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Abstract

In this paper, we consider the linear systems arising from the standard finite
element discretizations of certain second order anisotropic problems. We study
the performance of a V-cycle multigrid method applied to the finite element equa-
tions. Since the usual “regularity and approximation” assumption does not hold
for the anisotropic finite element problems, the standard multigrid convergence
theory cannot be applied directly. In this paper, a modification of the theory of
Braess and Hackbusch will be presented. We show that the V-cycle multigrid
iteration with a line smoother is a uniform contraction in the energy norm. In
the verification of the hypotheses in our theory, we use a weighted L?-norm esti-
mate for the error in the Galerkin finite element approximation and a smoothing
property of the line smoothers which is proved in this paper.

1 Introduction

The purpose of this paper is to study the V-cycle multigrid methods for certain second
order anisotropic finite element problems. The convergence properties of the V-cycle
multigrid method for second order selfadjoint elliptic finite element equations are well
understood in the cases in which the differential operators are uniformly bounded and
elliptic; cf. Braess and Hackbusch [1], Bramble and Pasciak [3, 4], Bramble, Pasciak,
Wang and Xu [5] and the references in these papers. The common ingredient in the
analysis is the so-called “regularity and approximation” condition. The success of the
multigrid methods in these cases is due to the fact that the smoothers are effective
in reducing the nonsmooth components of the error and the coarse grid corrections
are effective in reducing the smooth components. In this paper, we shall establish
a convergence theory for the standard V-cycle multigrid algorithm for anisotropic
equations defined on the unit square. We shall consider finite element approximations
to this problem. For the anisotropic problem considered in this paper, the standard
finite element solution has a “poor” approximation property and hence the coarse grid
solves in the multigrid algorithm are not effective in reducing the smooth components
of the errors. This is in contrast to the cases in which the differential operators
are uniformly bounded and elliptic. When a Jacobi or a Gauss-Seidel smoother is
used, the multigrid algorithm does not provide a uniform reduction in the error. The
remedy is to use a smoother, such as a line Jacobi or a line Gauss-Seidel smoother,
that is effective in reducing components of the error in a larger part of the spectrum.

Since the usual “regularity and approximation” condition does not hold in this
case, the V-cycle multigrid theory of Braess and Hackbusch [1] and Bramble and
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Pasciak [3] cannot be applied directly. A modification of the theory of Braess and
Hackbusch will be presented. In the verification of the hypotheses of the theory, we
use a weighted L?-norm error estimate for the finite element approximation and a
smoothing property of the line Jacobi and the line Gauss-Seidel smoothers.

Model problem. Let 2 = (0,1)? be the unit square and consider the equation

{ Au = —[(aug)y + (buy)y] = f in Q,

1.1
u =0 on 01, 1)

where, a(z,y) and b(z,y) are positive functions.

We are interested in the cases in which a(x,y) is of unit size and b(z, y) is possibly
small. More precisely, we assume that a(z,y) is uniformly bounded from above and
below and b(z,y) is bounded uniformly from above with

0 < amin < a(z,y) < Gmax, (1.2)
and
0< b(z,y) < bmax- (1.3)

We do not assume, however, that b(x,y) has a uniform positive lower bound.

To carry out our analysis for the multigrid algorithm, however, we shall also make
the following technical assumptions on the coefficients. We assume that certain first
derivatives of a(z,y) and b(x,y) are uniformly bounded in the following sense:

|Va" S |va‘ S Ca, a,nd |by|

a Qmin b

< G (1.4)

Since a(z,y) is assumed to be uniformly bounded above and below in (1.2), the first
inequality in (1.4) is the same as

|Val < C.

On the other hand, since b(z,y) is not assumed to have a uniform positive lower
bound, the second inequality in (1.4) states that that b(z,y) does not change very
much in the y direction relative to its magnitude. This condition can also be written
as

{b(%y) = e(2)b(z,y) with (L5)
z,y) <& and |by(z,y)| < &. .

Clearly, (1.5) implies the second inequality in (1.4). Conversely, if we set e(z) =
maxy b(z,y) and b(z,y) = b(z,y)/e(z), then the second inequality in (1.4) implies
that (1.5) holds with e ©» < b(z,y) < 1 and |b,(z,9)| < Cj. In our subsequent
analysis, the estimate for the rate of convergence of the V-cycle multigrid algorithm
will depend on the constants in (1.2), (1.3) and (1.4), but not on a positive lower
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bound for b(z,y). We will often use (1.5) instead of the second inequality in (1.4).
Without loss of generality, we can assume €(z) < 1 in (1.5).
The weak form of (1.1) is the following: Find u € H{ () such that

Au, @) = (f,¢), forall ¢ € Hy(€), (1.6)
where
A(u,v) = J [a(z, y)uzvs + b(z, y)uyvy] dzdy.
Q

Here (-,-) is the L? inner product. We set || - |4 = A(-,-)'/2, the “energy norm”. We
shall prove a uniform convergence estimate for the V-cycle multigrid algorithm for
solving the finite element equations approximating (1.6).

The remainder of the paper is organized as follows. In §2 we introduce the standard
V-cycle multigrid algorithm and provide a modification of the convergence theory of
Braess and Hackbusch [1]. In §3, we prove an a priori estimate for the solutions of
the anisotropic problem. Standard finite element approximations to the anisotropic
problem are considered in §4. An approximation property of the Galerkin projection is
proved. A weighted L2-norm error estimate is then established by using the regularity
result proved in §3 and the duality argument of Aubin and Nitsche. The smoothing
properties of the line Jacobi and the line Gauss-Seidel smoothers are formulated
and proved in §5. In §6 we apply the theory of §2 to the anisotropic finite element
problem. It is shown that the V-cycle multigrid method with a line smoother is a
uniform contraction in the energy norm || - || 4. This convergence result is based on
the approximation property of Galerkin projection and the smoothing property of
the line Jacobi and the line Gauss-Seidel methods. Finally, in §7, we formulate the
multigrid algorithm in terms of vectors and matrices.

2 Multigrid algorithm and theory

In this section, we consider the standard V-cycle multigrid algorithm and provide a
modification of the multigrid convergence theory of Braess and Hackbusch [1]. To
this end, we consider a sequence of nested finite element spaces

M, CMy,C---C Mj.
The finite element problem on M}, is the following: Find uy € M}, such that

A(uk7¢) = (f7 ¢)7 for all ¢ € Mk

The L? projection Qj : L? — M, and the Galerkin projection P : H& — M}, are
defined by

(ka7 ¢) = (’U), ¢)a for all ¢ € Mka

and

A(Pyw, ¢) = A(w,¢), forall ¢ € M.



J.H. BRAMBLE AND X. ZHANG 4

Let Ay : M — M}, be defined by
(Agw, p) = A(w, @), forall ¢ € M.

Then the finite element equations can be rewritten in the form
Agug = [ = Qrf.

To define the multigrid algorithm, we need smoothing operators Ry : My — Mj.
We shall denote by Rfc the adjoint of Ry with respect to the inner product (,-).
Properties required of the smoothers will be stated later when needed.

Given an initial iterate u® € M, , a linear multigrid algorithm produces a sequence
of approximations to uy = A,;l fr as

u™t = Mgk(um, fk) =4+ Bk(fk — Akum), m=20,1,.... (2.1)
The multigrid process Mg, (-,-) (or equivalently By) is defined recursively as follows.

Algorithm 2.1 With u° and g € My, set Mg, (u’, g) = A7'g (or equivalently By =
ATY). For k> 1 and u° and g € My, u' = Mgy, (u®,g) is defined as follows:

(1) Pre-smoothing: u'/® = u® + Rt (g — Agu®).
(2) Coarse grid correction:
= ull? 4 Mgy (0, Qk-1(g — Apu'l?))
= u' + Bp_1Qi—1(g — Apu'/?)
(3) Post-smoothing: u' = u?/3 + Ry(g — Apu®/?).

To understand the multigrid algorithm, we first discuss briefly the smoothing
operator, Ry. Given a smoother, Ry, the solution of Ayu = fi can be computed
iteratively by the linear iteration

g™ = 3™ 4+ Ri(fe — Apz™), m=0,1,2,.... (2.2)

The error propagation operator is Ky = I — Ry Ay and the error, ™ = A;l fe—zx™,
satisfies

€m+1 = Kkem.
We assume that the above linear iteration is a contraction in the norm || - || 4, i.e.,

|1 Kk||a = sup  A(Kpv,w) < 1.

ol a=llwlla=1

Set K = (I—RLAg). Then K} is the adjoint of K}, with respect to the inner product
A(-,-) and K} K}, is self-adjoint with respect to the inner product A(-,-). Consequently

1K Killa = 1 KE I = 1 KellZ < 1.
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A simple manipulation shows that

A(Kpv, Kpv) = A(v,v) — (RpApv, Agv),
with

Ry = Ry, + R}, — RL AL Ry.

Thus, the above assumption on the smoother is equivalent to assuming that Ry is
positive definite. Note that RyA; = I — K[ K.

To estimate the rate of convergence of iteration (2.1), with Mg, (-,-) defined by
Algorithm 2.1, we first derive, as in Bramble and Pasciak [2], a two-level recurrence
relation for the error operator of the V-cycle multigrid algorithm. Let u = A,;lg.
Define ¥ = u —u°, e'/3 = u — u!/3,e*? = u — u?/3 and e! = u — u'. Then by the
definition of the multigrid algorithm and the above discussion concerning the linear
iteration (2.2), we have

e'/? = (I — RLA)E,
e*/® = (I - By-1Qp-14x)e"/* = (I — By_1 41 Py1)e™?,
61 = (I — RkAk)e2/3 = (I — RkAk)(I — Bk:—lAk:—lpk—l)(I — RzAk)eo

In the second equation, we have used the identity Qp_1A4x = Ax_1P;_1. Combining
these three equations, we obtain the following recurrence relation:

A((I - BkAk)’U,’U) = A((I - kalAkfIPkfl)K]zUaK]zU)a for all v € M. (23)

Here Kj, = (I — RyAx) and K} = (I — R} Ay) are the error propagation operators
corresponding to the smoothers Ry, and R}, respectively.

Denote by Ai the largest eigenvalue of Ag. In the standard multigrid convergence
theory, the smoother, Ry, is assumed to satisfy the smoothing property

/\i(v,v) < (Rgv,v), forall ve M.
k

In addition, the following type of “regularity and approximation” condition is used:
there exist a € (0,1] and C > 0, independent of k, such that

(43 *(I = Pe—1)v, (I = Po1)v) < ONCA(( = Pe—t)v,v),  forall v € My,

This type of regularity and approximation condition, however, does not hold for
the anisotropic problem, and therefore, we cannot directly apply the theory of Braess
and Hackbusch [1] and Bramble and Pasciak [2, 3]. We shall provide a modification
of the theory of Braess and Hackbusch.

We first consider symmetric smoothers. In this case, the condition that |Kj||l4a < 1
is equivalent to the condition that the spectrum o(Kj) C [0,1).

Lemma 2.1 Assume that Ry is symmetric and that |[Ki|a = ||[I — RpAk|la < 1.
Assume further that there is a constant Chs independent of k such that

(R " (I = Preer)v, (I — Pe_1)v) < OmA((I — Pr—a)v,0), for all v € My. (2.4)
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Then the multigrid algorithm defined in Algorithm 2.1 satisfies
0 < A((I — BgAg)v,v) < dA(v,v), forall v e My,
with 6 = Cp /(2 + Cur).

Proof. We will prove by induction that this estimate holds. Clearly the assertion
holds for kK = 1. Suppose now that the assertion holds for £ — 1, i.e.,

0 < A((I — Bg—14k—1)v,v) < 6A(v,v). (2.5)
Using the recurrence relation (2.3), we have, for v € Mj,

A((I — BpAg)v,v) = A((I — Pe—1)Kjv, Kpv)
—|—A((I — kalAkfl)PkflK]:'UaPkflK]:;k'U)-

It is straightforward to show that the induction hypothesis (2.5) implies that

0 < A((I — BgAg)v,v) < (1 —06)A((I — Pe—1)Kjv, Kjv) + 0A(Kjv, Kpv).
(2.6)

We now estimate the first term on the right hand side of (2.6). By the Cauchy-Schwarz
inequality and the hypothesis (2.4), we have, for w € Mj,

A((I = Pe_1)w,w) < (R'(I — Py_1)w, (I — Pe_1)w) (R Apw, Ayw)'/?

< CUPA((I = Py_y)w, w) % (Ry Agw, Agw)'/2.

Cancelling the common factor, we get

A((I — Py—1)w,w) < Cy(RpAgw, Ayw), for all w e M.
Since Ry, is symmetric, K}, = Kj. Applying the above inequality with w = Kj;v and
recalling that Ry Ay = I — K, and that o(Kj) € [0,1), we obtain

A((I — Py—1) Ko, Kv) < Cy(RpApKpv, Ap Kyv)
= Cu((I — Kg) Ky, ApKyv)
m
2
Combining (2.6) and (2.7), we obtain

< M 1A4(v,0) - A(Kyo, Kpv)). (2.7)

A((I — BkAk)’U, ’U) < (1 — (5)A((I — Pk_l)Kk’U, Kk’U) + 5A(Kk1), Kk’l))
< M1 5)[AW,0) — A(Kyw, Kiw)] + SA(Kiv, Kio)]
< §A(v,v),
with § = CM/(2 + CM) O
Lemma 2.1 can be modified to allow the use of nonsymmetric smoothing operators
such as the line Gauss-Seidel smoother. Recall that Ry, = Ry + R}fc — RZA;CR,C.
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Lemma 2.2 Assume that ||Ky||la = ||I — RxAglla < 1 and that there is a constant
Cuy independent of k such that

(RI;I(I — Py_1)v,(I — Py—1)v) < CrpfA((I — Py—y)v,v), forall v e M. (2.8)
Then the multigrid algorithm defined in Algorithm 2.1 satisfies

0 < A((I — BxAg)v,v) <dA(v,v), forall ve M,
with § = Car/(1+ Cur).

Proof. The proof is similar to that of Lemma 2.1. We only give an outline here.
As in the proof of Lemma 2.1, the assumption in (2.8) implies that

A((I = Py_1)w,w) < Cy(RpApw, Ayw), for all w € Mj,.

Applying the above inequality with w = Kjv and recalling that RyA,=1-K v K,
and that o(K;K}) € [0,1), we obtain
A((I — Py1)Kjv, Kiv) < Cu(Ri ALK, A Kjv)
= Cu(( — K Ky) Kyv, A Kjv)
< CuplA(v,v) — A(Kjv, Kiv)).

The rest of the proof is identical to that of Lemma 2.1 0

Remark 2.1 It is not necessary to solve the coarse grid problem exactly. If the
approximate coarse grid solution satisfies 0 < A((I — B1A41)¢,¢) < §p < 1, for all
¢ € M, then Lemma 2.1 holds with § = max(dy, Cpr/(2+Cas)) and Lemma 2.2 holds
with § = max(éo,C’M/(l + CM)) a

Lemmas 2.1 and 2.2 are “soft”. To apply the lemmas, we need to establish (2.4)
or (2.8) with Cjs independent of k. For example, (2.4) can be proved by combining
the approximation property

(b(I — Py_1)v,v) < Chi A((I — Py_1)v,v)
and the following smoothing property of the line Jacobi smoother
(R} 'v,v) < C[A(v,v) + h % (bv,v)].

Here hy, is the mesh parameter. To establish (2.8) for a nonsymmetric smoother such
as the line Gauss-Seidel smoother, we replace Ry, in the above inequality by Rj. These
properties will be subsequently proved.
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3 Regularity of the problem

In this section, we derive an a priori estimate for the solutions of the anisotropic
equation (1.1). This result will be used in the next section to derive error estimates
of the Galerkin finite element approximation in the energy norm and a weighted
L?-norm.

We first note that if a(z,y) = 1 and b(x,y) = € is a constant, then, by integration
by parts, we have for u € H}(Q) N H2(Q)

J (u2, + 2u§;y + euzy) dzdy = J (u2q + gty + euzy) dzdy
Q Q
1
< J ~|Au|? dzdy.
o€
The following lemma is a generalization of this fact to some variable coefficient cases.

Lemma 3.1 (Regularity) Let the coefficients a(x,y) and b(z,y) satisfy (1.2)—(1.4).
Then the following a priori estimate holds:

1
J (uZ, + 2uiy + buzy) dzdy < CJ 5|Au|2 dzdy.
Q Q
Proof. Integrating by parts gives

2J 2(auw)w(buy) dzdy = 2[9

b
QJQ ( AUz )yUgy + (aux)wzyuy> dzdy

b
J ( + (ayus) gy + (aum)mgyuy> dzdy

> [ {am, = (om, + 22) - { () T e

B 2 2 2 b
= — —(aug); + (2 — — —Uy — &7 dzdy,
J ( b(au )w ( a)au Ty uz bu ray

b
((aux)xuyy + (auw)x%’uy) dzdy

Il
DO

where « and G are arbitrary positive constants. As a consequence, we have

1 1 2 1
L) E|Au|2 dzdy = Lz (g(au%)fc + g(auw)w(buy)y + g(buyﬁ) dzdy

1-p 2 2 1 2 a 2 7 2
> J ( (aug); + (2 — @)aug, + —(buy); — —~u; — —u > dzdy.
o) b b (6
Let v = min(1,1/bmax) < 1. Then

. :
J 7 (aug); dady > v | (aug); dady
Q JQ

=v| (augs + aﬂcuw)2 dzdy
JQ

[ (1
>y (§a2u2 —a2u )dwdy
Q
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and

1
(buy)z dzdy = JQ 5 (bugy + byuy)? dzdy

b2
EJ ([2) Zy_ju )da:dy

Combining the above estimates, we obtain

S| =

I

= Au)?dzdy > (1 - B)y 1aQUQ — a u dedy + (2 —a) | au?,dzdy
X
ab o \2 o 7

b dzd %2y U dzd
—i—LZny—?uy zdy — JQ _u+ﬁb zdy

= L} (5(1 — B)ya’ul, + (2 — a)au2 + (;) yy)) dzdy

a’ b, b
- JQ ((1 — B)ya + a—Z)ui dzdy — J ( ﬂb)u dzdy.

Lz (uZ, + 2u526y + buzy) dzdy

<[]

< CJ 1(Au)2 dzdy
b

—l—C’Jﬂ[((l—ﬂ)ya + 32/>u +<b2+g;) ]dxdy

The second integral is clearly bounded by C [, | Au|? and hence bounded by C [, b™!|Au|?.
This proves the lemma. 0

Therefore

b
(1— B)ya*u?, + (2 — a)auiy + (2 yy)] dzdy

N =

4 Finite element approximation

Let the domain © = (0,1)? be partitioned into squares with vertices (ih, jh),h = 1/n.
We consider the linear or the bilinear finite element space M}, associated with this
partition. The Galerkin finite element projection Py, : H}(2) — M), is defined by

A(Ppv,¢) = A(v,¢), forall ¢ € M.

We need the following results in proving an approximation property of the finite

element solutions.

Lemma 4.1 Let D = (0,h1) x (0,h2) and E be a side of the rectangular region D.
Ifve HY(D) and [L,vds =0, then

101720y < (BEllvallZ2ipy + h3llvylI 22 (p))-
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Suppose that b(z,y) = e(x)b(z,y) with & < b(z,y) < &, and e(z) < 1. Denote by E
a vertical edge of D. If v € H (D) and [,vds =0, then

J bv? dzdy < & (h% J vi dzdy + Eflh% J va d:vdy) .
D D D

Proof. Without loss of generality, we assume J‘gz u(0,y) dy = 0. Then

x Yy

ug(8,y0) ds + J uy(z,t) dt.

u(z, ) = u(0, yo) +j
Yo

0

Integrating 3o from 0 to hy and using fgz u(0,y0)dyo = 0, we obtain

1 ho T 1 ho y
u(z,y) = h_J dyoj ug(s,10) ds + h_J dyoj Uy(%t) di.
2 Jo 0 2Jo Yo

Squaring and then using the Cauchy-Schwarz inequality, we have

ha T 2 9 h2 Y 2
[ [ uatssmitas) o+ 2 (] " gl ar)
0 0 2 0 0

2 " Mo 2 5 (Y o
< —2h2xJ dyoj uy(s,y0) ds + —thyj Uy (,t) dt
0 0

2
fu(z, )2 < h—(

ha = Jo h3
2z ha

< — J u? dedy + QyJ ui(w, t) dt. (4.1)
ha Jp 0

Integrating over D, we obtain
J lu(z,y)|* dzdy < h? J u? dxdy + h3 J u§ dzdy.
D D D

This is the first part of the lemma.
We now prove the second part. Using e(z) < 1, we obtain from (4.1)

ho

J u? dzdy + ZyJ e(w)u§ (z,t) dt.
D 0

2z

(@)lua )l < 7

Integrating the above inequality over D gives

J e(x)v? dedy < (h% J v2 dzdy + hi J 6(I)’U§ dxdy).
D D D

Since ¢ie(z) < b(z,y) < ¢2¢(z), the second part of the lemma follows from the last
inequality. O

Using this lemma, we can prove the following error estimate for the nodal value
interpolant.

Lemma 4.2 Let m, : C(Q) — M}, be the nodal value interpolation operator. Then

(T = ma)ol% < CR2 JQ (02, + 02, + b02) dedy, for all v e H(S).
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Proof. Let 7 = [z;—1,x;] X [yj—1,y;] be arbitrary. Let E, and E, be edges in the
xz and y directions, respectively. For the bilinear element, we have

J (v —Tpv)ydz = J (v —mpv)y dy = 0.
By By

Applying the first part of Lemma 4.1 to (v — m,v), and the second part of Lemma 4.1
to (v — mpv)y on each element 7, we have

r

a|(v - '/ThU):c|2 dzdy < G'Ina.xh2j (|(’U - 7Th'U);U;U|2 + |(U - Whv)wy|2) dzdy,

Jr T

and

r

bl(v — mhv)y|? dzdy < ChQJ (1 — T40)ay|? + bl(v — m30) gy |?) dady.

JT T

In the bilinear case, (74v)zz = (T4v)yy = 0 in 7 and

[(7h0)zylI 220y = B2 N[0(2ir y5) = 0(@i1,95)] = [v(@i, yi-1) = 0(@i1,y5-1)]

< ||Uzy||%2(f)-

Therefore,
2 2
J (al(v — mhv)sl* + Bl (v — mpo)y|*) dady
-

< Ch2j (|(U - ﬂ'hv)mm|2 +2|(v — 7Th'U)$y|2 +bf(v — Whv)ny) dzdy

T

< czﬂj ([vsal? + 2lvay|? + blogy|?) dady.

-
The result for bilinear elements follows by summing over 7.

In the case of linear elements, we write 7 = 7+ U7~ where 71 and 7~ are the two
triangles on which 7,v is linear. Let £* be the linear function on 7 which is equal
to mpv on 7T, with £~ similarly defined. Applying the first part of Lemma 4.1 to
(v — £%), and the second part of Lemma 4.1 to (v — ¢%), on 7, we obtain

J a|(v - e:l:)w|2 dxdy < amathJ (‘(IU - ei)ww|2 + |('U - gi)wy|2) d:cdy
and

J bl(v — £%),|? dzdy < ChQJ (J(v = £5) gy > + b](v — £5)yy|?) dzdy.

T

Since #* is linear, its second derivatives all vanish in 7, and hence we obtain
) )

J (a‘(v - Ei)w|2 + bl (v — Ei)y|2) dzdy < ChZJ (‘Uavac|2 + 2|U:Ey|2 + b|’”yy|2) dzdy.

T



J.H. BRAMBLE AND X. ZHANG 12

Consequently,
L (a|(v — mhv)g|?* + bl (v — mhv)y|*) dzdy
= J (a0 =€) +b(0 — £7), %) dudy
,
+J (al(o = €7)o* + bl — £7),[?) dedy

< C’hQJ ([vsal® + 20vay | + blogy ) dady.

T

The result now follows by summing over 7. O
The Galerkin projection has the following approximation properties.

Lemma 4.3 There is a constant Cy such that for v € H} () N H*(Q)

1
(I — Py)v|/} < C1h? (EAU, AU>

and
(b(I = Ph)v, (I — Pp)v) < C1h?|[(I — Py)ol[4-
Proof. The first inequality is a consequence of Lemma 4.2 and Lemma 3.1, i.e.,
lv = Pyollh < [lo —mpoll
< Ch? L (vas + 205, + buy,) dzdy
< C1h? (%AU,AU> .
For the second we use a duality argument. Let Aw = b(I — Py)v. Then

(oI = Pp)v, (I — Pp)v) = A(w,v — Py) = A((I — Pp)w, (I — Py)v)
< (I = P)wlall(I — Pa)ovlla

1 1/2
S v C1h <5Aw,Aw) ||(I—Ph)’l)||,4

= \/Cih(b(I = Py)v, (T — Py)v)'?|[(I = Py)ol|a-

Cancelling the common factor and then squaring, the second inequality follows. O

5 The line Jacobi and Gauss-Seidel smoothers

We consider only linear and bilinear elements. The partition of {2 and the finite
element space M}, are defined as in the previous section. To define the line Jacobi and
the line Gauss-Seidel smoothers, we introduce a horizontal stripwise decomposition
of Q:

Q:UQj, QJ:[(m,y)EQ(g—l)h<y<(]+1)h]
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We partition the finite element space M}, accordingly as
n—1
My =) My , where My;=[veM,:v=0inQ\Q
j=1
Note that for linear and bilinear elements this is a direct sum, i.e., the decomposition
ofve Myasv= Zj";ll v; with v; € M}, ; is unique. The operator Ay, : My, — M}, is
defined by

(Ah’U, ¢) = A(U,¢), for all ¢ € My,

The operator Ay, ; : My, ; — My, ;, the “restriction” of Ay, to M}, j, is defined similarly,
ie.,

(Ah,j'U, ¢) = A(’U, gb), for all ql) S Mh,j-

We also need the projection Qp ; : My — My, ; with respect to the L? inner product
(-,-) and the projection P}, ; : My — My, ; with respect to the inner product A(,-).
Note that the relation P, ; = A;};Qh,jAh holds.

The line Jacobi smoother Jj is defined by

In = A;;;Qh,j- (5.1)
=

The line Gauss-Seidel smoother &, is defined by
&y, =[—(I—Pyp1) - (I—Py1)]A;", where P, ; = A,;;.Qh,jAh. (5.2)

Given f € My, &, f € M}, can be computed as follows:
(i) Set vg = 0.
(ii) For  =1,... ,n — 1 define

v = i1+ A,;%Qh,z‘(f — Apvi_1).

(iii) Set &pf = vy_1.
To establish the smoothing property of the line Jacobi smoother we use the fol-
lowing characterization of Jp:

n—1

(3 'v,0) =D A(vj,vj), (5.3)

i=1

where »_v; = v with vj € M ; (v; is unique). This result is trivial if we interpret
the smoother, Jp, in (5.1) and (5.3) using a matrix-vector notation. A direct proof
(5.3) is also easy. We first note that (Jpv,v) = Zj(A;j.Qh,jv, Qn,jv) = 0 implies that
v = 0. Consequently 3,:1 exists. Let v € M}, and v = Z]- vj with v; € Mj, ;. Since
the decomposition is unique, we have v; = A,;;Qh,jfj;lv. Equality (5.3) now follows
from a simple calculation using the formula for v;.

A smoothing property of the line Jacobi operator is summarized in the following
lemma.
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Lemma 5.1 Let M} consist of piecewise linear or bilinear functions and let Jp be
the line Jacobi smoother defined by (5.1). Then there is a constant Cy such that

1 1
E(A’U,’U) < (3, tv,v) < Oy [(A'U,U) + ﬁ(bv,v)] ,  forall ve M.
Proof. In either case, we write v € M), as v = ), v;, with v; € M}, ;. Recall that

this decomposition of v is unique. Let S; = [(z,y) € Q: (j —1)h <y < jh]. Then
by (5.3)

n—1 n
3y 'v,0) =D A(vj,v5) =D [As; (vj-1,vj1) + As; (05, 05)].

On strip Sj: v = vj_1 + v (vo = v, = 0). Thus
As; (v,v) < 2[As; (vj-1,v5-1) + Ag; (v5,v5)]-

The first inequality follows by summing the above inequality from 1 to n.
We now prove the upper estimate for (3;11), v). In the bilinear case, note that

vj(z,y;) = v(z,y;) and wvj(z,y;+1) = 0.
A simple calculation shows that,

j (IDsvj—1 % + [ Doy |?) dady

Sj
1n71
§Z|v ZiyYj—1 —’U(.’L’Z 1,Yj— 1)|2+|U("Eiayj)_v($i—17yj)|2]
=1
SZJ |vg|? dzdy.
Sj
Consequently,
Amax
j a(z,y)(|Dgvj1[* + |Dyv;[?) dzdy < 272 J a(z,y)|v,|* dzdy. (5.4)
S; Qmin S;

On the other hand, for (z,y) € S,

1
| Dyvj1(z,9)* + | Dyvs (@, y)[* = 25 (jo(@, y;-1)* + [v(@, ;) ).
Since vyy(x,8) = 0 for 6 between y;_; and y;,

vz, yi—1)° + [v(z, ;)|
= [v(z,y) + vy(2,9) (g1 — YI* + |v(z,y) + vy(z,y)(y; — v)*
< 4fo(z,y)* + 2k |vy(z,y)[,

for all (z,y) € S;. Hence

|| b5l + Dy oty <

J

4
ﬁj b\v|2dxdy+2j bloy[? dzdy.  (5.5)
S

' S;
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Combining (5.4) and (5.5)

As; (vj-1,vj-1) + As; (v, v5)

h2 .

min

4 m
< —J bv? dmdy+2a “J (alvz|? + bluy|?) dzdy.

J
Summing from 1 to n,

n

(3, 'v,0) = Z[Asj (vj-1,vj-1) + As; (v5,5)]

7j=1
< [g¥max (Av,v) + i(b'u )
o Gmin ’ h? ’ )

This proves the second inequality for the bilinear case.
The proof for the case of linear elements is similar. We write 7 = 7+ U 7. Then

Dyvj_1 =0, Dyvj=Dyvon 7t and Dyv; =0, Dyvj_1 = Dyvon 7.
Therefore

J a(|Dgvj—1|* + |Dyv;|?) dzdy = J a|Dyv|* dzdy.

T

On the other hand,

1 )
|Dyvj_1|* + | Dyv;|* = ﬁ(|v(l‘i—1,yj—1)\2 + [v(ziz1,95)|*) inTt

and
1 o
|Dyv;_1|? + [Dyv;|? = ﬁ(l’v(fliiayj—l)l2 + |v(zi,95)[%) in 7.

+

Since all the second derivatives of v vanish on 7=, we have

[v(@i-1,9;-1)1” + |v(@i-1, ;)|
= |v(z,y) + Vo(z,y) - (zi-1 — 2,yj-1 — y)|*
+lo(z,y) + Vo(z,y) - (zim1 — 2,95 — )
< 4v(z,y)* + 6B%|Vo(z,y)?, forall (z,y) e 1.

A similar estimate holds for |v(z;,yj-1)2 + |v(zi, y;)|?. Hence,

|| pDys-a + 1Dy,
T

1

= || bllv(ior,y;-1) 1 + |o(zi1,y))?) dzdy
B2 | )

+j b(Jo(s, y3—1)I? + [v(s, y;)[2) dady
N

4
<33 J bw? dzdy + GJbWuF dzdy.
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Combining the estimates for [_a(|Dyvj_1|* + |Dgv;|?) and [ b(|Dyv;j—1|* + |Dyv;|?)
we obtain

4
As;(vj-1,05-1) + As; (v, v) < 75 L‘ bv? dzdy + J [+ 6b)vz + 6bv,] dzdy.

J SJ

The rest of the proof is identical to that for the bilinear elements. 0
We formulate the smoothing property of the line Gauss-Seidel in the next lemma.

Lemma 5.2 Let M}, consist of piecewise linear or bilinear functions and let &) be
the line Gauss-Seidel smoother defined in (5.2). Then there is a constant Co such
that

1
A(v,v) < (6;10,1)) < Cy|A(v,v) + ﬁ(bv,v) , forall ve& My,

where &), = G, + QS';Z - QSZA;,QS;L is the symmetric line Gauss-Seidel smoother.

Proof. The lower estimate is trivial. The upper estimate follows from the following
inequality

AFrApv,v) < CA(@hAh’U,U)
and the upper estimate for the line Jacobi smoother in Lemma 5.1. O

Remark 5.1 In the proof of Lemma 5.1, we did not make use of (1.4). With minor
modifications, we can prove that the results in Lemmas 5.1 and 5.2 hold for general
polynomial elements, provided that (1.4) holds. O

6 Multigrid convergence estimate

We now establish a uniform convergence result for the V-cycle multigrid Algorithm 2.1.
For simplicity, we only consider linear and bilinear elements. We introduce an initial
triangulation T7 of 2 by partitioning €2 into four smaller equal squares. For linear
elements, each square is further decomposed into two triangles by linking the lower-
left and upper-right vertices. Let {T%} be a family of triangulations of ©, where Ty, is
obtained from Tj_; by a halving strategy. Let {Mj} be the corresponding family of
linear or bilinear finite element spaces defined with respect to {Tj}. Denote by Jj,
and &, respectively the line Jacobi and the line Gauss-Seidel operators on M.

Theorem 6.1 Let R, = %Jhk or Ry = &, Then there is a positive number 6 with
6 < 1 independent of k such that the multigrid algorithm defined in Algorithm 2.1
satisfies

0 < A((I — BrAg)v,v) < JA(v,v), forall v e M.
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Proof. We first show the result for Ry = %3;%. In view of Lemma 2.1, we only
need to prove that (2.4) holds for Ry = %3%- It follows from Lemma 4.3 that
1

ﬁ(b(x,y)(I - Pk_l)’l), (I - Pk:—l)'U) S ClA((I - Pk_l)’l), (I - Pk_l)v).

By Lemma 5.1, the weighted line Jacobi smoother, Ry, satisfies

_ 1
(R '6,9) < Co| (Axd, @) + 75 (b(z,9),¢) |, for all ¢ € M.
k
Applying the smoothing property of Ry to ¢ = (I — P;_1)v and using the approxi-
mation property of Pj_1, we obtain, with Cpy = Ca(1 + C4),

(R, (I — Py—1)v, (I — Py—1)v) < Car A((I = Py—1)v, (I — Py_1)v).

We have thus proved (2.4) and hence the theorem for the case Ry = 3Jp,.

The proof for the case Ry = &, is analogous. We use Lemma 2.2 in the place
of Lemma 2.1 and use the smoothing property of the line Gauss-Seidel in Lemma, 5.2
instead of Lemma 5.1. O

Since By Ay is symmetric in the energy inner product A(-,-), Theorem 6.1 implies
that ||(I — BxAg)v||la < 6||v]|4 for all v € My. Consequently, the error operator of the
multigrid iteration (2.1) is a uniform contraction in the || - ||4 norm and the iterates
defined in (2.1) satisfy

[ —ulla < 6™ [[u™ —ulla.

Remark 6.1 It is desirable to avoid the condition in (1.4) in our theory. However it
is not clear that this is possible even in the case when b(z,y) is uniformly bounded
from above and below. O

Remark 6.2 Note that if b(z,y) ~ h2, then the error operators, I — %SkAk and
I1— &y, corresponding to the line Jacobi and the line Gauss-Seidel methods are already
uniform contractions on M. O

Remark 6.3 Our analysis remains valid for other polynomial finite elements as well.
The approximation property is a consequence of the fact that the linear elements
are a subspace of these higher order elements and the smoothing property can be
established in a way similar to that of the linear element. O

7 Matrix-vector implementation

We now discuss briefly the implementation of the multigrid algorithm using a matrix-
vector notation. Let {#t}, i = 1,..., Ny, be the nodal basis of My. Then each
function v in M} is associated with two vectors, its “coefficient vector” ¥ and its
“dual vector” v. The components of the coefficient vector ¥ consist of the coefficients
of v with respect to the basis {¢.} and the dual vector, defined by v = [(v,¢})],
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represents the action of v on the basis {gb}c} Corresponding to the operator Ay, is the
stiffness matrix 4y = [A(¢L,¢7)]. Using this notation, the finite element equation
Ajup = fr can be written as a linear system of equations:

Apti = J:k

To define the multigrid algorithm in terms of vectors and matrices, we introduce, for
each smoother Ry, a smoothing matrix Ry satisfying

E];_f/k = Ekfk, for all fk; € M. (71)

It is easy to check that the smoothing matrices corresponding to Ry = %fmk and
Ry, = &, are just the block diagonal and lower block triangular parts of Ay.

Since My 1 C My, the basis functions of Mj,_1 can be expressed in terms of those
of My, i.e.,

Ni .

i k 1j

1 = E‘%‘j‘ﬁk-
j=1

The “interpolation matrix” and the “prolongation matrix” are given respectively by
M1 = [afj] and II}_,.

With the above notation, the coefficient vectors, @™, of the multigrid iterates u™
defined in (2.1) can be computed by

A = @™ 4 By(f — Api™), m=0,1,..., (7.2)
where ﬁk is defined recursively by the following algorithm:

Algorithm 7.1 (Matrix-vector form) Set El = {ill_l. Assume that %k_l has been
defined. Define Ek : RNt — RNk as follows.

(1) Pre-smoothing: Set v' =¥ + }Nii (]N”k - ékﬁ).
(2) Correction: Define 3" = &' + 1, _,G (0 = 0) where

q= Ek—ﬂ_lk—l([k - 1;11917')-

(3) Post-smoothing: Set Ekfk =9" + ﬁk(fk — Ap0").
It is straightforward to check that if Ek and Ry are related by (7.1), then
Bifr = Bify, forall fj e M,.

Therefore, Algorithms 7.1 and 2.1 are the same and @™ defined by (7.2) is the coeffi-
cient vector of 4™ defined by (2.1), provided that f} is the dual vector of f; and @°
is chosen to be the coefficient vector of u0.
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Bibliographical notes.

Some earlier work on multilevel methods for anisotropic problems can be found in
Hackbusch [7] and the references therein.

The multigrid algorithm considered in this section is well known and dates back
at least to the early eighties. It is also known that the method performs quite well;
cf. Hackbusch [7]. To our knowledge however there is no rigorous proof for the effi-
ciency of the algorithm. Our result can be considered as a generalization of the work
of Braess and Hackbusch [1] to the case of anisotropic equations.

Some recent work on multilevel methods for anisotropic problems can be found,
for example, in Wittum [14, 15], Stevenson [10, 9, 11, 13, 12], Griebel and Oswald [6],
and Hemker [8].
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