ε � � 1� 1�

whereqk � Qk
� Qk � 1.

Then the pair � H1 � Ω ��� L2 � Ω ��� satisfiesthe condition(2.1) and the operatorS
associatedwith thepair is givenby

Su �
∞

∑
k4 1

λk qku� for all u � D � S��� (3.2)

Thus,for X � H1 � Ω � andY � L2 � Ω � , we have

� u� v� Y� t �
∞

∑
k4 1

λk

λk � t2
� qku� qkv��� u� v � Y�
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and

� u� v� X � t �
∞

∑
k4 1

λ 2
k

λk � t2
� qku� qkv��� u� v � X �

For any s � � 0� 1� , q � 1 or q � ∞, let

Hs� Ω � : �8�H1 � Ω ��� L2 � Ω �9� 1 � s� 2 � H2� s� Ω � : �8�H3 � Ω ��� H1 � Ω �9� 1� s� 2
and

Bs
q
� Ω � : �:�H1 � Ω ��� L2 � Ω �9� 1 � s� q � B2� s

q
� Ω � : �8�H3 � Ω ��� H1 � Ω �9� 1 � s� q �

By using(2.5)and(2.6),onecaneasilycheckthat

�
u
� 2
Hs � Ω � �

∞

∑
k4 1

λ s
k
�
qku

� 2 � (3.3)

and
�
u
� 2
Bs

∞ � Ω � � sup
t � 0

t2s
∞

∑
k4 1

λk

λk � t2

�
qku

� 2 � (3.4)

Onecanverify usingtheabove formulathatB0
∞
� Ω �5� L2 � Ω � andB1

∞
� Ω �
� H1 � Ω � .

In additionwe have

sup
t � 0

t2s

λk � t2 � ss � 1 � s� 1 � sλ � 1� s
k �

which leadsto

�
u
� 2
Bs

∞ � Ω � 	 ss� 1 � s� 1 � s � u � 2Hs � Ω � for all u � Hs� Ω ��� (3.5)

awell known embeddingproperty.

Remark 3.1. If we assumethat the sequenceof subspaces� Mk � is chosenso
that the following approximationand inverseinequalitieshold with a constantc
independent
of j.

(Ap)
�
u � Q ju

� 	 c 2� j � u � H1 � for all u � H1 � Ω � ,

(Inv)
�
u
� 	 c 2 j � u � H1 � for all u � M j ,
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then,byawell known approximationtheoryresult,anequivalentnormon �H1 � L2� 1 � s� q
is givenby � � 2sj � q ju

� � j ; 1

�
lq
� 0 
 s 
 1� 1 	 q 	 ∞ �

In particular, anequivalentnormonBs
1 : �:�H1 � L2� 1 � s� 1 is givenby

∞

∑
j 4 1

2sj � q ju
� � 0 
 s 
 1�

Onecanverify now thatwehave thefollowing norm-inequality:

�
u
�
Bs

1
	 cε � 1� 2 � u � Hs� ε � for all u � Hs� ε � (3.6)

with c independentof ε .

3.2. Subspace interpolation results

Next, we focusourattentionon aspecificcaseof subspaceinterpolationassociated
with thepair � X � Y � , whereX � H1 � Ω � andY � L2 � Ω � . For afixeds0 in theinterval� 0� 1� , let ϑ0 � 1 � s0 andϕ � H � 1 � Ω � . By theRieszrepresentationtheoremthere
existsa functionϕ � H1 � Ω � suchthat

� v� ϕ �
� � v� ϕ � 1 �
∞

∑
k4 1

λk
� qkϕ � v���97 v � H1 � Ω ���

Sinceqiq j � 0 for i -� j, we deducethatin fact

qkϕ � λ � 1
k qkϕ (3.7)

Next, we assumethatthefunctionϕ satisfiesthefollowing condition:

(C) Thereexist two positive constantsc1 � c2 suchthat

c1λ s0
k 	 �

qkϕ
� 2 	 c2λ s0

k
� k � 1� 2�������&�

Notethattheabove conditionis equivalentto

c1λ � ϑ0
k 	 �

qkϕ
� 2
1 	 c2λ � ϑ0

k
� k � 1� 2�������&�

Lemma 3.1. Let ϕ � H � 1 � Ω � satisfy(C) and let ϕ be thecorrespondingH1-
representation.Thenthefollowing conditionsare alsosatisfied.

(C.0) H1
ϕ is densein �H1 � L2� 1 � s for s 
 s0. (Here, H1

ϕ is thekernelof ϕ . )
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(C.1) Thereexist twopositiveconstantsc1 � c2 such that

c1t � 2ϑ0 	 � ϕ � ϕ � X � t �
∞

∑
k4 1

λ 2
k

λk � t2

�
qkϕ

� 2 	 c2t � 2ϑ0 � f or t � 1�

Proof. The constantsinvolved in this proof might changeat different occur-
rences.To prove (C.0), by Lemma2.2,it is enoughto show thatthefunctional

u " � u� ϕ � 1 � � u� ϕ ��� u � H1 � Ω ��� (3.8)

is not continuousin the topologyinducedby Hs� Ω � , � s 
 s0 � . Let � un � be these-
quencein H1 � Ω � definedby

un : �
n

∑
k4 1

λ � s0
k

qkϕ �

Then,

� un � ϕ � 1 � � un � ϕ �
�
n

∑
k4 1

λ � s0
k

�
qkϕ

� 2 " ∞ � asn " ∞ �

On theotherhand �
un
� 2
Hs �

n

∑
k4 1

λ s� 2s0
k

�
qkϕ

� 2

is uniformly bounded.Therefore,the functionaldefinedin (3.8) is not continuous
and(C.0) is proved.

To estimate� ϕ � ϕ � X � t we observe that
�
qkϕ

� 2 � λ � 1
k

�
qkϕ

� 2
1 andthat

∞

∑
k4 1

λ 1 � ϑ0
k

λk � t2 � t � 2ϑ0

∞

∑
k4 1

� 4k � t2 � 1 � ϑ0

� 4k � t2 � 1� �

Usingthestandardconvergencecriteria for sumsvia integrals,the lastsumcanbe
estimatedbelow andabove by constantswhichareindependentof t. 1

Next theoremis themainsubspaceinterpolationresultof thepaper.

Theorem 3.1. Let ϕ � H � 1 � Ω � satisfy(C). Then

�H1
ϕ � L2� 1 � s� 2 �8�H1 � L2� 1 � s� 2 : � Hs� Ω � for s 
 s0 � (3.9)

and
Bs0

1
: �:�H1 � L2� 1 � s0 � 1 #8�H1

ϕ � L2� 1 � s0 �∞ � (3.10)
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Proof. Recall that L2 � Ω �<� Y and H1 � Ω �=� X. In order to prove (3.9) it is
enough(by thedensityproperty(C.0), (2.14)andRemark2.1) to prove that

I : � ∞

1
t � � 2� 1 � s�>� 1�>�

� u� ϕ � X � t
2

� ϕ � ϕ � X � t dt 	 c
�
u
� 2
Hs for all u � Xϕ � (3.11)

for u � Hs� Ω � denoteũk : � λ s� 2
k

�
qku

�
and ũ : �3� ũk � . Thenwe have

�
u
�
Hs � �

ũ
�
l2
�

Here ��! � ! � is simply theL2 � Ω � innerproduct.Then,we have

� u� ϕ � X � t � � I � t2S� 1 �'� 1u� ϕ X �
∞

∑
k4 1

λk

λk � t2
� qku� qkϕ � X �

For u � Xϕ we have � u� ϕ � X � 0. Then

∞

∑
k4 1

� qku� ϕ � X � 0

Consequently,

� u� ϕ � X � t � � t2
∞

∑
k4 1

1
λk � t2

� qku� qkϕ ���

Thus,usingtheCauchy-Schwarzinequalityand(C) weobtaintheestimate

? � u� ϕ � X � t
? 	 c2t

2
∞

∑
k4 1

λ s0� 2
k

λk � t2

�
qku

� � (3.12)

Now wearepreparedto estimatetheintegral I . Theconstantc, to beusednext, may
have differentvaluesat differentplacesin which it appears.Let s1 � s0

� s. Then,
by (C.1) andtheestimate(3.12),we have

I 	 c
∞

1
t � 3� 2� 2s0 � 4

∞

∑
k4 1

λ 1� s0� 2
k

λk � t2

�
qku

� 2

dt

	 c
∞

1
t3 � 2s1

∞

∑
m� n4 1

� λmλn � s0� 2
� λm � t2 � � λn � t2 �

�
qmu

�@�
qnu

�
dt

� c
∞

∑
m� n4 1

� λmλn � s0� 2 � qmu
�A�

qnu
� ∞

1

t3 � 2s1

� λm � t2 � � λn � t2 � dt �
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Next, we usetheformula

∞ t3 � 2ϑ

� a � t2 � � b � t2 � dt � 1
c2

ϑ

a1 � ϑ � b1 � ϑ

a � b
� 0 
 ϑ 
 2� ϑ -� 1� a� b � 0� (3.13)

The integral canbe calculatedby elementarycalculusmethods.If a � b, thenthe
right sideof theabove identity is replacedby 1 � ϑ

c2
ϑ

a� ϑ . Thus,

∞

1

t3 � 2s1

� λm � t2 � � λn � t2 � dt 	
∞

0

t3 � 2s1

� λm � t2 � � λn � t2 � dt � c � 2
s1

λ 1� s1
m

� λ 1 � s1
n

λm
� λn

�

Combiningtheabove inequalities,we get

I 	 c
∞

∑
m� n4 1

� λmλn � s1� 2 λ 1 � s1
m

� λ 1� s1
n

λm
� λn

λ s� 2
m
�
qmu

�
λ s� 2

n
�
qnu

� �

Let

lmn � � λmλn � s1� 2 λ 1 � s1
m

� λ 1� s1
n

λm
� λn

�
Then,theabove estimatebecomes

I 	 c
∞

∑
m� n4 1

lmnũmũn �

An elementarycalculationgives

lmn � 2� m� n� � 1 � s1 � � 2� � m� n� � 1 � s1 �
2� m� n� � 2� � m� n� 	 2�CBm� nB s1 � m� n � 1� 2�������D�

andby elementaryestimateswe obtain

I 	 c
�
ũ
� 2
l2
� c

�
u
� 2
Hs �

whichproves(3.9).
Next, we prove (3.10).Let u � Bs0

1
. Thenby (2.13)andRemark2.1) we have

that

�
u
� 2�

Xϕ �Y� 1E s0  ∞ 	 c sup
t � 1

t2s0 � u� u� Y� t � sup
t � 1

t4 � 2ϑ0

� u� ϕ � Y� t
2

� ϕ � ϕ � X � t �

Notethat
sup
t � 1

t2s0 � u� u� Y � t 	 sup
t � 0

t2s0 � u� u� Y� t �
�
u
� 2
B

s0∞
	 c

�
u
� 2
B

s0
1
�
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and,with thehelpof (C.1) wehave

sup
t � 1

t4 � 2ϑ0

� u� ϕ � Y� t
2

� ϕ � ϕ � X � t 	 c sup
t � 1

t4 � u� ϕ � Y � t
2

(3.14)

For u � Y, we have

� u� ϕ � Y� t �
∞

∑
k4 1

λk

λk � t2
� qku� qkϕ �5�

∞

∑
k4 1

1
λk � t2

� qku� qkϕ ���

andby usingcondition(C), we obtain

? � u� ϕ � Y � t
? 	 c2

∞

∑
k4 1

λ s0� 2
k

λk � t2

�
qku

� � (3.15)

Thefunction

t " t2 ? � u� ϕ � Y� t
? � t2

∞

∑
k4 1

λ s0� 2
k

λk � t2

�
qku

�

is an increasingfunctionof t. As t " ∞, the limit of theabove function is exactly�
u
�
B

s0
1

. Therefore,
�
u
� 2�

Xϕ �Y� 1E s0  ∞ 	 c
�
u
� 2�

X �Y� 1E s0  1
andtheproof is complete. 1

4. A SHIFT THEOREM FOR THE LAPLACE OPERATOR ON CONVEX
POLYGONAL DOMAINS.

In this sectionwe will prove astrongerversionof theestimate(1.3)and(1.4).

4.1. Shift estimates

Let Ω bea convex polygonaldomainin R2, with boundary∂Ω andno right angles.
LetVk � Ω � : � Hk � Ω �GF H1

0
� Ω � , k � 2 andk � 3. It is well known thatfor f � L2 � Ω �

thevariationalproblemhasa uniquesolutionu � V2 � Ω � and(1.2)holds.If Ω is an
acutetriangulardomainthenonecanprove thatfor f � H1 � Ω � thesolutionof (1.1)
belongstoV3 � Ω � and(1.3)holdsfor s � 1. Using(1.2)andinterpolationweobtain

�
u
�
H2� s 	 c� s� � u � �V3 �V2� 1E s 2 	 C � s� � f

�
Hs � for all f � Hs� Ω ��� 0 	 s 	 1�

Thus,without restrictingthe generalityof the problem,we canassumethat there
exist onecornerof measureω with π � 2 
 ω 
 π. In fact, by a partition of unity
typeargumentandusingthe regularity resultsfor domainswith smoothboundary,
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we canreducethe problemto the casewhenΩ is a domainwith only onecorner
of measureω with π � 2 
 ω 
 π. We will call this the “ω-corner” and we will
assumethat the vertex of the ω-cornercoincideswith the origin of polar system
of coordinates.Let α � π � ω ands0 � α � 1. Given f � H1 � Ω � , we considerthe
Dirichlet problem(1.1). The variationalformulationof (1.1) is : Find u � H1

0
� Ω �

suchthat

Ω
∇u ! ∇v dx �

Ω
f v dx for all v � H1

0
� Ω ��� (4.1)

Let ζ �IH � Ω � be a cut-off function,which dependsonly on the distancer to the
ω-corner, is identicallyequalto onein aneighborhoodof theω-cornerandis iden-
tically equalto zerocloseto the part of ∂Ω which doesnot containthe sidesof
the ω-corner. Let ψ � ϕ � uR , ϕ � r � ϑ �$� ζ r � α sin� αϑ � anduR � H1

0
� Ω � be the

variatonalsolution of (1.1) with f � ∆ϕ . One can checkwithout difficulty that
ψ � H � 1 � Ω � . Let H1

ψ be definedas the kernel of ψ as linear functional on H1.
Then,(seee.g.,Theorem9.8 in [16]) for f � H1

ψ the(variational)solutionof (1.1)
BelongstoV3 � Ω � and

�
u
�
H3 � Ω � 	 c

�
f
�
H1 � Ω � for all u � H1

ψ
� Ω ��� (4.2)

Thus,by interpolation,we have

�
u
� �

V3 � Ω �J�V2 � Ω � � 1E s q 	 c
�
f
� �

H1 � Ω � ψ � L2 � Ω � � 1E s q � (4.3)

for all f �K�H1 � Ω � ψ � L2 � Ω �9� 1� s� q. Then,wehave thefollowing theorem.

Theorem 4.1. Let Ω bea convex polygonaldomainin R2 with no right angles
andwith ω themeasure of the largestangleand let s0 � min� 1� π � ω � 1� . If u is
thevariationalsolutionof (1.1)then,for 0 
 s 
 s0 thereexistpositiveconstantc� s�
andC � s� such that

�
u
�
H2� s 	 c� s� � u � �V3 �V2� 1E s 2 	 C � s� � f

�
Hs � for all f � Hs� Ω ��� (4.4)

andfor 0 
 s0 
 1,

�
u
�
B

2� s0∞ � Ω � 	 c� s0 �
�
u
� �

V3 �V2� 1E s0  ∞ 	 C � s0 �
�
f
�
B

s0
1 � Ω � � for all f � Bs0

1
� Ω ��� (4.5)

Proof. Use (4.3) and apply Theorem3.1 with ϕ � ψ . The proof that (C) is
satisfiedis given later. Thelower partof (4.4) or (4.5) follows by comparingtheK
functionsassociatedwith thetwo intermediatespaces. 1
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Figure 1. Theω-cornerof Ω

4.2. Proving condition (C)

Let Ω beapolygonalconvex domainwith theonly onevertex O of measureω with
π � 2 
 ω 
 π andtheremainingverticesdenotedby S1 � S2 ������� Sn. Let

Ω �
n

i 4 1

τi �

where,for i � 1�������&� n, τi is a triangulardomainwith verticesSi � O� Si � 1 andO
is taken to be theorigin of a Cartesiansystemof coordinatesin theplane.For i �
1�������&� n � 1� let Γi denotethesegment �O� Si � . Weassume,withoutlossof generality,
thatS1 lieson thepositive semi-axis(seeFigure1, thecasen � 2).

Let O 1 �:� τ1 �������&� τn � be the initial triangulationof Ω. We definemultilevel
triangulationsrecursively. For k � 1, thetriangulationO k is obtainedfrom O k � 1 by
splittingeachtrianglein O k � 1 into four trianglesby connectingthemidpointsof the
edges.ThespaceMk is definedto bethespaceof all functionswhicharepiecewise
linearwith respectto O k, vanishon∂Ω andarecontinuousonΩ. Let Qk denotethe
L2 � Ω � orthogonalprojectionontoMk.

Weverify thatthefunctionψ satisfiesthecondition(C). To begin with, wewill
prove thatthefunctionϕ satisfies(C). Firstwewill prove thatthereexist a function
wh � Mk which is supportedin a ball of radiusH � 1� 2k � 1 � 2h centeredat origin
andwh is orthogonalon the spaceMk � 1. Let ϕ1 �������'� ϕ7 be the nodalfunctionsin
Mk � 1 correspondingto thenodalpointsin O k � 1 markedby P N P in thefigure.Next,
we considertheeightnodalfunctionsϕ1 ������� ϕ8 correspondingto thenodesmarked
by PRQSP ). Wedefinewh to bea linearcombinationwh of ϕ1 �������'� ϕ8 , with coefficients
independentof h suchthat

� wh � ϕ j �5� 0� j � 1�������&� 7� and � wh � ϕ �T-� 0�
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Hence,wh is orthogonalon thespaceMk � 1 andconsequentlyqkwh � wh.
Then,

�
qkϕ

� � sup
v� L2 � Ω �

� qkϕ � v��
v
� � sup

v � L2 � Ω �
� ϕ � qkv��

v
� U

? � ϕ � qkwh �
?

�
wh

� �
? � ϕ � wh �

?
�
wh

� �

Notefurtherthat �
wh

� 	 ch�
with c independentof h andby makingthechangeof variablex � hx̂ in theintegral
whichdefinestheinnerproduct � ϕ � wh � we get

? � ϕ � wh �
? U ch2 � α �

for anotherconstantc. Combiningtheabove estimateswe concludethat the lower
partof thecondition(C) holds.

For theupperpartof (C) we first notethat
�
qkϕ

�
0 � λ 1� 2

k

�
qkϕ

�
� 1. To estimate�

qkϕ
�
� 1 welet η � ηh to beacutoff functionwhichdependsonly onr andsatisfies

ηh
� r �
� 1 for r 	 h� 2� ηh

� r �%� 0 for r U h�
?
η Ph � r �

? 	 c� h� ?η P Ph � r �
? 	 c� h2 for all h� 2 	 r 	 h�

for somepositive constantc. Then,

�
qkϕ

�
� 1 � sup

v � H1 � Ω �
� qkϕ � v��

v
�
1

	 sup
v� H1 � Ω �

� qk
� ηϕ ��� v��

v
�
1

� sup
v� H1 � Ω �

� qk
��� 1 � η � ϕ ��� v��

v
�
1

� M1 � M2 �

Usingpolarcoordinateswe have

� ηϕ � qkv�
�
ω

0

h

0
r � α � 1η qkv dr sin� αϑ � dϑ �

Next, weintegrateby partswith respectto ther variable(write r1 � α asthederivative
of r2 � α � � 2 � α � ). UsingtheCauchy-Schwarzinequalityandtheestimatefor η P we
get ? � ηϕ � qkv�

? 	 c h� α � 1 � qkv
�
� h� α � 2 � � qkv� r

� �
TheL2 andH1 - stability of theL2 projectiongive

�
qkv

� 	 ch
�
v
�
1 � and

�
qkv

�
1 	 c

�
v
�
1 �

with c independentof h (or k). Thus,

? � ηϕ � qkv�
? 	 ch2 � α � v � 1 and M1 	 ch2� α �
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To estimateM2, we observe first that � 1 � ηh � ϕ � H2 � Ω � . Let Πh : H2 � Ω �$" Mk
be the interpolantassociatedwith O h � Tk. By applying standardapproximation
propertiesand(1.2)we obtain

M2 �
�
qk
� 1 � ηh � ϕ

�
� 1 	 h

�
qk
� 1 � ηh � ϕ

� 	 h
� � I � Qk � 1 � � 1 � η � ϕ �

	 ch
� � I � Πh � � 1 � ηh � ϕ

� 	 ch3 � � 1 � ηh � ϕ
�
H2 � Ω � 	 ch3 � ∆ � 1 � ηh � ϕ �

�
L2 � Ω � �

Usingasimplecomputationin polarcoordinates,andtheestimatesfor thederivative
of ηh, we get

�
∆ � ηhϕ � � L2 � Ω � 	 ch� 1 � α �

Combiningtheabove inequalities,we have that

M2 	 ch2� α �
Hence,theupperpartof thecondition(C) holdsandconsequently, (C) holdsfor the
functionϕ . SincethefunctionuR belongsto H1 � Ω � , we have

�
qkuR

� 2 	 cλ � 1
k � k � 1� 2�������&�

Therefore,thefunctionψ satisfiescondition(C).

5. APPLICATIONS TO FINITE ELEMENT CONVERGENCE ESTIMATES

Let Ω beaconvex polygonaldomainin 2, with boundary∂Ω andnoright angles.
Let ω be the measureof the largestcornerand let s0 � min� 1� π � ω � 1� and let
u � H1

0
� Ω � be the variationalsolution of (4.1) with f � L2 � Ω � . We let Vh to be

a finite dimensionalapproximationsubspaceof H1
0
� Ω � and considerthe discrete

problem:
Finduh � Vh suchthat

Ω
∇uh

! ∇v dx �
Ω

f v dx for all v � Vh � (5.1)

Further, let usassumethat
�
u � uh

�
H1 � Ω � 	 ch

�
u
�
H2 � Ω � � for all u � V2 � Ω �5� H2 � Ω �VF H1

0
� Ω ��� (5.2)

and

�
u � uh

�
H1 � Ω � 	 ch2 � u � H3 � Ω � � for all u � V3 � Ω �5� H3 � Ω �VF H1

0
� Ω ��� (5.3)

By interpolationwith p � 2 and0 
 s 
 1, from (5.3)and(5.2),we obtainthat
�
u � uh

�
H1 � Ω � 	 ch1� s � u � �V3 � Ω �J�V2 � Ω � � 1E s 2 � (5.4)
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for all u �W�V3 � Ω ��� V2 � Ω �9� 1 � s� 2, wherec is aconstantindependentof h. Interpolating
with p � ∞ ands � 1 � s0 we have

�
u � uh

�
H1 � Ω � 	 ch1� s0

�
u
� �

V3 � Ω �J�V2 � Ω � � 1E s0  ∞ � (5.5)

for all u �I�V3 � Ω ��� V2 � Ω �9� 1� s0 �∞ whereagainc is aconstantindependentof h.
We thushave thefollowing result.

Theorem 5.1. Let u� uh bethevariational solutionsof problem(4.1)and (5.1),
respectively. Then,there existsa constantc independentof h such that

�
u � uh

�
H1 	 ch1� s � f

�
Hs � for all f � Hs� 0 
 s 
 s0 � (5.6)

�
u � uh

�
H1 	 ch1� s0

�
f
�
B

s0
1

� for all f � Bs0
1
� (5.7)

Furthermore, for s0 
 s 	 1 there existsa constantc independentof h ands such
that

�
u � uh

�
H1 � Ω � 	 c� s � s0 �'� 1� 2h1� s0

�
f
�
Hs � Ω � � for all f � Hs� Ω ��� (5.8)

andfor h 	 e� 1
2X 1E s0 Y ,

�
u � uh

�
H1 � Ω � 	 ch1� s0 � log1� h� 1� 2 � f

�
Hs0 � Ω � for all f � Hs0 � Ω ��� (5.9)

Proof. Theinequalities(5.6)and(5.7)followsfrom (5.4)and(5.5)respectively,
asa directconsequenceof Theorem4.1.Theestimate(5.8) follows from (5.7)and
(3.6) with ε � s � s0. The inequality (5.9) is obtainedfrom (5.8) as follows. Let
f � Hs0 � Ω � and write f � f � Qh f � Qh f . Next, we denoteby uh � H1

0
� Ω � the

solutionof

Ω
∇uh ! ∇v dx �

Ω
Qh f v dx for all v � H1

0
� Ω ���

Sinceu � uh is thesolutionof (4.1)with f � Qh f insteadof f we have

�
u � uh �

H1 � Ω � 	 c
�
f � Qh f

�
H E 1 � Ω � �

andfrom standardapproximationpropertieswe get

�
f � Qh f

�
H E 1 � Ω � 	 ch1� s0

�
f
�
Hs0 � Ω � �

Combiningthetwo inequalitieswe have

�
u � uh �

H1 � Ω � 	 ch1� s0
�
f
�
Hs0 � Ω � � (5.10)
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Next, usingtheestimate(5.8),a standardinverseinequalityandthestability of
theL2 projectionin Hs0 � Ω � , we get

�
uh � uh

�
H1 � Ω � 	 c� s � s0 � � 1� 2h1� s0

�
Qh f

�
H E 1� s � Ω �

	 ch1� s0 � s � s0 � � 1� 2hs0 � s � Qh f
�
Hs0 � Ω �

	 ch1� s0 � s � s0 �'� 1� 2hs0 � s � f
�
Hs0 � Ω � �

wherec is aconstantindependentof of h ands. Theminimumof thefunction
s " � s � s0 � � 1� 2hs0 � s on the interval � s0 � 1� is � 2elog1� h� 1� 2 and is attainedfor

s � s0 � � 2log1� h� � 1, with h 	 e� 1
2X 1E s0 Y . Thus,

�
uh � uh

�
H1 � Ω � 	 ch1� s0 � log1� h� 1� 2 � f

�
Hs0 � Ω � � (5.11)

Finally, (5.9) follows from (5.10)and(5.11).
1
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