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ANALYSIS OF A FINITE PML APPROXIMATION FOR THE THREE
DIMENSIONAL TIME-HARMONIC MAXWELL AND ACOUSTIC
SCATTERING PROBLEMS

JAMES H. BRAMBLE AND JOSEPH E. PASCIAK

ABSTRACT. We consider the approximation of the frequency domain three dimensional
Maxwell scattering problem using a truncated domain perfectly matched layer (PML)
(cf. [3] and [4]). We also treat the time-harmonic PML approximation to the acoustic
scattering problem. Following [11], a transitional layer based on spherical geometry is
defined which results in a constant coefficient problem outside the transition. A trun-
cated (computational) domain is then defined which covers the transition region. The
truncated domain need only have a minimally smooth outer boundary (e.g., Lipschitz
continuous). We consider the truncated PML problem which results when a perfectly
conducting boundary condition is imposed on the outer boundary of the truncated
domain. The existence and uniqueness of solutions to the truncated PML problem
will be shown provided that the truncated domain is sufficiently large, e.g., contains a
sphere of radius R;. We also show exponential (in the parameter R;) convergence of
the truncated PML solution to the solution of the original scattering problem inside
the transition layer.

Our results are important in that they are the first which show that the truncated
PML problem can be posed on a domain with non-smooth outer boundary. This al-
lows the use of approximation based on polygonal meshes. In addition, even though
the transition coefficients depend on spherical geometry, they can be made arbitrar-
ily smooth and hence the resulting problems are amenable to numerical quadrature.
Approximation schemes based on our analysis are the focus of future research.

1. INTRODUCTION

In this paper, we consider the acoustic and electromagnetic scattering problem in
three spatial dimensions. Simulations involving these problems are inherently difficult
for a number of reasons. First, although the problems are symmetric, they are indefi-
nite. Second, the problems have a scale related to the wavenumber k£ and so standard
discretizations require mesh sizes proportional to k~!. Third, the problems are posed
on infinite domains.

The focus of this paper is on the third issue above, i.e., how to deal with the boundary
condition at infinity in a computationally effective way. Specifically, we shall study per-
fectly matched layer (PML) approximations to acoustic and electromagnetic problems.
The goal is to demonstrate both the solvability of the continuous PML approximations
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and the convergence of the resulting solutions to the solutions of the original acous-
tic/electromagnetic problem.

Recently, there has been intensive computational and theoretical research toward un-
derstanding the properties of PML approximations. The research into the computational
aspects of these methods is the subject of many papers in the engineering literature and
we shall not attempt to discuss them here. There is evidence to suggest that this ap-
proach is very competitive with standard techniques for computational domain trunca-
tion. In the paper by Petropoulos [15] he refers to recent numerical results in [10] which
“indicate our reflectionless sponge layer provides levels of numerical reflection from 9€2°¢
that are comparable to those obtained with the exact ABC [9] for vector spherical waves
scattering from a dielectric sphere but at a substantial savings in computational cost.”

The original PML method was suggested by Bérenger in [4] and [3]. The observation
that a PML method could be considered as a complex change of variable was made
by Chew and Weedon [5]. Using this technique, Collino and Monk [6] derived PML
equations based on rectangular and polar coordinates. There, they also showed the exis-
tence and uniqueness of solutions of the truncated acoustic PML except for a countable
number of wave numbers. The formulation of PML equations for (2.1) in spherical co-
ordinates can be found in [13]. Lassas and Sommersalo [11] proved the existence and
uniqueness of the PML acoustic approximation on a truncated domain where the outer
boundary was circular. In a later paper [12], they extended these results to smooth
convex domains in R".

To date, there has been relatively little analysis of the truncated electromagnetic PML
equations. Techniques for the acoustic problem do not carry over directly to the electro-
magnetic problem. This stems from the fact that the acoustic problem is strongly elliptic
(up to perturbation) while the electromagnetic operator has an infinite dimensional ker-
nel consisting of functions which are gradients. For example, Collino and Monk [6] use
a perturbation analysis to derive their existence result. Carrying this argument over to
the electromagnetic PML poses significant analytical difficulties requiring the analysis
of vector decompositions involving the complex-valued PML coefficient. Recently, Bao
and Wu gave a convergence analysis for the electromagnetic scattering problem where
the PML layer was a spherical shell [2].

We will present a new analytical approach for the study of the electromagnetic PML
equation in this paper. Not only do we derive existence and uniqueness for the PML
approximations but our analysis leads to inf-sup conditions on the truncated domain,
an essential part of any finite element analysis.

Let  (the scatterer) be a domain in R?. We shall first consider the acoustic scattering
problem with a sound-soft obstacle. This involves a scalar function u defined on Q¢ the
complement of Q. satisfying

Au + k*u =0 in Q°,
(1.1) u = g on 02,
lim p(Vu - & — iku) = 0.

p—00

Here p = |x|, & = /p, and k is a real positive constant. We have absorbed the medium
properties into the constant k.
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We will also consider the time-harmonic electromagnetic scattering problem. In this
case, we shall assume, for convenience, that €2 is simply connected with only one bound-
ary component. We seek vector fields E and H defined on Q¢ satisfying

—itkpH+ VX E =0, in Q°
—ikeE — VXH=0, in Q°
nx E=mn xg, on 0,
lim p(pH x & — E) = 0.
p—o0

(1.2)

Here g results from a given incidence field, p is the magnetic permeability, € is the
electric permittivity, and n is the outward unit normal on 0€). The last line corresponds
to the Silver-Miiller condition at infinity. We assume that the coefficients p and € are
real valued, bounded away from zero and constant outside of some ball.

We introduce some notation that will be used in the remainder of the paper. For a
domain D, let L?(D) be the space of (complex valued) square integrable functions on D
and L*(D) = (L*(D))? be the space of vector valued L?-functions. We shall use (-, -)q to
denote the (vector or scalar Hermitian) L?(€2) inner product and < -, - >r to denote the
(vector or scalar Hermitian) L?*(T") boundary inner product. When the inner product
is on all of R? we will use the notation (-,-). The scalar and vector Sobolev spaces on
D will be denoted H*(D) and H*(D) respectively. Let H(curl; D) be the set of vector
valued functions, which along with their curls, are in L*(D). Hg(curl; D) denotes the
functions f in H (curl; D) satisfying n x f = 0 on 092. We assume that n x g above is
the trace n x g of a function g € H (curl; Q°) supported close to 5.

For a subdomain D C ¢, by extension by zero, we identify H}(D) (respectively,
H(curl; D)) with {v € H}(Q°) (respectively, Ho(curl;Q°)) : supp(v) C D}.

2. THE BERENGER LAYER

For convenience, we shall take p = € = 1 in (1.2) as all of our results extend to the
more general case as long as the coefficients are constant outside of a ball of radius r.
We can reduce to a single equation involving E by eliminating H in (1.2). This gives

~ VX VXE+EE=0in Q°,
(2.1) n x E=mn x g on 01,
lim p((VXE) x & —ikE) = 0.

p—00

Throughout this paper, we shall use a sequence of finite subdomains of 2¢ with spher-
ical outer boundaries. Let o < < ... <14 be an increasing sequence of real numbers
and let Q; denote (interior of) the open ball B; of radius 7; excluding € (we assume
that r( is large enough so that the corresponding ball contains € and that the origin is

contained in 2). We denote the outer boundary of €; by I';. The values of rg,71,...,74
are independent of the computational outer boundary scaling parameter R; (introduced
below).

As discussed in [6], the PML problem can be viewed as a complex coordinate trans-
formation. Following [11], a transitional layer based on spherical geometry is defined
which results in a constant coefficient problem outside the transition. Given g, r1, and
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o, we start with a function o € C?(R™) satisfying

a(p) =0 for0<p<ry,
a(p) =09 for p>ry,
a(p) increasing for p € (rq1,72).
We define
p=p(l+i5) = pd.
One obvious construction of such a function ¢ in the transition layer r; < p < ry with
the above properties is given by the fifth order polynomial,

5(p) = 00</p(t L T t)%zt) </T2(t —r)2(ry — t)2dt) T drm<p<r

T1 T1

A smoother o can be constructed by increasing the exponents in the above formula.
Each component of the solution E of (2.1) satisfies the Helmholtz equation with
Sommerfeld radiation condition, i.e.,

Au+Ku=0 forp>ry,
lim p(Vu - & — iku) = 0.

pP—00

(2.2)

Of course, this also holds for the acoustic problem (1.1). It follows that the solution of
(2.1) can be expanded

(23) E = Z Z a’”ymh’iz(kp)ynm(97 ¢)7 for P Z To-

n=0 m=—n

Here Rl (r) are spherical Bessel functions of the third kind (Hankel functions), Y™ are
spherical harmonics (see, e.g., [13] for details) and a,, ,, are vector valued constants. The
solution of the acoustic scattering problem satisfies (2.3) as well with E replaced by u
and the vector coefficients {a,, ,,} replaced by scalar coefficients {a,, ,,}.

The PML solution in either case is developed in a similar fashion. We illustrate the
development in the case of Maxwell’s equations. The (infinite domain) PML solution is
defined by

E(x) for|x| <,

Z Z a”vmh;<kﬁ)ynm(97¢)7 for p= |$| Z 1.

n=0 m=—n

E =

By construction E and E coincide on €. Furthermore, the complex shift in the argu-
ment of i} above guarantees exponential decay of E. ~
The PML solution defined above satisfies a differential equation involving p and Z_ﬁ-
A simple computation shows that
dp
—=(1+io =d
i ( (p))

where
a(p) =3(p) + p3'(p).
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It follows that o is in C'(R") and satisfies
o(p) =0 for0<p<ry,
o(p) >a(p) for p € (rira),
o(p) =09 for p>ry

The solution E satisfies Maxwell’s equations using the spherical coordinates (p, ¢, ¢)
[13]. More precisely,

~V XV X E+KE=0in Q"
(2.4) nx E=nxgon d,
E bounded at co.
For E expanded in spherical coordinates,

E = Epep + Egeg + E¢e¢,

we have
-~ 1 o~ aE9>
VXE:A,*—SIH@E — — | e
dpsin 0 <89( 2 dp )"
1 1 0E, 10 ~ ~
2.5 — L
(25) pd<sm e

; dip(gaﬁp@pm - %%
The PML approximation in the acoustic case is given by
AT+ K =0 in Q°,
(2.6) u = g on 0,

u bounded at oco.

In polar coordinates (p, 8, ¢),

2 2 2
(2.7) Av = ~1 g(dp @)—I—%g(sirﬂ@) —I—#ﬂ
d2dp?0p\ d Op d2p? sin 0 90 o d2p? sin® § 09°

Since the solutions of (2.4) and (2.6) coincide with those of (2.1) and (1.1), respectively,
on €y while rapidly decaying as p tends to infinity, it is natural to truncate to a finite
computational domain {2, and impose convenient boundary conditions on the outer
boundary of ., (which we denote by ', ). We shall always require that the transitional
region is contained in ., i.e., Qs C Q. We introduce the parameter R, and assume
that Q. contains the sphere of radius R;. Our analysis will require only a fixed (Lipshitz
continuous) outer boundary shape (but one that we enlarge by our dilation parameter
R;). Of course, in practice, it is often convenient to take a polyhedral outer boundary.

It will be critical to keep track of the relation between constants appearing in the
inequalities and the scaling parameter R;. Our constants are independent of R; and will
be denoted generically with the letter C'.
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The truncated PML approximations are then given as follows. In the case of Maxwell’s
problem, we consider the truncated PML problem involving a vector function E; defined

on () and satisfying
~V XV X E,+kE;=0in Q,
(2.8) nx E,=n x g on 09,
n X E; =0on I',.
Analogously, for the acoustics problem, we consider wu; defined on €., satisfying
ATy + k4 = 0 in Qe
(2.9) u; = g on OS2,
u; =0 on I's.

Remark 2.1. 1t is possible to use and analyze other conditions on the outer boundary.
We choose Dirichlet conditions for convenience.

3. ANALYSIS OF THE TRUNCATED ACOUSTIC PML (2.9)

In this section, we will prove that the truncated PML acoustic problem (2.9) has a
unique weak solution which converges exponentially to the solution of (1.1) near the
obstacle. We will first prove uniqueness for (2.9). To do this we will use a duality
argument. A similar technique was used in [8] for the exterior Helmholtz problem
to estimate the effect of truncating the infinite domain and imposing an approximate
absorbing boundary condition.

We first consider a weak formulation of (2.6). Define the sesquilinear form,

~ 2o 0
b(v, x) = k*(d*v, X)or — (Ea_p’ ap <§)>
Qc

_(Lovoxy (1 Ovox
200°90 )., \ s’ 000° 36 ),
This form is well defined for v € H'(2¢) and x € H'(Q¢) and results from (2.6) and
integration by parts. For g € HY?(09), let § be an H*(Q°) bounded extension of g

supported in €y. The weak solution of (2.6) is the function & = g —w where w € H}(Q°)
satisfies

(3.2) b(w, ) = b(g,¢) for all ¢ € HJ(Q).

We will subsequently show that the variational problem (3.2) is well posed and that u
is well defined and independent of the particular extension g.

To employ the duality technique, we need to consider the adjoint source problem on
the infinite domain. For ® € L?(Q°), let 2 € H}(Q°) satisfy

(3.1)

(3.3) b(x, %) = (x, ®)qe, forall x € HI(QF).
It is immediate that 2 = dz (Z denotes the complex conjugate of z), where z satisfies
(3.4) b(z,x) = (®/d, x)qe, for all x € H(Q°).

The above problems are well posed as is shown in the following theorem.
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Theorem 3.1. Let ® be in L*(Q°). Problems (3.4) and (3.3) have unique solutions
2,2 € HYQC) satisfying

To prove the above theorem and subsequent results, we shall require the following
theorem which follows easily from a theorem due to Peetre [14] and Tartar [16] (see, e.g.
Theorem 2.1 of [7]).

Theorem 3.2. Let A(-,-) be bounded sesquilinear form on a complex Hilbert space V
with norm || - ||v. Let W be another Hilbert space and T a compact operator from V to
W . Suppose that the only solution of

A(u,v) =0 forallveV
is u =0 and that

A
|lully < Cisup M + Co||Tullw  for allu € V.
veV ||U||V
Then, there exists C's > 0 such that for allu € V,
Alu,v
(3.6) lully < C5sup [ACu, v)| )|
vev  lvllv

Proof of Theorem 3.1. We will use Theorem 3.2 to show that the form (3.1) satisfies an
inf-sup condition on Hg(€2¢). To this end we break the form into two parts as follows:

(37) b(”vX) = bl(”vX) +I(U7X)

where

D)
cm>m%mzwu@wm_(d%ék)_(18v®) _( 1 &JW)’
Qc Qc Qe

2 dp’ dp 200" 06 p2sin293_¢’8_¢
and

d2d dv ~
39 100 = (Grg0) + K@ = doar

where do = 1+ igy. Notice that d’ and (d2 — d2) both vanish for p > r5. Hence
(3.10) 11 (v, 0)] < Cllv]| 2@ [0l 102y,

Recall that d = 1 + 45 and d = 1 + i0 and that o > o. It follows easily that there is
a positive real number « such that that
d?
(3.11) Re[d3(1 +ia)] < —C; < 0 and Re [ﬁ(l + ia)] > (Cy >0,
for o large enough. In fact, it suffices to choose o > mazx[(1 — 03) /200, o], where oy
is the maximum of o. It follows from (3.8) and (3.11) that

(3.12) (1+a®)2|bi(v,0)] > [Re[(1 + ia)ba(v, v)]| = CllollF qe).
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It immediately follows from (3.10) and (3.12) that

b
||v||H1(Qc>gc( wp o)l

frt oy ).
weH(Qe) ||’LU||H1(Qc) (622)

Now, using the argument in [6], we have the uniqueness property that if v € H}(Q°)
and b(v, ¢) = 0 for all ¢ € C5°(Q°) then v = 0. Theorem 3.2 (with T': H'(Q2°) — L*(Qy),
the imbedding into L?(€),) of the restriction of elements of H'(¢) to Q) then gives the
inf-sup condition

|b(v, @)

(313) HUHHl(Qc) < C sup
1Bl 1 (e

PECT (Q2¢)

, for all v € Hy(02).

The corresponding inf-sup condition for the adjoint problem follows from the identity

(3.14) b(¢,v) = b(v/d, dg).
Hence, by the generalized Lax-Milgram Lemma, there exists a unique z € H}(Q°) satis-
fying (3.4). Moreover,

b(z,
el <€ sup A2

secee (o) |0l a0 )

This completes the proof of the theorem. O

Remark 3.1. Applying a standard lifting estimate, the proof of the above theorem implies
that the solution w of (2.6) satisfies

[l ey < Cllgll a0y < Cllgllarzon)-
In addition, the inf-sup condition proved above immediately implies that u is indepen-
dent of the choice of extension g.

We will first prove uniqueness for (2.9). In order to do this we will need the following
two propositions. These propositions will be used extensively throughout the remainder
of this paper. The first is a classical interior estimate for the solution of an elliptic
equation. The proof is elementary.

Proposition 3.1. Suppose that w satisfies the Helmholtz equation
(3.15) Aw+ pw =0

in a domain D with a (possibly complex) constant 3. If Dy is a subdomain, whose closure
18 contained in D, then

(3.16) |l z2(pyy < Cllwl2(py-

We also need the following proposition.

Proposition 3.2. Assume that w is bounded at infinity and satisfies (3.15) in Q°\ Qy
with § = k*dj. Set S, = {x : dist(x,I'x) < v} with v fized independent of Ry > 14

and small enough that S., is in Q¢ \ Q4. Then

[w||z2s,) < Ce M| |w]| L2y
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Proof. The fundamental solution of (3.15) with 3 = k%d2 is
_exp(tkdo|z — yl)

For any point  in S,
(3.17) ww) = [ o™ as, — [ BBy y) as,
I Ory r, Ory

Note that there is no contribution above from infinity. Indeed, since w is bounded at
infinity it can be written as a (scalar) expansion of the form of (2.3) with k replaced by
dok. In addition, 1 decays rapidly at infinity since dy has a positive imaginary part and
so the outer boundary contribution limits to zero.

Using Schwarz’s inequality and the properties of v it is easy to see that

VA==
O |l r2(ry) r |z —yl?)

Integrating over S,, using a standard trace inequality and Proposition 3.1 we obtain
Proposition 3.2. 0]

(3.18)  |w(@)? < Ce 2ok (nwn%z(pg) ; H

We can now prove the following theorem.

Theorem 3.3. Let u be in H} () and satisfy (2.9) with g = 0. Then, for R, large
enough, u = 0. That is to say if u € H} (D) satisfies b(u, ) = 0 for all ¢ € H}(Q)
then u = 0.

Proof. Let u be in H} () satisfy (2.9) with g = 0, ® be in L*(Q°) with support in
and 2 € H}(Q) be the solution of (3.3). Then

N Ou
(3.19) (1, ®)o, = blu, 2) =< a_Z’ 5>

Let H'(Qs \ 3) denote the set of functions in H'(Qs \ Q3) which vanish on I's.

Define the norm
| < w? qb >Fo<> |

||w||H*1/2(1"oo): _sup -
seit (g |9l (@u\0s)

Let x be a smooth cutoff function with support D; in S, (of Proposition 3.2) which is
one on I'y,. Applying Propositions 3.1 and 3.2 to Z and (3.5), it follows that

|(u, ®)q,| < C—2n [
! BE )
ou 2
< 55 X2 >T |
(3.20) colm oy
||XZ||H1(SW)|
ou
<C’e_"°th D|l;2 — .
< [@lz200 | 5 e

_ We next estimate the negative norm on the right hand side above. Let h be in
HY(Qu \ ©2) and be equal to zero in Q3 \ Q. Let ¢ € H} (Qu \ Q2) satisfy

(V% v‘g)ﬂw\ﬁz - kz(fé(% 9>Q00\Q2 = (Vilv ve)ﬂoo\ﬁz - k2j§(ﬁ7 ‘9)900\92
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for all @ € H} (% \ €2). This problem is well posed since d2 has a nonzero imaginary
part. It follows that

111 (0.\02) < CllAI 1 (0.0\02)-
We set h = h — 1. Note that both u and h satisfy homogeneous equations in Q4 \ Qo,
ie.,

(3.21) Au+ k*diu = 0, Ah+ K*dih = 0.
Now, using Green’s identity,
ou - ou ou oh
22 o e o | o

Finally, using Proposition 3.1 (with D; a domain containing '3 whose closure is in

Q4 \ QQ)v

oh
| < 8—n’h >py — < U o >ry | < Cllull 2o ||l 220

(3.23) < Cllullz@allPll 22 @i

< Cllull 2y 1l 1 (9200\05) -

Combining the above results shows that

ou

a—n H-1/2(T )S CHUHLQ(m)
and hence, using (3.20), we have
(3.24) lull 220y < Ce™™ ¥ Ju]| 2y,

i.e., u vanishes on )4 provided R; is taken large enough. It follows by unique continuation
that u vanishes on all of 2.,. This completes the proof of the uniqueness theorem. [J

We next give a weak form of Problem (2.9). For g € HY?(0%) let § be an H'(Q°)
bounded extension of g with support in €. The weak solution of (2.9) is the function
U, = g —w where w € Hy () satisfies
(3.25) b(w, ) = b(g,¢) for all ¢ € Hy(s).

The next theorem shows existence and gives error estimates for the weak solution.

Theorem 3.4. The variational problem (3.25), for R, sufficiently large, has a unique
solution. The resulting weak solution u; of (2.9) is well defined and independent of the
extension g. Finally,

12— T 200y < Ce M| gl /2 o0
Here u is the solution of (2.6).

Remark 3.2. The above theorem shows that u; converges exponentially on §24 to u as
R; — oo. It follows that u; converges exponentially to v on §2;.

Proof. We note that (3.10) and (3.12) hold on the restricted space H{ (2) so the unique-
ness result of the previous theorem and Theorem 3.2 implies the inf-sup condition

(3.26) o] 1y £ C sup M, for all v € Hy(Qoo).

$ECT (Qoc) ||¢|’H1(Qoo)
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Uniqueness for the adjoint problem on H}(€) follows from Theorem 3.3 and (3.14).
This implies the existence and uniqueness of solutions to (3.25). It is easy to see that
the resulting function w; is independent of extension g.

To finish the proof, we need to show that u; converges to u, the solution of (2.6), in
L*(€,) and that the convergence is exponential as R; increases beyond some threshold.
To see this set ¢ = U — ;. As in the proof of Theorem 3.3, let ® be in L*(Q°) with
support in Q4 and 2 € H 1(QC) be the solution of (3.3). Let £ denote the formal adjoint of

the operator d2A. Since A is a multiple of A except on the transition layer r; < p < 79,

~

(e,P)q, = —(6,L2)q., = — <1, 0 >r.. +boo(€, 2)

on
20 —<gA> —<~%>
S on ¢ T Y on T

Here by (-, ) denotes the form on H'(Q.) x H'(Q4) which results from replacing the
domain of integration Q¢ in (3.1) by Q4

To handle the first term on the right hand side of (3.27), we shall use estimates in the
proof of Theorem 3.3 (with u replaced by €). As in (3.20),
e e
on’ on

We estimate the negative norm again following the proof of Theorem 3.3 but replace
(3.22) with

| < — Z >1"OO ‘ < C@ JOthH(I)HLz(m

Hﬁl/z(roo)

(96 - de
8n h>poo— a—n,h>1"OO
de oh _ Oh
:_<8 h>1"3+<€an>1"3+<u,8—n>rm.

The first two terms on the right hand side above are estimated exactly as in (3.23). For
the last, we note that because h satisfies (3.21),

oh

o < C”hHHl(Qoo\QQ)'

H—1/2(Foo)

Thus,
| < ﬂ,a—n >ro. | < Cldll g1 oyl e ©@.o\0s)

where D; C S,. Applying Propositions 3.1 and 3.2 gives

| <o > | < Cen ™M [l 2oy 1] 0.\00)-

Combining the above gives

~

- Y ~ Y ~ 0z

(3.28) |(€,®)a,| < Cem ™ )|D|| 121,y ([[E]| 20y + €™M ([l p2(n) + | < @, 5~ o

Now, using a standard trace inequality, Theorem 3.1, Proposition 3.1 and Proposi-
tion 3.2, we obtain

>ro |-

~

_ 0z Con -
(3.20) | <7 >ra | < Ml a0y @20,
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Thus we have
(€, @)a,| < Cle™ €]l 2y + e [l 12(0) )12 2202 -
JFrom this and Remark 3.1, it follows that
€]l 200) < Ce M lE]| 2y + Ce™ > | g[| g1/ a0y -
Hence, for R; large enough, we obtain the convergence estimate
1% — @l r2n) < Ce™ | g]l /200

This completes the proof of the theorem. O

4. UNIQUENESS FOR THE TRUNCATED ELECTROMAGNETIC PML PROBLEM.
Following [13], we define the diagonal matrices (in spherical coordinates)
Av = d *v,e, + (dd) " (vgeq + vpey)
and B
Buv = dv,e, + d(vgeg + vgey).

Then, V X E = AV X (BE). N

We first define a weak form of the PML problem (2.8) by setting E; = g — w and
setting up a variational problem for 2 = Bw € H(curl; Q..), i.e.,
(4.1) A(E,¥) = A(Bg,¥) forall ¥ € Hy(curl; Q).
Here the sesquilinear form A is given by

AO, W) = —(p, ' VX O, VX W) + k*(1,©, U)o for all @, ¥ € H(curl; Q°)

and p, is the three by three matrix which corresponds to the diagonal matrix (AB)~!
in spherical coordinates. As usual, we define the form on the larger space and consider
the space H(curl; ) as the subset defined by extension by zero.

Our first task is to show uniqueness when R; is sufficiently large. That is if © is in
H(curl; Q) and

(4.2) AO,¥) =0 forall ¥ e Hy(curl; Q)
then ® = 0.
As was done in the analysis of the acoustic problem, we will again use a duality argu-

ment. We consider the adjoint source problem: For ® € L*(Q°), find 2 € H(curl; Q°)
satisfying

(4.3) A(©,2) = (0,®)q. for all ® € Hy(curl; Q°).
It is immediate that Zz = z, where z is the solution of
(4.4) A(z,0) = (®,0)q. for all ® € Hy(curl; Q°).

We need the following theorem.

Theorem 4.1. Let ® be in L*(Q°). Problems (4.4) and (4.3) have unique solutions
z,z € H(curl; Q°) satisfying

(4.5) 12l #reurroe) = [ 2] meurae) < Ol @] L2(0e)-
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For the proof of this theorem, we require the following lemma whose proof appears in
the appendix.
Lemma 4.1. Let D either be 2 or )¢, respectively. Set
X(D) = Hy(curl; D) N H°(div; w,, D),

where H°(div; w,,, D) = {U € L*(D) : V- (uU) = 0}. Then the functions in X(D),
restricted to w, are in H*(w) for some s > 1/2 where w = Qo or w = §a, respectively.

Proof of Theorem 4.1. We will prove that, for W € X(Q°),

(4.6) W | E(curtoe) < C' sup M
vex(oe) | VI H(curtoc)
To this end, set B(U, V) = A(U,7V), where n = d2/d. Then
BU,V) = —(p, "' VXU, VXiV)ge + k* (i, U, V)
=~y VXU, VXV)oe — (" VXU, (V7)) x V)

(4.7) )
+k (n“'va V)QC
=B(U,V)+Z(U,V).
Here
Bi(U,V) = —(np, ' VXU, VX V)qe + k*(d3U, V)qe
and

I(U7 ‘/) = _(I“l’b_1 V' U7 (Vﬁ> X V)Qz - kz((ng o nu’b)Ua WQT
The last two integrations are over (), since both Vi and (d2I — np,) vanish for p > ry.
We obviously have

(4.8) IZ(V, V)| < ClIV]a o)V @,):
Choosing « as in (3.11) we obtain for V'€ H(curl; Q°)
(4.9) (1+a®)2|Bi(V, V)| 2 |Re[(1 +ia)Bi(V. V)]| 2 C|| VIl (eure)-
Multiplication by 77! is a bounded operator on H (curl; 2¢). Thus,
|BW, W) )
w curl;e) < Cl 7 + (| W
W o) < (e + Wz,
AW,
<o sw VL)
veHo(curl:¢) || VI H(curt0e)

Let H}(9°) denote the completion C$°(Q°) in the norm [Vullg2(qey. For V€ Hy(curl; ),
we decompose Vas V = v + V¢ with v € X(Q°) and ¢ € H}(Q°). Indeed, v is the
solution of
(4.10) (1, Vb, VO) = (u,V, V) for all § € HE(QF).

This problem is uniquely solvable since the real part of p, is uniformly positive definite.
Moreover,

VY| eurtioe) < Cl V] 200
SO
||UHH(cur1;QC) S CHVHH(curI;QC)-
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Thus, for W € X(°)

AW, v)|
W H (curoe) < C( sup o + [|[W{|2(q,)
VeH(curl;Q2¢) |V]|H(curl;QC)
AW, v)|
< C( sup "+ [|[W||r2(q,) |-
vEX(QC) ||’U||H(curl;QC)

To apply Theorem 3.2 (with T : X(Q°) — L?*(€), the imbedding into L*(£) of the
restriction of elements of X(£2°) to €2s) to prove (4.6) we need only check the uniqueness
property.

We note that we have the uniqueness properties for A and its adjoint in Hy(curl; Q)
(cf. [13]), specifically, if uw € Hy(curl; §2¢) satisfies

(4.11) A(u,w) =0 for all w € Hy(curl; Q°)
then w = 0 and if w € H(curl; Q°) satisfies

(4.12) A(w,u) =0 for all w € Hy(curl; Q)
then u = 0.

We show the above uniqueness property on the restricted space X(€2¢). Suppose that
W is in X(€2°) and satisfies
(4.13) AW ,v) =0 forall v e X(Q).

For any V € H(curl;Q°), we decompose V = v + Vi as above. Since W € X(Q°),
AW, V) = A(W,v) = 0 by (4.13) and W = 0 follows from (4.11). Finally, (4.6)
follows from Theorem 3.2. .
We can now complete the proof of the theorem. For ® € L*(Q¢), define ¢ € H}(Q°)
by
AV, Vi) = k(1Y 6, Vib) = (B, V), for all ¢ € Hy ().
Next define W € X(2¢) to be the solution of

(4.14) AW, v) = (®,v) — k*(u,V,v), for all v € X(Q°).
As above, the uniqueness property for the adjoint on H(curl;Q¢) implies the corre-
sponding property on the restricted space X(€2¢). Thus, the existence of W satisfying
(4.14) follows from (4.6) and the generalized Lax-Milgram Lemma.

The solution of (4.4) is then given by z = W+V¢. Indeed, for any ® € H(curl; Q2°),
we decompose © = v 4+ Vi with v € X(Q°). Then

A(z,0) = AW, v) + AW, V) + A(Ve,v) + AV, Vi)
= ((i)u U) - k2<l"'bv¢7 'U) + kz(”bv¢7 U) + ((i)7 VID) = ((i)u ®>
Evidently
12| H(euroe) < Cll@[|£2 (00,

which concludes the proof. O

Corollary 4.1. Let E be the solution of (2.4) and g be an H-curl extension of g with
support in qy. Then

HEHH(curI;QC) < C||§HH(CUI'1;QO)'
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We can now prove the uniqueness theorem for the problem on 2.

Theorem 4.2. For R, sufficiently large, the only solution ® € Hy(curl; Q) satisfying
(4.2) is © = 0.

Proof. Suppose that © satisfies (4.2). For & € L?(Q°) with support in Q4 let 2 satisfy
(4.3). Both n x © and n x 2 vanish on 0. Also n x © vanishes on I',. In addition,

the components of 2 satisfy (3.15) with 3 = k%d3 outside of Qy so 2 is in H? near I'.
Thus,

(415) (@, @)94 = .A(@, 2) = dal <nxVX0O,z>p .
Let EII(QOO \ ;) denote the set of functions in H' (2, \ Q3) which vanish on I's. Set

Hw||H*1/2(Foo) = sup .

Let x be a smooth cutoff function with support D; in S, (of Proposition 3.2) which

is one on I'y,. Since each component of 2 satisfies (3.15) with 3 = k?d3, applying

Propositions 3.1 and 3.2 and Theorem 4.1 it follows that

| <nx VX0, xz >r_ ‘Hi
X2 £ s,

| <X VX0, xz >r_ |H2

(©, @), <C e o)

(4.16)

<C

. lz2(s
Ix2 ||z (s.) (5)

< Cem ™MD 2 g [0 X (VXO)|| 1/2(r) -
1V\/e next estimate the negative norm on the right hand side above. Let h be in

H (Qu \ 3) and ¢ € Hy(curl; Qy \ §23) satisfy

—(VXv,Vx0)g \q, + k2 d3(v, 0)o. a5 = —(Vxﬁ, VXx0)o 0, + k%ﬁ(ﬁ, 0)a.\0;
for all @ € Ho(curl; {2 \ Q3). This problem is well posed since d2 has a nonzero imag-
inary part. We set h = h — ). It follows that

1P| (curt;0o0\s) < C||ﬁ||H(curl;Qoo\Q3)'

Note that both ® and h satisfy homogeneous equations in Q. \ Qs,
—~ VX VXO + k*d;® = A® + k*d}© =0,

— VX Vxh+kd}h =0.

It follows that VX® and VXh are also in H(curl; Q. \ Q3). Now, integrating by
parts gives

(4.17)

<nXVXO h>r_ =<VXO, hxn >r_
=—(VX0O,Vxh)g \a, + (VX VX O h)g \a,
(4.18) =< ©,n X VxXh>p, —(©, VX VX h)y \q,
+ (VX VX 0O,h)q \a,
=< 0O,nx VxXh>p,.
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The first integration by parts formula is justified as b = h+1 and the formula holds for
both terms. The second integration by parts above is justified because n x © vanishes
on Iy, and O is smooth in a neighborhood of T's since it satisfies (3.15) with § = k*d?
there. Finally, using (3.16) (with D; a domain containing I'; and whose closure is in
04\ ),

| < ©.mx Vxh>r, | < 010y VX hlaeurto o

< 10| 2y llPll H (@u\0s)-
Combining the above results shows that

[ X VXO[ g-12(r,.) < ClO] 20
and hence, using (4.16),
101|120y < Ce™ " |1O]| 20,

It follows that © vanishes on €24 for R, sufficiently large. In this case, unique continuation
implies that ® vanishes on all of €2,,. This completes the proof of the theorem. 0

5. EXISTENCE AND CONVERGENCE OF SOLUTIONS OF THE TRUNCATED
ELECTROMAGNETIC PML PROBLEM (2.8)

The existence and convergence of solutions to the PML problem depend on the unique-
ness result of the previous section. Accordingly, we shall assume that the hypotheses of
Theorem 4.2 are satisfied throughout this section.

We are now in position to prove the existence theorem.

Theorem 5.1. Let g admit an H (curl; Qg)-extension g supported in Qy. Then for R,

sufficiently large, the truncated PML problem (2.8) has a unique solution E.

Proof. The theorem will follow if we show the existence of a solution to (4.1). Now that
we have proved uniqueness of (4.2), we follow the proof of Theorem 4.1 with Q¢ replaced
by Q. In exactly the same way we arrive at the analogous inf-sup condition,

(5.1) W 5 (cur;0.) < C( sup M), for all v € X(Quo).
VeX(Qxo) H‘/”H(curl;Qoo)

Following the proof of Theorem 4.1, we define ¢ € H; () by
AV, Vi) = A(Bg, V), forall Vi € Hy(Qs).

Clearly, A(6,u) = 0 for all & € H(curl; Q) is the same as A(u,8) = 0 for all
0 € H(curl; Q). As in the proof of Theorem 4.1, if u € X(Q,) and A(8,u) = 0 for
all u € X(Qu) then u = 0. The generalized Lax-Millgram Theorem shows that there
is a unique W € X({) satisfying

AW, v) = A(Bg,v) — k*(u,Vé,v) forall v € X(Qy).

Then E = W + V¢ satisfies (4.1). Setting E; = g — B™'Z concludes the proof.
U

Finally we want to estimate the error created in replacing the solution of the scattering
problem (2.1) by the solution of the truncated PML problem (2.8). To do this, we
compare the solutions of (2.8) and (2.4), since the solutions of (2.4) and (2.1) coincide in
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Q1. The proof follows the arguments in the proof of uniqueness. We have the following
convergence theorem.

Theorem 5.2. Let E be the solution of (2.4) and E, be the solution of (2.8). For Ry
sufficiently large,

(5.2) 1E: — Ellz2(0, < Ce™ " ||gl| mreurtion)-

Proof. Let F=B (E — E) We follow the proof of Theorem 4.2 replacing ® by F. The

main difference is that n x F does not vanish on I's.
Let @ and 2 be as in the proof of Theorem 4.2. Then, as in (4.15),

(F,®)o, = —(F,Vx(p;) ' VX 2)a., + K (F, pi2)a..
5.3 = —(m, ' VX F, VX2, + B F, 2)o.,
—dy' <nx E, VX2 >p_ .
—d;' <nxVXF, 2> —d;' <nxE, VX% >p_ .

Here p; denotes the conjugate transpose.
To bound the first term on the right hand side of (5.3), we follow the proof of Theo-
rem 4.2. The integration by parts on (4.18) gives an extra term, i.e.,

(54)  <nxVXF h>_=<F nxVxh>p, —<EnxVxh>p_.

For the second term of (5.4), we note that since h satisfies the homogeneous equation
(4.17),

|7 x VXh’HH*l/?(FOO) < Olh|| g curt;0.\0s)
so by Proposition 3.1 and Proposition 3.2,

(5.5) | <E,nxVxh>p, |< Ce_UOth||E||L2(QC)HhHH(curl;Qoo\Qg)-

Using (5.4), (5.5), Proposition 3.1 and Proposition 3.2 and following the proof of Theo-
rem 4.2 (below (4.18)) gives

(5.6) | <mx VXF,z>p, | <C®] 20, (e | F|| 2, + e Bl 12q,))-

Finally we bound the second term on the right hand side of (5.3). Using a trace
inequality we have that

| <nx E, Vx2>r_ | <C|E|ms,|2]mes,)-

Note that the components E and % satisfy (3.15) with 3 = k2d2 in S,. Thus from
Proposition 3.1, Theorem 4.1 and Proposition 3.2, we obtain

|<nxE, VX2 >r_|< Ce_zmth||E||L2(QC)||‘I)HL2(Q4)'
Combining the above gives
(F, @)a,] < Ol @] 20 (€72 Bl p2(0e) + € | F| 2(0)-

The theorem easily follows from the above inequality and Corollary 4.1. U
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6. APPENDIX

We now provide a proof of Lemma 4.1. We first consider the case of ¢ and w = €),.
Let x be a smooth cutoff function which is one on €5\ €; and supported in 3\ . Let
W be in X(02¢) and set W = (1 — x)W. Then, W is in Hy(curl; Q) N H (div; Qy)
and therefore is in H*({23) (see [1]).

The proof in this case will be complete if we show that W is in H*(D) where D =

Q3\ Q. Let D and D extend D (D C D C D) with the closure of D contained in Q°

and let y; be a cutoff function which is supported on D and is one on D. Let ¢ € H&(D)
be the solution of

(Vo,VO) 5 = (xaW, V)5 forall § € HY(D).

Then W = W — Vé is in H(curl; D) N H(div; D), i.e., it is in H*(D). We note
that ¢ also satisfies

(6.1) (1, V6, V0) 5 = —(,W,V6) 5 for all 6 € HL(D).
Now, W is in H'(D) (see, Corollary 2.10 of [7]) so the right hand side above coincides

with a bounded functional on L?. Since the coefficients in p, are in W2 (D), the solution
¢ is in HA(D), i.e., Vo is in H'(D). Thus, W = W + V¢ is in H'(D).

The proof in the case of (), is similar. The only difference is that one uses the constant
coefficient operator in the neighborhood of both the inner and outer boundary (of Q)
to reduce to regularity on an overlapping interior domain.

REFERENCES

[1] C. Amrouche, C. Bernardi, M. Dauge, and V. Girault. Vector potentials in three-dimensional
nonsmooth domains. Math. Methods Appl. Sci., 21(9):823-864, 1998.

[2] G.Bao and H. Wu. Convergence analysis of the perfectly matched layer problems for time-harmonic
Maxwell’s equations. SIAM J. Numer. Anal., 43(5):2121-2143 (electronic), 2005.

[3] J.-P. Berenger. A perfectly matched layer for the absorption of electromagnetic waves. J. Comput.
Phys., 114(2):185-200, 1994.

[4] J.-P. Berenger. Three-dimensional perfectly matched layer for the absorption of electromagnetic
waves. J. Comput. Phys., 127(2):363-379, 1996.

[5] W. Chew and W. Weedon. A 3d perfectly matched medium for modified Maxwell’s equations with
streched coordinates. Microwave Opt. Techno. Lett., 13(7):599-604, 1994.

[6] F. Collino and P. Monk. The perfectly matched layer in curvilinear coordinates. SIAM J. Sci.
Comp., 19(6):2061-2090, 1998.

[7] V. Girault and P. Raviart. Finite Element Approzimation of the Navier-Stokes Fquations. Lecture
Notes in Math. # 749, Springer-Verlag, New York, 1981.

[8] C. I. Goldstein. The finite element method with nonuniform mesh sizes applied to the exterior
Helmholtz problem. Numer. Math., 38(1):61-82, 1981/82.

[9] M. Grote and J. Keller. Nonreflecting boundary conditions for Maxwell equations. J. Comput.
Phys., 139:327-342, 1998.

[10] N. Kantartzis, P.G.Pteropoulis, and T. Ssiboukis. A comparison of the Grote-Keller exact ABC and
the well posed PML for Maxwell’s equations in spherical coordinates. IEEE Trans. on Magnetics,
35:1418-1422, 1999.

[11] M. Lassas and E. Somersalo. On the existence and convergence of the solution of PML equations.
Computing, 60(3):229-241, 1998.

[12] M. Lassas and E. Somersalo. Analysis of the PML equations in general convex geometry. Proc.
Roy. Soc. Edinburgh Sect. A, 131(5):1183-1207, 2001.



ANALYSIS OF A FINITE PML APPROXIMATION 19

[13] P. Monk. Finite Element Methods for Mazwell’s Equations. Numerical Mathematics and Scientific
Computation. Oxford University Press, Oxford, UK, 2003.

[14] J. Peetre. Espaces d’interpolation et théorem de Soboleff. Ann. Inst. Fourier, 16:279-317, 1966.

[15] P. G. Petropoulos. Reflectionless sponge layers as absorbing boundary conditions for the numerical
solution of Maxwell equations in rectangular, cylindrical, and spherical coordinates. STAM J. Appl.
Math., 60(3):1037-1058 (electronic), 2000.

[16] L. Tartar. Topics in Nonlinear Analysis. Math. d’Orsay, Univ. Paris-Sud, 1978.

DEPARTMENT OF MATHEMATICS, TEXAS A&M UNIVERSITY, COLLEGE STATION, TX 77843-
3368.
E-mail address: bramble@math.tamu.edu

DEPARTMENT OF MATHEMATICS, TEXAS A&M UNIVERSITY, COLLEGE STATION, TX 77843-
3368.

E-mail address: pasciak@math.tamu.edu



