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Regularity estimates for elliptic boundary value problems
with smooth data on polygonal domains
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Abstract — We considerthe modelDirichlet problemfor Poissons equationon a planepolygonal
corvex domainQ with dataf in a spacesmoothetthanL2. Theregularity andthe critical caseof the
problemdependnthe measuref the maximumangleof the domain.Interpolationtheoryandmulti-
level theoryareusedto obtainestimategor the critical case As a consequencesharperror estimates
for the correspondingliscreteproblemareproved. Someclassicalshift estimatesrealsoproved us-
ing the powerful tools of interpolationtheoryandmutilevel approximatiortheory Theresultscanbe
extendedto alarge classof elliptic boundaryalueproblems.

Keywords: interpolationspacesfinite elementmethod, multilevel decompositionshift theorems,
subspacénterpolation

1. INTRODUCTION

Regularity estimatesf the solutionsof elliptic boundaryvalue problemsin terms
of Sobole& normsof fractionalorderareknown asshift theoremr shift estimates.
Theshift estimatesor the Laplaceoperatowith Dirichlet boundaryconditionswith
non-smoothdataon polygonaldomainsarewell known (see,e.qg,[21], [23],[27],
[2]). The classicalregularity estimatefor the casewhenQ is a corvex polygonal
domainin R?, with boundarydQ, is asfollows: If uis thevariationalsolutionof

—Au=f in Q
{ u=0 on 0Q, (1.1)
then,u € H?(Q) and
Iully, <C[lfllpo.  forall feHYQ)=L*Q). (1.2)

Let w betheradianmeasuref thelargestcornerof Q ( w < mn), andlet
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S = min{1, m/w— 1}. If uis thevariationalsolutionof (1.1),thenfor 0 < s< g, it
is known (seee.qg.[16]) that

Ul j2-s <C(9)[|f[lys,  forall feHYQ). (1.3)

Here,HS(Q) is theinterpolationspacebetweerH(Q) andL?(Q) s—distancefrom
L?(Q). In this paperwe will prove a strongerversionof (1.3) and approachthe
problemin thecritical valuesituations = s,. We prove that,for s, < 1, thefollowing
estimateholds.

[z < O gy forall € BP(Q), (1.4)

whereB2%(Q) and BiO(Q) arestandardnterpolationspacesiefinedin Section3.
It is worth noting herethatthe spaceBiO(Q) containsall theHilbert spacedd® with
s> s,. The estimate(1.4) leadsto new finite elementcornvergenceestimatesThe
methodpresentedn this papercanbe extendedto otherboundaryconditionssuch
asNeumanror mixed Neumann-Dirichletonditions.

The techniqueinvolved in proving shift resultsis the real methodof interpo-
lation of Lions and Peetre([3], [24] and[25]), combinedwith multilevel approx-
imation theory The casesg = 2, q = 1 andqg = o, whereq is the secondindex
of interpolation,are of specialimportancefor our problem.The following type of
interpolationproblemis essentiafor our approachlf X andY areSobole spaces
of integerorderand X, is a subspac®f codimensioroneof X, thenhow canone
characterizeéhe interpolationspacedetweenX, andY for g= 2 andq = «=? The
problemwasstudiedin [21], [20] and[1] for g = 2 andparticularspaces andX.
This papergivesaninterpolationresultof this typefor thecaseq = « .

The remainingpart of the paperis structuredasfollows. The interpolationre-
sultspresentedn Section2 give a formulasfor the normson the intermediatesub-
spacegXy, Y], and[X,Y]s When X is of codimensiorone.In Section3 the
main resultcoﬁcerninghecodimension-oneubspacdnterpolationproblemis pre-
sented.Shift theoremdor the Poissonequationon polygonaldomainsare consid-
eredin Section4. In thelastsection,a straightforvard applicationof theinterpola-
tion resultsis shavn to leadto somenew estimatedor finite elementapproxima-
tions.

2. INTERPOLATION RESULTS

In this sectionwe give somedefinitionsandresultsconcerningnterpolationspaces
via realmethodof interpolationof Lions andPeetrgsee[3], [4]), [24]).

2.1. Interpolation between Banach spaces
Let X,Y beBanachspacesatisfyingfor somepositive constant,

{ X is adensesubsebf Y and

luly<cllully forallueX, (2.1)
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where ||ul|y and||u|, arethenormson X andY respectiely.
TheinterpolationspacesX,Y]sq, 1 < g < « ands € (0, 1) aredefinedusingthe
K function,wherefor u € Y andt > 0,

K(t,) = inf (gl -+ )2
0

Then,for q < o, thespacgX, Y|sq consistof all u € Y suchthat

* dt
/ (tisK(tau))q - <%,
0 t
and([X,Y]s consistof all u € Y suchthat

supt 2K (t,u)? < oo,
t>0

Thenormon [X,Y]sq is definedby

© dt
ey = [ K0 T
andthenormon [X,Y]s. is definedby

u = supt 3K(t,u).
Ul = SUPE K (t.0)

Remark 2.1. SinceK(t,u) <t|ull, forallue, theintenal (0,) in the
above definitionscan be replacedby ary subinteral (A, ). The new normsob-
tainedareequvalentwith the original norms.

2.2. Interpolation between Hilbert spaces

An extendedHilbert interpolationtheory canbe found in [24]. For completeness
andconsistencef notationwe presenin this sectionthe interpolationresultsused
in this paper
Let X,Y be separableHilbert spaceswith inner products(-,-)y and(-,-)y, re-
spectvely, andsatisfying(2.1). Let D(S) denotethe subsetof X consistingof all
elementsl suchthat
vV— (U,V)y, ve X (2.2)

is continuousn thetopologyinducedby Y.

Forary uin D(S) theanti-linearform (2.2) canbeuniquelyextendedo acontinuous
anti-linearform onY. Thenby Rieszrepresentatiotheoremthereexistsanelement
SuinY suchthat

(u,v)x = (Su,v)y forallveX. (2.3)

In this way Sis a well definedoperatorwith domainD(S) in Y. The next result
illustratesthe propertiesof S(see[24]).
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Proposition 2.1. ThedomainD(S) of the operator Sis densein X and con-
sequentlyD(S) is densein Y. Theopemtor S: D(S) C Y — Y is a bijective self-
adjoint and positivedefiniteopemtor. Theinverseopemtor S™1:Y — D(S) C Y is
a boundedsymmetrigoositivedefiniteoperator and

(Stzu)y =(zu), forallzey ucX. (2.4)

Thenext lemmaprovidestherelationbetweerK (t,u) andthe connectingoper
atorS. A proofof thelemmais givenin [2].

LemmaZ2.l. ForallueY andt >0,
K(t,u)? =t*((1 +t>sH~tu,u),, .
Forthespecialkcaseq =2 (X, Y Hilbert spaces)dueto thespectrabr multilevel

representationf thenormon [X,Y]. ,, thedefinitionof thenormis slightly changed
asfollows:

52!
2 2 [T (est) 2
ullix vy, = Cs/o t K(t,u)* dt,

o tl-2s \ ~1/2 2
Cs:= </O mdt) = I—Tsm(ns).

With the new definition for the norm of [X, Y], it is natural(seethe multilevel
representationasein Section3) to define

where

X,Y]gp =X, and [X,Y];, =Y.

Remark 2.2. Lemma2.1yieldsotherexpressiongor thenormson X, Y], , and
(X,Y]s . Namely

Ul = cg/ 21 (1 + 257 Ly u), dt, (2.5)
sl s 0
and
Ul vy, = SUPt (1 4274 "ty u), (2.6)
TS >0

2.3. Interpolation between subspaces of a Hilbert space

Let %" = spar{ ¢} beaone-dimensionadubspacef X andlet X, bethe orthog-
onal complemenif .7 in X in the (-,-)yx inner product.We areinterestedn de-
terminingthe interpolationspacesf X, andY, whereon X, we consideragain
the(-,-)x innerproduct.To applytheinterpolationresultsfrom theprevious section
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we needto checkthatthe densitypartof the condition(2.1) is satisfiedfor the pair
(X, Y).
For ¢ € ¢, definethelinearfunctional/y : X — C, by

Npu:= (U, )y, UuEX.

Thefollowing resultis anextensionof Kellogg's lemma[21]. Theproof canbe
foundin [1].

Lemma2.2. Let.# bea closedsubspacef X andlet X, betheorthagonal
complemenof .7 in X in the (-,-)y inner product. ThespaceX ,, is densen Y if
andonlyif thefollowing conditionis satisfied:

{ N\ is notboundedn thetopolagy of Y 2.7)
forall ¢ € 7, ¢ #0. '
For the remainingpart of this sectionwe assumethat /A4 is not boundedin the
topologyof Y, sothecondition(2.1)is satisfiedor thepair (X ,,,Y). WedenoteX ,,
by Xs. It follows from the previous sectionthatthe operatorSy : D(§) CY — ¥
definedby
(UV)x = (Spu,v)y forallve Xy, (2.8)

hasthe samepropertiesas S. Consequentlythe normson the intermediatespaces
(X4, Y5, and[Xy,Y]s aregivenby:

[l v, = cg/o C2 (1 +255 ) tuu), dt, (2.9)

and

||u||2[x¢7Y} —supt2 I (141781 Mu,u), - (2.10)

Ouraimin thissectionis to determmesuiﬁmentconditionsfor ¢ suchthatthenorm

[X4.Y]sq (for g =2 andq = ) canbe comparedwvith more familiar intermediate
normswhich areindependenbf ¢. First, we notethatthe operatorsS, andS are

relatedby thefollowing identity:

St=0-Qys ™ (2.11)

whereQy : X — % is theorthogonalprojectiononto 2" = spar{ ¢ }. The proof of
(2.11)follows easilyfrom the definitionsof the operatorsnvolved.
Next, (2.11)leadsto anew formulafor thenormson [Xy. Y]s. and[X, Y],

Theorem 2.1. For anyu € Y wehave

W

X dt. (2.12)

(TR (E NI s
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and
(u.d)y|
2 2-2s 4-2s| T TIYA
u =sup|t U Uy, +t7mo—m | . (2.13)
| H[X"”Y}S“’ t>0 ( )Y’t (¢7¢)x,t
In particular for u € X, wehave
Jul|® = |u|? +c2/°°t—<2-°*+1>M dt (2.14)
¥l = 1 Y1, 5 g @-9)xs
and
(ud)xy|
2 2-25 N A
u =sup| t UU)y,+t—— |, (2.15)
| H[X"”Y}S‘“’ t>0 ( )Y’t (¢,¢)x,t
whee
(UV)x, == (1 +t*sH~tuv),  foralluveX, (2.16)
and
(UV)y, = ((1+t2SH M), foralluvey. (2.17)

Proof. The first two formulasfollows immediatelyfrom Remark2.2 andthe
following identity

2
(U, @)y,
(185 0), = (g %

The proof of theidentity is basedon (2.11).A detailedproof of it canbefoundin
[2]. Using (2.4) anda simplemanipulationof the operatorSwe get

t?(u, Oy = (UP)x — (U, P)x .
which, for for u € X, leadsto (2.14)and(2.15). O

Theorem2.1 can be easily extendedto the casewhenK is of finite dimen-
sion(sed1]). Suchanextensionwould be neededfor example,to treatthe caseof
mixed Neumann-Dirichletonditionsor the caseof the biharmonicproblem.

3. MULTILEVEL REPRESENTATION OF INTERPOLATION SPACES
Let Q beadomainin R? with boundarydQ. Assumethat

M, CM,C,....CM, C...
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is a sequencef finite dimensionalsubspacesf H(Q) whoseunion is densein
H(Q), andassumehatanequivalentnormonH(Q) is givenby

N 1/2
lully == (kz Ad(Qe— le)U|2> ) (3.1)
=1

whereQ, denotegheL?(Q) orthogonalprojectionontoM,,

andA, = 41,

Tlﬁe sequencgM, } canbe taken for examplethe standardsequencef piece-
wise linear functionsassociatedvith a sequencef nestedmeshesProofsfor the
multilevel representationf the normon H%, for specificchoicesof the spacesvl,
canbefoundin [1], [10], [28] and[30] .

H - H'HLZ(Q)v QOZ 0

3.1. Scalesof multilevel norms
OnH1(Q) we considethenormgivenby (3.1) anddefineH ~1(Q) to bethe dualof
H(Q). The elementsof L?(Q) canbe viewed as continuousinear functionalson
H(Q) andwe have the naturalcontinuousanddenseembeddings
HY(Q) c L3(Q) c H H(Q).

TheprojectionQ,, k= 1,2,..., canbeextendedto bedefinedon H ~1(Q) by

(Qkuvv)LZ = (U7V)7 V uc Hil(Q)a \AS Mk7
where(-, -) ontheright handsiderepresenttheduality betweerH ~1(Q) andH(Q)

Onecaneasilycheckthattheinducedinnerproducton H#(Q) is givenby

A (qu,qy), foralluveH5(Q), £=—1,1,

M s

(U,v)e =

=
Il

1

Thenthe pair (H(Q),L?(Q)) satisfiesthe condition (2.1) andthe operatorS
associatedavith the pairis givenby

U= Z Acqu,  forallue D(S). (3.2)
K=1

Thus,for X = HY(Q) andY = L?(Q), we have

XA
(uav)Yﬁ = kZl Ak—_:ftz(qkuv qu)7 uve Y.
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and
A
3 A+ 12

(QU,qv), uveX.

Ms

(uvv)XJ =
k

Foraryse (0,1),g=1org=oo, let

HY(Q) == [HY(Q),LX(Q)]1 52, H¥'(Q) = [H*(Q),H!(Q)]1_s

and
B3(Q) == [HY(Q),L(Q)]1 sq BF™(Q) == [H3Q),HY(Q)]; 54
By using(2.5)and(2.6),onecaneasilycheckthat
luffsg) = 3 Ml 33)
and
HUHZB;(Q) = ?ﬂ?(tzskil )\k)ittz ||Qku|2> . (3.4)

Onecanverify usingthe above formulathatBS (Q) = L2(Q) andBL (Q) = HY(Q).
In additionwe have

t25
sup—— =s(1—9g)tSA 1S,
t>(§))\k+t2 ( /A
which leadsto
lull3s @) < S(1—9)*|ulBsq forallue H(Q), (3.5)

awell known embeddingproperty

Remark 3.1. If we assumehatthe sequencef subspacegM, } is chosenso
that the following approximationand inverseinequalitieshold with a constantc
independent
of j.

(Ap) lu—Qul <c27i|ull,, forallue HY(Q),

(Inv) Jull < c2|uf,., foralluem;,
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then,by awell known approximatiortheoryresult,anequialentnormon [H*, L?]

. . 1757q
is givenby _
{2 gjull}jsall,. 0<s<1, 1<qg<e.
In particular anequivalentnormon B := [H1,L?], _, isgivenby
zzsj lojull, 0<s<1.
=1
Onecanverify now thatwe have thefollowing norm-inequality:
lullgs < ce™2|ullyse,  forallue H', (3.6)

with cindependenof €.

3.2. Subspaceinterpolation results

Next, we focusour attentionon a specificcaseof subspacénterpolationassociated
with thepair (X,Y), whereX = H(Q) andY = L?(Q). For afixeds, in theintenal
(0,1), let 3, = 1—s, and¢ € H~1(Q). By the Rieszrepresentatiotheorenthere
existsafunction¢ € H1(Q) suchthat

(9) = (u)s = 3 Al p.v). e HiQ)
=1

Sinceqiqj = 0fori # j, we deducehatin fact

o = Aflqk‘p (3.7)
Next, we assuméhatthe function ¢ satisfieghefollowing condition:

(C) Thereexist two positve constantg;, ¢, suchthat

cAS < [la P2 <cAS k=12,....

Notethattheabove conditionis equivalentto

A, o < lgdllf <A T k=12,

Lemma3.1. Let¢ € H~1(Q) satisfy(C) andlet ¢ be the correspondingH?-
representationThenthefollowing conditionsare also satisfied.

(C.0) Hj isdensen [H*,L%),_ for s< s,. (Here, H} is thekernelof ¢. )
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(C.1) Thee existtwo positiveconstants,, ¢, sud that

)\2
cyt 20 < (9,9)x Z N Tl GBI < et o, fort>1.

Proof. The constantdnvolved in this proof might changeat different occur
rences.To prove (C.0), by Lemma2.2,it is enoughto shav thatthe functional

u—(u,¢), = (u9), uc H{(Q), (3.8)

is not continuousin the topologyinducedby H%(Q), (s < s;). Let {un} bethe se-
quencen H(Q) definedby

n
Un = Z )\k*SO a.9-
K=1

Then,

n

(unad))l = (Una(b) = z )\;S()qud)Hz — 00, asn — oo,
k=1

Ontheotherhand
n
lun|fis = Z )‘|(57250qu¢||2
k=1
is uniformly bounded.Therefore the functionaldefinedin (3.8) is not continuous

and(C.0) is proved.
Toestimate(¢, ¢)y , we obsere that| g ¢ [|* = A, [|q ¢/ andthat

00 4k/t2)1’9
/\k+t2 Z (412 +1)

Using the standardcorvergencecriteriafor sumsvia integrals, the lastsumcanbe
estimatedelov andaborve by constantsvhich areindependenof t. O

Next theoremis the mainsubspacénterpolationresultof the paper
Theorem 3.1. Let¢ € H~1(Q) satisfy(C). Then
Hy: L%y o= HLLZ), oo :=H3(Q) for s<s, (3.9)

and

BY == [HY L%, 1 C [H: L7 (3.10)

1-55,0°
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Proof. Recallthat L?(Q) =Y andH(Q) = X. In orderto prove (3.9) it is
enough(by thedensityproperty(C.0), (2.14)andRemark2.1) to prove that

2
- (U )
|;:/ t<2(15>+1>>)7’dt<c ullds  forallue Xg. (3.11)
1 (¢7¢)X7t H HH X¢

for u e H¥(Q) denotef, := A¥?||qul| and := {{,}. Thenwe have
[ullps = alf, -

Here(-,-) is simplythe L?(Q) innerproduct.Then,we have
= ((l t2§1 -1 _ 00 )\k
(uv¢)X,t = (( + ) U:¢)x = kzlm(qkuaqkd’)x-

Forue X, wehave (u,¢)y = 0. Then
z (G, @)y =
K=1
Consequently

1
(uvd)) = _tz —(q U,q d))
X kzl A 12K

Thus,usingthe Cauchy-Schwarzinequalityand(C) we obtainthe estimate
3 A
(U, @)x | < cot kzlwqu”- (3.12)

Now we arepreparedo estimateheintegral |. Theconstant, to beusednext, may
have differentvaluesat differentplacesin which it appearsLets, = s, —s. Then,
by (C.1) andtheestimatg3.12),we have

o )\1 %/2 2
< 3+2-25,+4
| c/l t (Z T ||qku|> dt

“so [ o (Amdn)¥?
<cf 3% (AmAn eat)
/l (mnzl ()\m+t2)()\n+t2)”qm (e |>

o t37251
=c¢ Y (AnAn)®2||gmul [|onu / .
ng::L m ||qm H an || )‘m+t2)()\n+t2)
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Next, we usetheformula

o 4329 1 al-9 _pl-9
/m "2 aob 0<9 <2 9#1 ab>0 (3.13)

Theintegral canbe calculatedby elementarycalculusmethodslIf a = b, thenthe
right sideof the above identity is replacedby 2=2a~?. Thus,
9

~00 t3-2s, 00 t3-25, 2)\ 1-s, _ p) 1-s
e S e B

Combiningthe above inequalitieswe get

o A p s
I<c ArAn)S/22m_— n - 3 S/200 GiIAS/ 2| g.ull.
mmzil( m ”) Am—An m ||qm || n HQn H
Let L s
[ = ()\m)\n)sl/Z u

m—)\n

Then,theabore estimatebecomes

An elementarycalculationgives

o(m-n)(1-8) o (m-n)(1-s)

<2Imns mnpn=12...
2(m—n) _ o—(m—n) s M, 149

lmn=
andby elementarestimatesve obtain
I <c]dll? = cfl ullfs
which proves(3.9).

Next, we prove (3.10).Letu € BiO. Thenby (2.13)and Remark2.1) we have
that

2
% (u7¢)Yt‘
HUH[ZX(,,,Y]L L S¢ supt® (u, u)y, + supt* 29 ’

t>1 t>1 (d)a ¢)x,t

Notethat , , ) X
SUpt=o(u, U)y, < supt=(u,u)y, = [|ullgs < cf|ullge;
t>1 t>0 ' ® 1
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and,with thehelpof (C.1) we have

2
(u7¢) : 2
S0]s| G Y — Y‘t‘ <csupt4‘(u ¢)Yt‘ (3.14)
t>1 (d’ad))xyt t>1
ForueY, wehave
S 1.G0) = T — s (GG
Z)\ IRY. (GU, O k;,\kHz AU, Gef )
andby usingcondition(C), we obtain
P )\kso/2
(U d)y,| < Czkzlm”qkuf‘- (3.15)

Thefunction
A %/2

2 __ 2 oo k
to )l =2 3 3 Al

is anincreasingfunctionof t. Ast — oo, the limit of the abore functionis exactly
||lul| ., - Therefore,
Bl

2 2
Hullixg v, o o < ClUllix,

andthe proofis complete. O

4. A SHIFT THEOREM FOR THE LAPLACE OPERATOR ON CONVEX
POLYGONAL DOMAINS.

In this sectionwe will prove astrongeversionof the estimatg(1.3)and(1.4).

4.1. Shift estimates

Let Q beaconvex polygonaldomainin R%, with boundarydQ andno right angles.
LetVK(Q) := HX(Q) NH(Q), k= 2 andk = 3. It is well known thatfor f € L?(Q)

the variationalproblemhasa uniquesolutionu € V2(Q) and(1.2) holds.If Q is an
acutetriangulardomainthenonecanprove thatfor f € H(Q) thesolutionof (1.1)
belongsto V3(Q) and(1.3) holdsfor s = 1. Using(1.2) andinterpolationwe obtain

Ullygers < CS)IUllyayz, , SCO)[flls,  forall feHYQ), 0<s<L

Thus, without restrictingthe generalityof the problem,we canassumehat there
exist one cornerof measurew with 77/2 < w < 1. In fact, by a partition of unity
type agumentandusingthe regularity resultsfor domainswith smoothboundary
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we canreducethe problemto the casewhenQ is a domainwith only onecorner
of measurew with 11/2 < w < 1. We will call this the “cw-corner” and we will

assumehat the vertex of the w-cornercoincideswith the origin of polar system
of coordinatesLet o = mm/w ands, = a — 1. Given f € H1(Q), we considerthe
Dirichlet problem(1.1). The variationalformulationof (1.1)is : Findu € H&(Q)

suchthat

/Du-Dvdx:/ fvdx forallve Hi(Q). (4.1)
Q Q

Let { € 2(Q) be a cut-of function, which dependnly on the distancer to the
w-corner is identically equalto onein a neighborhooaf the w-cornerandis iden-
tically equalto zerocloseto the part of 0Q which doesnot containthe sidesof
the w-corner Let ¢ = ¢ +uR , ¢(r,3) = { r %sin(ad) andu® € H}(Q) bethe
variatonalsolution of (1.1) with f = A¢. One can checkwithout difficulty that
@ € HY(Q). Let Hj; be definedasthe kernel of ¢ aslinear functionalon H™.
Then,(seee.g.,Theorem9.8in [16]) for f € Hl}, the (variational)solutionof (1.1)

Belongsto V3(Q) and
Iull sy < Cll fllyq)  forallue Hy(Q). (4.2)
Thus,by interpolationwe have

ull sy vy, oS Sl i), @), (4.3)

forall f € [HY(Q)y,L3(Q)] Then,we have thefollowing theorem.

1-so

Theorem 4.1. LetQ bea corvex polygonaldomainin RZ with no right angles
andwith w the measue of the largestangleandlet s, = min{1, rr/w —1}. If uis
thevariationalsolutionof (1.1)then,for 0 < s < s, there exist positiveconstant(s)
andC(s) sud that

Ullyzrs S C(S)IUllysyz,  <CS)IFllps,  forall feHXQ), (4.4)

1-s2

andfor 0 < s, < 1,
U2 5 < &) Iulyayz, . < Cls)fllgng  forall fEBY(Q). (45)

Proof. Use (4.3) and apply Theorem3.1 with ¢ = (. The proof that (C) is
satisfiedis givenlater Thelower partof (4.4) or (4.5) follows by comparingthe K
functionsassociateavith thetwo intermediatespaces. OJ
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Figure 1. The w-cornerof Q

4.2. Proving condition (C)

Let Q beapolygonalcorvex domainwith theonly onevertex O of measurev with
/2 < w < mandtheremainingverticesdenoteddy S, S,,... S,. Let

Q=|Jt,

1

C-s

where,for i =1,...,n, 7; is a triangulardomainwith verticesS, O, §,, andO
is takento be the origin of a Cartesiarsystemof coordinatesn the plane.Fori =
1,....n+1, letl; denotehesggment [O, §]. We assumewithoutlossof generality
thatS, lies onthe positve semi-axis(seeFigurel, thecasen = 2).

Let 7, = {14,...,Tn} be theinitial triangulationof Q. We define multilevel
triangulationgecursvely. For k > 1, thetriangulation.Z, is obtainedfrom .7, , by
splitting eachtrianglein .7, , into four trianglesby connectinghe midpointsof the
edgesThespaceV, is definedto bethe spaceof all functionswhich arepiecavise
linearwith respecto .7, vanishon dQ andarecontinuouson Q. Let Q, denotethe
L2(Q) orthogonabrojectiononto M, .

We verify thatthefunction ¢ satisfieghe condition(C). To begin with, we will
prove thatthefunction ¢ satisfieqC). Firstwe will prove thatthereexist afunction
w, € M, whichis supportedn aball of radiusH = 1/2%-1 = 2h centeredat origin
andw, is orthogonalon the spaceM, ;. Let ¢,,...,¢, bethe nodalfunctionsin
M, , correspondindo the nodalpointsin .7, , markedby o’ in thefigure. Next,
we considerthe eightnodalfunctions¢; , ... ¢ correspondingo the nodesmarked
by '+'). We definew,, to bealinearcombinatiorw, of ¢,,..., ¢4 , with coeficients
independendf h suchthat

(Wh>¢j):0: j=1,....,7. and (Wha¢)5£0
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Herllt_:r?,wh is orthogonalbon thespaceM, , andconsequentlg,w, = w,..
en,

qu¢H — Sup (qk¢7v) — Sup (¢?qu) 2 |(¢,quh)| — |(¢>Wh)‘
veL?(Q) ||VH veL?(Q) HVH ”WhH HWhH
Notefurtherthat
[[wi | < ch,

with ¢ independentf h andby makingthe changeof variablex = hX in theintegral
which definestheinnerproduct(¢ . w,) we get

|(¢awh)| 2 Chz*aa

for anotherconstanic. Combiningthe abore estimatesve concludethatthe lower
partof the condition(C) holds.
For theupperpartof (C) we first notethat||q, ¢ ||, = /\k1/2\|qk¢ |_,. To estimate

g $|l_, weletn = n, tobeacutoff functionwhichdepend®nly onr andsatisfies
n,(ry=1forr<h/2, n,(r)=0 forr > h,
Inh(r)| <c/h, [nf/(n|<c/h®> forall h/2<r<h,
for somepositive constant. Then,

A Vv 1-n)¢),v
a6 1= sup GV g @Y g @(A=n)9).Y)
veR(Q) HVHl veH1(Q) HVHl veH1(Q) HVHl

Usingpolarcoordinatesve have

W h
('7¢,qu)=/0 (/0 r—*ip qu> drsin(ad) ds.

Next, we integrateby partswith respecto ther variable(write r'~? asthederivative
of r>=9 /(2— a) ). Usingthe Cauchy-Scharzinequalityandthe estimatefor n’ we
get

[(n,qv)| < c(h™ gV + ™2 (q)rl) -
ThelL? andH?! - stability of the L? projectiongive

oVl < chllvlly, and [lgvl]; < vy,
with c independentf h (or k). Thus,

[(n¢,qv)[ < ch® “|vil; and My <ch® .
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To estimateM,, we obsere first that (1 — n, )¢ € H(Q). Let N, : H3(Q) — M,
be the interpolantassociatedvith .7, = T,. By applying standardapproximation
propertiesand(1.2) we obtain

My = lla(1—npell_1 <hlad—n)ell <hl( —Q 1 )(1—n)¢|
<chl[(1 =) (1= )@l < ch’ll(1= 1) $ o) < AL = N)9)ll 2 -

Usingasimplecomputatiorin polarcoordinatesandtheestimategor thederiative
of n,,, we get

NGO
Combiningthe abore inequalitieswe have that
M, < ch? 9,

Hence theupperpartof thecondition(C) holdsandconsequent|y(C) holdsfor the
function ¢. Sincethefunctionug belongsto H(Q), we have

quURHZ < CAk_l 5 k: 1,2,....

Thereforethefunction ¢ satisfiescondition(C).

5. APPLICATIONSTO FINITEELEMENT CONVERGENCE ESTIMATES

Let Q beacorvex polygonaldomainin R?, with boundarydQ andnoright angles.
Let w be the measureof the largestcornerandlet s, = min{1, 1/w — 1} andlet

u € H3(Q) be the variational solution of (4.1) with f € L2(Q). We let V4, to be

a finite dimensionalapproximationsubspaceof H&(Q) and considerthe discrete
problem:
Findu, €V, suchthat

/Duh-Dvdx:/ fvdx forallveV,. (5.1)
Q Q

Further let usassumehat
lu—tnllyg) < chllullyz ). forallue V2(Q)=H%Q)nHQ), (5.2

and

lu—pllyeq) < chzﬂuHHa(Q), forallucV3(Q) =H3(Q)NH(Q). (5.3)
By interpolationwith p=2 and0 < s< 1, from (5.3) and(5.2), we obtainthat

||U o uhHHl(Q) < Ch1+s||U||[V3(Q)7V2(Q)]1732, (54)
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forallue [V3(Q),V#(Q)];_g,, wherecis aconstantndependentf h. Interpolating
with p= o ands=1—s, we have

||u_uh||H1(Q) §Ch1+SOHUH[V3(Q) (5-5)

V2Q)y g

forallue [V3(Q),V2(Q)]l_SO ., Whereagainc is a constanindependenof h.
We thushave thefollowing result.

Theorem 5.1. Letu,u, bethevariational solutionsof problem(4.1) and(5.1),
respectivelyThen,there existsa constantc independendf h sud that

Ju—uy[l: < ch™S[|f|ls,  forall f eH® 0<s<s, (5.6)

[u— Uyl < ™| f[| 5, forall f eBD. (5.7)
1

Furthermoe, for s, < s < 1ther existsa constantc independenof h ands sut
that

lu—Uylly1 g <C(s—so)_1/2h1+50||fHHS(Q), forall f € H3(Q), (5.8)

1
andforh<e %%,

|\u—uh\|H1(Q)gch1+50(|ogl/h)1/2|\fHHSO(Q) forall f € H%(Q). (5.9)

Proof. Theinequalitieq5.6)and(5.7)followsfrom (5.4)and(5.5)respectiely,
asadirectconsequencef Theoremd.1. The estimate(5.8) follows from (5.7) and
(3.6) with € = s—s,. The inequality (5.9) is obtainedfrom (5.8) asfollows. Let

f € H%(Q) andwrite f = f — Q. f + Q,f. Next, we denoteby u" € H}(Q) the
solutionof

/QDuh-Dvdx:/Qthvdx forall ve H3(Q).
Sinceu— u" is the solutionof (4.1) with f — Qyf insteadof f we have
Ju= "z < Sl =~ Qufllyaqy:
andfrom standardapproximatiorpropertiesve get
|f— thHHfl(Q) < ChHSOH f HHSo(Q)-
Combiningthetwo inequalitieswe have

lu=t"20) < 2 F s (5.10)
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Next, usingthe estimatg(5.8), a standardnverseinequalityandthe stability of
the L? projectionin H%(Q), we get

Huh - uh”|_|1(Q) < C(S_ S\'())_l/zhl+so HQh f ||H—1+S(Q)
< Ch1+50 (S_ Sb)il/zhsoisHQhf HHSO(Q)

< cht (s— S0)71/2?15075” f HHSO(Q)a

wherec is a constanindependentf of h ands. The minimum of thefunction
S — (S—)"Y2h%~S on the intenal (s,,1] is (2elog1/h)Y/? andis attainedfor
1

s=sg,+ (2log1l/h) -1, with h< e 2*%.Thus,

U~ U3y < S (log /) 2| 45, - (5.11)

Finally, (5.9)follows from (5.10)and(5.11).
O
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