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ANAL YSIS OF A FINITE PML APPR OXIMA TION FOR THE THREE
DIMENSIONAL TIME-HARMONIC MAXWELL AND ACOUSTIC
SCATTERING PROBLEMS

JAMES H. BRAMBLE AND JOSEPH E. PASCIAK

Abstra ct. We considerthe approximation of the frequencydomain three dimensional
Maxwell scattering problem using a truncated domain perfectly matched layer (PML)
(cf. [3] and [4]). We alsotreat the time-harmonic PML approximation to the acoustic
scattering problem. Following [11], a transitional layer basedon spherical geometry is
de ned which results in a constarnt coe cien t problem outside the transition. A trun-
cated (computational) domain is then de ned which coversthe transition region. The
truncated domain needonly have a minimally smooth outer boundary (e.g., Lipschitz
cortinuous). We considerthe truncated PML problem which results when a perfectly
conducting boundary condition is imposed on the outer boundary of the truncated
domain. The existenceand uniquenessof solutions to the truncated PML problem
will be shownn provided that the truncated domain is su cien tly large, e.g., cortains a
sphereof radius R;. We also show exponertial (in the parameter R;) convergenceof
the truncated PML solution to the solution of the original scattering problem inside
the transition layer.

Our results are important in that they are the rst which show that the truncated
PML problem can be posedon a domain with non-smaooth outer boundary. This al-
lows the use of approximation basedon polygonal meshes. In addition, even though
the transition coe cien ts depend on spherical geometry, they can be made arbitrar-
ily smooth and hencethe resulting problems are amenableto numerical quadrature.
Approximation schemesbasedon our analysis are the focus of future researd.

1. Intr oduction

In this paper, we considerthe acoustic and electromagneticscattering problem in
three spatial dimensions. Simulations involving these problemsare inherertly di cult
for a number of reasons. First, although the problemsare symmetric, they are inde -
nite. Second,the problemshave a scalerelated to the waverumber k and so standard
discretizations require mesh sizesproportional to k *. Third, the problemsare posed
on in nite domains.

The focusof this paper is on the third issueabove, i.e., how to dealwith the boundary
condition at in nit y in a computationally e ective way. Speci cally, we shall study per-
fectly matched layer (PML) approximations to acousticand electromagneticproblems.
The goalis to demonstrateboth the sohability of the cortinuous PML appraximations
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and the corvergenceof the resulting solutions to the solutions of the original acous-
tic/electromagnetic problem.

Recertly, there hasbeenintensive computational and theoretical researb toward un-
derstandingthe propertiesof PML appraximations. The researt into the computational
aspectsof thesemethods is the subject of many papersin the engineeringliterature and
we shall not attempt to discussthem here. There is evidenceto suggestthat this ap-
proac is very competitive with standard techniquesfor computational domain trunca-
tion. In the paper by Petropoulos[15] he refersto recen numerical resultsin [10] which
\indicate our re ectionless spongelayer provideslevels of numerical re ection from @ °©
that are comparableto thoseobtained with the exact ABC [9] for vector sphericalwaves
scattering from a dielectric spherebut at a substartial savings in computational cost.”

The original PML method was suggestedoy Berengerin [4] and [3]. The obsenation
that a PML method could be consideredas a complex change of variable was made
by Chew and Weedon[5]. Using this technique, Collino and Monk [6] derived PML
equationsbasedon rectangularand polar coordinates. There, they alsoshaved the exis-
tenceand uniquenesf solutions of the truncated acousticPML exceptfor a courtable
number of wave numbers. The formulation of PML equationsfor (2.1) in sphericalco-
ordinates can be found in [13]. Lassasand Sommersalg[11] proved the existenceand
uniquenessof the PML acousticapproximation on a truncated domain wherethe outer
boundary was circular. In a later paper [12], they extended theseresults to smaoth
convex domainsin R".

To date, there hasbeenrelatively little analysisof the truncated electromagneticPML
eqguations. Tedniquesfor the acousticproblem do not carry over directly to the electro-
magneticproblem. This stemsfrom the fact that the acousticproblemis strongly elliptic
(up to perturbation) while the electromagneticoperator hasan in nite dimensionalker-
nel consistingof functions which are gradierts. For example,Collino and Monk [6] use
a perturbation analysisto derive their existenceresult. Carrying this argumert over to
the electromagneticPML posessigni cant analytical di culties requiring the analysis
of vector decompsitions involving the complex-walued PML coe cient. Recenly, Bao
and Wu gave a convergenceanalysisfor the electromagneticscattering problem where
the PML layer was a sphericalshell [2].

We will presert a new analytical approad for the study of the electromagneticPML
equation in this paper. Not only do we derive existenceand uniquenessfor the PML
approximations but our analysisleadsto inf-sup conditions on the truncated domain,
an essetial part of any nite elemen analysis.

Let (the scatterer)beadomainin R3. Weshall rst considerthe acousticscattering
problem with a sound-softobstacle. This involvesa scalarfunction u de ned on ¢, the
complemen of , satisfying

u+ ku=0in ¢
(1.1) u=gon@;
Ililm (ru® iku)y=0:

Here = jxj, R = x=, andk is areal positive constart. We have absorbed the medium
propertiesinto the constan k.
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We will alsoconsiderthe time-harmonic electromagneticscattering problem. In this
case,we shall assumefor conveniencethat is simply connectedwith only onebound-
ary componert. We seekvector elds E and H de ned on ¢ satisfying

k H+r E=0;in ¢
kE r H=0;in ¢
(1.2) n E=n g, on@;
Ililm (H R E)=0:
Here g results from a given incidence eld, is the magnetic permeability, is the

electric permittivit y, and n is the outward unit normalon @. The last line correspnds
to the Silver-Meller condition at in nit y. We assumethat the coe cients and are
real valued, boundedaway from zeroand constart outside of someball.

We introduce somenotation that will be usedin the remainder of the paper. For a
domainD, let L2(D) be the spaceof (complexvalued) squareintegrable functions on D
andL?(D) = (L%(D))® be the spaceof vector valued L 2-functions. We shalluse( ; ) to
denotethe (vector or scalarHermitian) L2() inner product and< ; > to denotethe
(vector or scalar Hermitian) L?() boundary inner product. When the inner product
is on all of R3, we will usethe notation ( ; ). The scalarand vector Sotolev spaceson
D will be denotedH (D) and HS(D) respectively. Let H (curl ;D) be the set of vector
valued functions, which alongwith their curls, arein L2(D). H o(curl ; D) denotesthe
functionsf in H (curl ;D) satisfyingn f = 0on@. Weassumethat n g aboveis
the tracen B of afunction § 2 H (curl; €) supported closeto @.

For a subdomain D ¢, by extensionby zero, we identify H3}(D) (respectively,
H o(curl ;D)) with fv 2 H}( ©) (respectively, H o(curl; ©)) : supp(v) Dg.

2. The Berenger layer

For corvenience,we shall take = = 1in (1.2) asall of our results extend to the
more generalcaseas long as the coe cien ts are constart outside of a ball of radius ry.
We can reduceto a single equationinvolving E by eliminating H in (1.2). This gives

r r E+kKE=0in
(2.1) n E=n gon@;
im ((r E) ® IkE)=0:

Throughout this paper, we shall usea sequencef nite subdomainsof € with spher-
ical outer boundaries.Let ro < ry < ::: < r4 be an increasingsequencef real numbers
and let ; denote (interior of) the open ball B; of radius r; excluding (we assume
that rq is large enoughsothat the correspnding ball cortains  and that the origin is

cortained in ). We denotethe outer boundary of ; by ;. The valuesofrg;rq;:::;ry4
are independen of the computational outer boundary scalingparameterR; (introduced
below).

As discussedn [6], the PML problem can be viewed as a complex coordinate trans-
formation. Following [11], a transitional layer basedon spherical geometryis de ned
which resultsin a constart coe cient problem outside the transition. Given g, ry, and
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r,, we start with a function e 2 C2(R") satisfying
e()=0 forO ra;
e()= o for 1y
e( ) increasingfor 2 (rq;ry):

We de ne
~= (1+ie) &
One obvious construction of sud a function e in the transition layerr, r» with
the above propertiesis given by the fth order polynomial,
zZ zZ,, 1
e()= o (t ry)?(rp t)%dt (t ry)?(r, t)%dt for r, oy

ry r
A smaother e can be constructedby increasingthe exponerts in the above formula.

Eadh componert of the solution E of (2.1) satis es the Helmholtz equation with
Sommerfeldradiation condition, i.e.,

u+ k’®u=0 for > rg;
(2.2) im (ru % iku)= 0
Of course,this also holds for the acousticproblem (1.1). It follows that the solution of
(2.1) can be expanded

A X
(2.3) E = anmhi(k )YM(; ); for lo:

n=0 m= n

Here hl(r) are spherical Besselfunctions of the third kind (Hankel functions), Y." are
sphericalharmonics(see,e.g.,[13]for details) and a,., arevector valuedconstarns. The
solution of the acoustic scattering problem satis es (2.3) as well with E replacedby u
and the vector coe cien ts fa,., g replacedby scalarcoe cien ts fa,., 9.

The PML solution in either caseis dewloped in a similar fashion. We illustrate the
dewelopmen in the caseof Maxwell's equations. The (in nite  domain) PML solution is
de ned by

8 L .
> E(x) forjxj 1y
e= X X
> anmhi(kYM(; ); for =jxj ry:
n=0 m= n
By construction E and E coincideon ;. Furthermore, the complexshift in the argu-
mert of h! above guararteesexponertial decy of E.

The PML solution de ned above satis es a di erential equation involving ~and §—~

A simple computation shows that

%—(1+i ()y d

where

()=-e()+ eX):
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It followsthat isin C(R*) and satis es

()=0 for0O ra;
()>e() for 2 (riro);
()= o for

The solution E satis es Maxwell's equationsusing the sphericalcoordinates (+ ; )
[13]. More precisely

© € EB+k€=0in &
(2.4) n E=n gon@;
E boundedat 1 :
For E expandedin sphericalcoordinates,
E=-Ee+EBe +E ¢e;

we have
1 @, . 3
€ E-= —(sin E — e
& sin @( ) @
1 1 @& 1@
(2.5) + 6 sn @ a@(@E ) e
1 1@ @3
— ——(& E — ;
‘e @°F) @ °©
The PML appraximation in the acousticcaseis given by
€a+ k?’a=0in ¢
(2.6) B=gon@;
g boundedat 1 .
In polar coordinates(; ; ),
2
(2.7) ey = 1 o#°0 P sin (S ! Gv.

@Jz2@ d @ & 2sin @ @ & 2sint @2

Sincethe solutionsof (2.4) and (2.6) coincidewith thoseof (2.1) and (1.1), respectively,
on ; while rapidly decging as tendsto innit y, it is natural to truncate to a nite
computational domain ; and impose corveniert boundary conditions on the outer
boundaryof ; (which wedenoteby ;). We shall always requirethat the transitional
regionis contained in ,, i.e., 1 . Weintroduce the parameter R; and assume
that ; cornains the sphereofradius R;. Our analysiswill requireonly a xed (Lipshitz
cortinuous) outer boundary shape (but onethat we enlargeby our dilation parameter
R;). Of course,in practice, it is often corvenien to take a polyhedral outer boundary.

It will be critical to keeptrack of the relation between constarts appearing in the
inequalitiesand the scalingparameterR;. Our constarts areindependern of R, and will
be denotedgenericallywith the letter C.
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The truncated PML approximations arethen givenasfollows. In the caseof Maxwell's
problem, we considerthe truncated PML probleminvolving a vector function E de ned
on ; and satisfying

© © E +KkE
(2.8) n E=n gon@;

n E =0on 1

Oin 1;

Analogously for the acousticsproblem, we considera; de ned on ; satisfying
g, + k8, = 0in  ;
(2.9) B=gon@;
g=0o0n ;:

Remark 2.1 It is possibleto useand analyze other conditions on the outer boundary.
We chooseDirichlet conditions for convenience.

3. Anal ysis of the tr uncated acoustic PML (2.9)

In this section, we will prove that the truncated PML acoustic problem (2.9) has a
unique weak solution which cornvergesexponertially to the solution of (1.1) near the
obstacle. We will rst prove uniquenessfor (2.9). To do this we will use a duality
argumernt. A similar technique was used in [8] for the exterior Helmholtz problem
to estimate the e ect of truncating the in nite  domain and imposing an approximate
absorbingboundary condition.

We rst considera weak formulation of (2.6). De ne the sesquilinearform,

@ @
biv; )= kKX(&v; ). —=i= <
(3.1) d@ @ d .
1@@ 1 @@
‘@'@ . 2sit @' @

This form is well de ned for v 2 H( ¢ and 2 H?Y( ©) and results from (2.6) and
integration by parts. For g 2 H¥¥?(@), let § be an H( ©) bounded extensionof g
supported in . The weaksolution of (2.6) is the functione = § w wherew 2 H}( ©)
satis es

(3.2) bw; )=00;, ) forall 2Hg( ©:

We will subsequetly shov that the variational problem (3.2) is well posedand that &
is well de ned and independen of the particular extensiong.

To employ the duality technique, we needto considerthe adjoint sourceproblem on
the in nite domain. For 2 L?( ©), let 22 H}( °©) satisfy

(3.3) b(; 2)=(; ) . forall 2Hg( ©:
It is immediate that 2 = dz (z denotesthe complex conjugate of z), wherez satis es
(3.4) bz; )=( =d; ) ¢; foral 2H} ©9:

The above problemsare well posedasis shavn in the following theorem.
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Theorem 3.1. Let bein L?( ). Problems(3.4) and (3.3) have unique solutions
z;22 H3( ©) satisfying

(35) kaHl( c) Ck k|_2( c) and kz‘kHl( c) Ck k|_2( c):

To prove the above theorem and subsequen results, we shall require the following
theoremwhich follows easilyfrom a theoremdue to Peetre[14]and Tartar [16] (see,e.Q.
Theorem 2.1 of [7]).

Theorem 3.2. Let A(; ) be bounda sesquilin@ar form on a complexHilbert space V
with norm k ky. Let W be another Hilbert space and T a compact operator from V to
W. Supmsethat the only solution of

A(u;v)=0 forallv2V

is u = 0 and that

kuky Crsup AUV L Tk for all u2 V-
v2V k kV
Then, there existsCz > 0 suchthat for all u 2 V,
JA(U; V)j
3.6 kuk Cssu :
(3.6) Y; 3v2vp kvky

Proof of Theorem 3.1. We will useTheorem 3.2to show that the form (3.1) satis es an
inf-sup condition on H3( ©). To this end we break the form into two parts as follows:

(3.7) b(v; )= tu(v; )+ 1(v; )
where
Fa @ 1@ @ 1 @ @

) . - k2 20 . o= i T &L=
O I=K& ) '@ . 2ee@ . ‘sf @@ .
and

. &dla.
(3.9) (v, )= F o + K(& d] Vs ) <
whered, = 1+ i . Notice that d°and ((? d?) both vanish for r,. Hence
(3.10) jL(v;v)j  Ckvkiz( ) kvkyg o
Recallthat &= 1+ ieandd= 1+ i and that e. It follows easilythat thereis

a positive real number sud that that
(3.11) Re[d3(1+ i )] C. < 0andRe —(1+ i) C,>0;

for large enough. In fact, it suces to choose > max[(1  3)=2 o; wm], Where
is the maximum of . It follows from (3.8) and (3.11) that

(3.12) 1+ 2¥b(v;v)j JRe[X+ i Yb(v;V)]j CkaHl( ¢):
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It immediately follows from (3.10) and (3.12) that

jb(v; w)j
kvkyi g C  sup -2 + kvkie ,
H ( ) W2H1(pc) kaHl( c) L ( )

Now, using the argumert in [6], we have the uniquenessproperty that if v2 H3( ©)
andb(v; )= Oforall 2 C} ( ©) thenv= 0. Theorem3.2(with T : H( ¢! L2( ,),
the imbeddinginto L?( ,) of the restriction of elemens of H( ©) to ) then givesthe
inf-sup condition
(3.13) kvkyi ¢y C  sup M forallv2 Hgy( ©):

zc%( <) k kHl( c)
The correspnding inf-sup condition for the adjoint problem follows from the idertit y
(3.14) b(; v) = b(v=d;d ):
Hence,by the generalizedLax-Milgram Lemma, there existsa uniquez 2 H}( ©) satis-
fying (3.4). Moreover,

kaHl( c) C sup M Ck k|_2( ¢y
20&( °) k kHl( <)
This completesthe proof of the theorem.
Remark 3.1 Applying astandardlifting estimate,the proof of the above theoremimplies
that the solution & of (2.6) satis es

kBkHl( c) Ckngl( 0) Ckng1:2(@) .

In addition, the inf-sup condition proved above immediately implies that & is indepen-
dert of the choice of extensiong.

We will rst prove uniqguenesdor (2.9). In order to do this we will needthe following
two propositions. Thesepropositionswill be usedextensiwely throughout the remainder
of this paper. The rst is a classicalinterior estimate for the solution of an elliptic
equation. The proof is elemetary.

Prop osition 3.1. Supmsethat w satis es the Helmholtz equation
(3.15) w+ w=0

in adomain D with a (possiblycomplex)constant . If D, is a suldomain, whoseclosure
is contained in D, then

(316) kaH 2(Dy) CkaLZ(D):

We alsoneedthe following proposition.

Prop osition 3.2. Assumethat w is boundel at in nity and satises (3.15)in °n ,
with = k?d3. SetS = fx : dist(x; ;)< gwith xed independentof R; > ry
and smal enoughthat S isin °n 4 Then

kaLZ(S) Ce OthkaLZ( 4)-
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Proof. The fundamertal solution of (3.15) with = k2d3 is
exp(ikdojx  Yj)
X;y) = . LS
(x;y) 4% Y]

For any point X in S

Z Z
(3.17) w(x) = W(y)M ds @1y) (X;y)dS:

. @ . @
Note that there is no cortribution above from in nit y. Indeed, sincew is bounded at
in nit y it canbe written asa (scalar) expansionof the form of (2.3) with k replacedby
dok. In addition, decgs rapidly at in nit y sincedy hasa positive imaginary part and
sothe outer boundary cortribution limits to zero.

Using Scwarz's inequality and the propertiesof it is easyto seethat

@’ £ s

@ L2( 3) 3 X yj2

Integrating over S , using a standard trace inequality and Proposition 3.1 we obtain
Proposition 3.2.

(3.18)  jw(x)ji? Ce 2 KRt kwk?Z; ,+

We can now prove the following theorem.

Theorem 3.3. Letu bein H}( 1) and satisfy (2.9) with g = 0. Then, for R, large
enough,u = 0. That is to sayif u2 H3( 1) satisesb(u; )=0forall 2 H3( 1)
thenu = 0.

Proof. Let u bein H3( ;) satisfy (2.9) with g= 0, bein L?( °) with support in 4
and 22 H3( ©) bethe solution of (3.3). Then

(3.19) (U ) ,=hu2) =< %:’D !

Let B1( 1 n 3) denotethe set of functionsin H( 1 n 3) which vanishon ;.

De ne the norm _ _
J<w >, ],

kaH 1=2( ): sup .
' 2H1(1n3)kkH1(1n3)

Let beasmooth cuto function with support D; in S (of Proposition 3.2) which is

oneon 1 . Applying Propositions 3.1 and 3.2to 2 and (3.5), it follows that
j< g 2>,

K 2Knis )
j< 2

Q. 2> ]
3.20 c—@ =
( ) k 2kH 1s))

j(u;) ,i C k2Kn1(py)

k2k|_z(s )
@ .
@' H 1=2( 1)

We next estimate the negative norm on the right hand side above. Let fi be in
91( 1 n ) andbeequalto zeroin 3n ,. Let 2 HJ( 1 n ,) satisfy

r 5t ) un, KA(:),n,=0hr) o, Kd®; )

Ce Rk kiz(

1n 2
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forall 2 H3( 1 n ). This problemis well posedsinced3 has a nonzeroimaginary
part. It follows that
K Kii( 10, CkAkyi oy

Weseth = fi . Note that both u and h satisfy homogeneougquationsin 1 n o,
i.e.,
(3.21) u+ k2d3u = 0; h + k2d3h = O:
Now, using Green'sidertit y,
@ @ @ @
3.22 < —:fi> =< =:h> ,= < —h> ,+<u—>,:
(3:22) @" e @ @

Finally, using Proposition 3.1 (with D; a domain cortaining 3 whoseclosureis in
4n 2))
j< %;m . < u;% > oj  Ckukyz(p,)khkyz(p,)
(3.23) CKkukiz( ,ykhkiz( )

Ckukiz( KKy, 0 o)
Combining the above results shows that

@

— Ckuk

@ W o2 ) L2( 4)
and hence,using (3.20), we have
(324) kUkLZ( 4) Ce OlekUkLZ( )1

i.e., uvanisheson 4 providedR; istakenlargeenough.It followsby unique cortinuation
that u vanisheson all of ; . This completesthe proof of the uniquenesgheorem.

We next give a weak form of Problem (2.9). For g 2 H¥*?(@) let g bean H( ©)
bounded extensionof g with support in 3. The weak solution of (2.9) is the function
B=0 wwherew?2 H}( ;) satises

(3.25) bw; )=100; ) forall 2Hg( 1):
The next theorem shows existenceand giveserror estimatesfor the weak solution.
Theorem 3.4. The variational problem(3.25), for R; su ciently large, has a unique

solution. The resulting weak solution &; of (2.9) is wel de ned and independentof the
extensiond. Finally,

kB BtkLZ( 4) Ce 2 Othkng 1:2(@) .
Here @ is the solution of (2.6).

Remark 3.2 The above theorem shaws that &; corvergesexponerially on 4 to @ as
Ri! 1 . It followsthat &; corvergesexponertially to u on ;.

Proof. Wenotethat (3.10)and (3.12) hold onthe restricted spaceH (1 ) sothe unique-
nessresult of the previoustheoremand Theorem 3.2 implies the inf-sup condition
(3.26) kvkpi ,) C  sup M forallv2 Hy( 1):

2C3 ( 1)k kHl( 1)
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Uniquenessfor the adjoint problem on H}( ;) follows from Theorem 3.3 and (3.14).
This implies the existenceand uniquenessof solutionsto (3.25). It is easyto seethat
the resulting function &, is independen of extensiong.

To nish the proof, we needto shawv that & cornvergesto &, the solution of (2.6), in
L2( ,) andthat the corvergenceis exponertial as R, increasesbeyond somethreshold.
To seethis sete= 8 8. As in the proof of Theorem3.3,let  bein L2( ©) with
support in  ;and2 2 H}( ©) bethe solution of (3.3). Let L denotethe formal adjoint of

the operator &€ Since € is a multiple of excepton the transition layerr, < < r,

€) .= @Ly, = <a@s +n (e
(3.27) @
:<§;2>1 <e;%>l:

Hereb, (; ) denotesthe form on H( ;) H?( ;) which results from replacing the
domain of integration °in (3.1) by ;.
To handlethe rst term on the right hand sideof (3.27), we shall useestimatesin the
proof of Theorem 3.3 (with u replacedby €). Asin (3.20),
@ - kR @
j< —=2> ] Ce 7Kk kiz(, — :
@' @ H l=2( l)
We estimate the negative norm again following the proof of Theorem 3.3 but replace
(3.22) with

<§;ﬁ> | =< %;h> .
@ @ @

= < @;h> 3+<e;@> 3+<a;@> L
The rst two terms on the right hand side above are estimatedexactly asin (3.23). For
the last, we note that becauseh satis es (3.21),

@
— Ckhk :
@| W) H1( 1 n 2)
Thus,
, @ .
] < 8 @ > ] CkBkHl(Dl)kﬁkHl( 1N 2)
whereD; S . Applying Propositions 3.1 and 3.2 gives
j< a;% > j Ce OthkﬂkH( 4)kﬁkH1( 1N 2

Combining the above gives

: . : @ :
(3.28) j(e;) .i Ce °Rik ko ,y(kek o ,+ € °Rikak o ,))+j< =

Now, using a standard trace inequality, Theorem 3.1, Proposition 3.1 and Proposi-
tion 3.2, we obtain

(329) j< B;% > ] Ce ? OthkBkLZ( 4)k k|_2( )
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Thus we have
j(e;) .J C(e °Rikek e )+ € 2°Rikaki z( )k Kiz( ,):
>Fom this and Remark 3.1, it follows that
kekiz(,) Ce °Rikek o, + Ce ? *Rikgky iz g :
Hence,for R, large enough,we obtain the convergenceestimate
ke ek, Ce ?*kgkyizg) !
This completesthe proof of the theorem.

4. Unigqueness for the tr uncated electr omagnetic PML problem.
Following [13], we de ne the diagonal matrices (in sphericalcoordinates)
Av=682%e + (&) Yve +ve)
and
Bv=dve +8lve +ve):
Then,®# E=Ar (BE).
We rst de ne a weak form of the PML problem (2.8) by setting E = b w and

setting up a variational problemfor = Bw 2 H o(curl; 1), i.e.,
(4.2) A(; )=ABDb; ) forall 2 Hy(curl; 1):
Here the sesquilinearform A is given by
A( ;) (11 T Y e+ k3 p ; ) forall ; 2H(curl; ©

and  is the three by three matrix which correspndsto the diagonal matrix (AB ) !
in sphericalcoordinates. As usual, we de ne the form on the larger spaceand consider
the spaceH o(curl ; ;) asthe subsetde ned by extensionby zero.

Our rst task is to shov uniquenesswvhen R, is su ciently large. That isif isin
H o(curl; 1) and

(4.2) A( ; )=0 forall 2Hg(curl; 1)

then = 0.

As wasdonein the analysisof the acousticproblem, we will againusea duality argu-
mert. We considerthe adjoint sourceproblem: For 2 L?( ©), nd 22 H o(curl; ©)
satisfying

(4.3) A( ;2)=( ; ). forall 2 Hg(curl; ©:
It isimmediatethat 2 = z, wherez is the solution of
(4.4) A(z; )=( ; ). forall 2Ho(curl; ©):

We needthe following theorem.

Theorem 4.1. Let bein L?( ©). Problems(4.4) and (4.3) have unique solutions
z;2 2 H o(curl; ©) satisfying

(45) kzk (curl ; ) = k2k (curl ; ©) Ck k 2( c):



ANAL YSIS OF A FINITE PML APPROXIMA TION 13

For the proof of this theorem, we require the following lemmawhoseproof appearsin
the appendix.

Lemma 4.1. LetD eitherbe ; or ¢, respctively. Set
X (D) = H o(curl ;D)\ H°div; ,;D);
whee H(div; ;D) =fU 2L?D) : r ( ,U)= 0g. Then the functions in X (D),

restrictedto ! , arein H3(! ) for somes> 1=2whee! = ; or! = ,, respctively.
Proof of Theorem 4.1. We will prove that, for W 2 X( ©),

A (W ;V)j
(46) KW k (curl ; ©) C sup : ( )J :

2 (o KVK (cun; o)
To this end,setB(U;V) = A(U; V), where = &=d Then
B(U;V)= (,'r Usr V) e+ k3( yU;V) e
= ( ,ir Ui VYo (,tr uUir) V)

4.7
(47 + k3 LU;V) .
= By(U;V)+1(U;V):
Here
Bi(U;V)= ( ,r U;r V) c+Kk>3*d3U;V) .
and
L(U;V)= (p "1 Us(r ) V), K((d WU;V)
The last two integrations are over , sinceboth r  and (d3l p) vanishfor > rj.
We obviously have
(4.8) jE(ViV)j CKVK (cur; »KVK 2
Choosing asin (3.11) we obtain for V 2 H o(curl ; ©)
(4.9) 1+ A¥FBy(V;V)i  Re[(L+1 )Bi(V;V)]i  CKVK® gy ; o
Multiplication by ! is a boundedoperator on H (curl; °©). Thus,
jB(W;W)j
KWk (ourl 5%) c kW k (curl ; ©) "KWk 2
C sup M + kW k 2( )

2 ofcurl ; ©) kVk (curl ; ©)

Let H3( ©) denotethe completionC} ( ©) in the normkr uk 2( ¢y. FOrV 2 Ho(curl; ©),
we decommseV asV = v+r withv2 X( ¢)and 2 H3( ©). Indeed, is the
solution of
(4.10) (o r )=( ,V;r ) foral 2H ©:

This problem s uniquely solable sincethe real part of | is uniformly positive de nite.
Moreover,

kr K (cun; )  CKVK 2 o
SO

kvk (curl ; ©) CkVk (curl ; C):
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Thus,for W 2 X( ©)

JA (W ;v)j
W K I su AT L kW K
(curl ; ©) 5 O(CUFBI; ¢y KVK (cunl ; ©) R
JA (W ;v)j
c sup —+ka2(2)

2 (9 kvk (curl ; ©)

To apply Theorem 3.2 (with T : X( ¢) ! L?( ,), the imbeddinginto L?( ,) of the
restriction of elemeits of X( ©) to ;) to prove (4.6) we needonly ched the uniqueness
property.

We note that we have the uniquenesgropertiesfor A and its adjoint in H o(curl ; ©)
(cf. [13), specically, if u 2 H o(curl ; °©) satis es

(4.11) A(u;w) =0 forallw 2 H o(curl; ©)
thenu = 0 andif u 2 H o(curl ; ©) satis es

(4.12) A(w;u) =0 forallw 2 H o(curl; ©)
thenu = 0.

We shaw the above uniquenesgproperty on the restricted spaceX( °©). Supposethat
W isin X( ©) and satis es

(4.13) AW ;v)=0 forallv2 X( °:
For any V 2 H o(curl; €), we decommseV = v +r asabove. SinceW 2 X( ©),
AW;V) = A(W;v) = 0by (4.13) and W = 0 follows from (4.11). Finally, (4.6)
follows from Theorem 3.2.

We can now completethe proof of the theorem. For 2 L?( ), dene 2 HE( ©)

by

A(r ;r )=K3( o ;r )=( ;r ); forall 2HI °):
Next dene W 2 X( °) to be the solution of
(4.14) AW ;v)=( ;v) K3 o ;v); forallv2X( ©:

As above, the uniquenessproperty for the adjoint on H o(curl ; €) implies the corre-
sponding property on the restricted spaceX ( °). Thus, the existenceof W satisfying
(4.14) follows from (4.6) and the generalizedLax-Milgram Lemma.

The solution of (4.4) isthen givenby z = W +r . Indeed,forany 2 H o(curl; °©),
we decommse =v+r withv 2 X( €. Then

Az, )=AMW; ;v)+ AW;r )+ A ; v)+A(r ;r )
=(5v) Ko s+KC s+ (5r )=( 5 )
Evidently
KzK (cur; ©p  CK K 2 ¢);
which concludesthe proof.

Corollary 4.1. Let E be the solution of (2.4) and b be an H-curl extensionof g with
supprt in . Then

kEk (curl ; ©) Ckgk (curl ; o):
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We can now prove the uniquenesgheoremfor the problemon ;.

Theorem 4.2. For R, su ciently large,the only solution 2 H o(curl; ;) satisfying
4.2)is =0.

Proof. Supposethat  satis es (4.2). For 2 L?( ©) with support in 4 let 2 satisfy

(4.3). Both n andn 2 vanishon @ Alson vanisheson ; . In addition,
the componerts of 2 satisfy (3.15) with = k2dZ outsideof , so2 isin H2 near ; .
Thus,

(4.15) (5 ).=A( ;2)=dyt<n r 2>

Let Iql( 1 N 3) denotethe setof functionsin HX( 1 n 3) which vanishon ;. Set

j<w; >,

kwk 1= = sup :
() 21(1n3)kk1(1n3)
Let be a smooth cuto function with support D; in S (of Proposition 3.2) which
isoneon ;. Sinceead componert of 2 satises (3.15) with = k2d3, applying
Propositions 3.1 and 3.2 and Theorem4.1 it follows that
. . j<n r 2> ]
; C k2k
J( ) 4J k 2k 1(S) 1(D1)
4.16 j<n r ;2> ]
( ) C L k2k Z(S )

K 2K 15 )
Ce Rtk ko nkn (1 K ()

We next estimate the negative norm on the right hand side above. Let A be in
1 .
B°( 1 n 3)and 2 H(curl; 1 n 3) satisfy

(r ) G H K ) = (0 Rir )+ KBRS ) L,
forall 2 Ho(curl; ;1 n 3): This problemis well posedsinced3 hasa nonzeroimag-
inary part. We seth = A . It follows that

khk (curl ; 1 n 3) Ckﬁk (curl; 1 n 3):

Note that both  and h satisfy homogeneougquationsin ; n 3,

ror + k% = +k*d5 =0

4.17
(4.17) r r h+Kk*dh=0:
It follows that r andr h arealsoin H (curl; 1 n 3). Now, integrating by
parts gives
<n r h>, =<r A n>
= (r rh)y L.+ h) n,
(4.18) =< 5n r h>,2 (;;r r h), .,
1n 3

+(roor ;h)

=< ;n r h>_:
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The rst integration by parts formula is justied ash = A+ and the formula holds for
both terms. The secondintegration by parts above is justi ed becausen vanishes
on ; and is smooth in a neighborhood of  sinceit satis es (3.15) with = k2d3
there. Finally, using (3.16) (with D; a domain containing 3 and whoseclosureis in

al 2), _ .
J< ’n r h > 3J Ck k l(Dl)kr hk (CUI’l; 1N 3)

Ck Kk 2z oKAK 1, 4
Combining the above results shows that
kn r K 1=,y Ck k2 ,
and hence,using (4.16),
k k2, Ce okRip Kk 2( 4

It followsthat vanisheson 4 for R; su cien tly large. In this case,uniquecortinuation
impliesthat  vanisheson all of ; . This completesthe proof of the theorem.

5. Existence and conver gence of solutions of the tr uncated
electr omagnetic PML problem (2.8)

The existenceand convergenceof solutionsto the PML problemdependonthe unique-
nessresult of the previoussection. Accordingly, we shall assumethat the hypothesesof
Theorem4.2 are satis ed throughout this section.

We are now in position to prove the existencetheorem.

Theorem 5.1. Let g admit an H (curl ; ()-extension supmrted in . Then for R;
su ciently large, the truncated PML problem(2.8) hasa unique solution E .
Proof. The theoremwill follow if we show the existenceof a solution to (4.1). Now that

we have proved uniquenessof (4.2), we follow the proof of Theorem4.1with € replaced
by 1. In exactly the sameway we arrive at the analogousinf-sup condition,

iA (W V)i
(5.1) KWK um:,) C  sup AW V)]

=~ ' 7 - forallv2 X :
2 (1) KVK (cun: 1) (1)

Following the proof of Theorem4.1,wedene 2 H3( ;) by
A(r ;r )=ABUY;r ); forallr 2H} 1):

Clearly, A( ;u) = Oforall 2 H(curl; 1) isthe sameasA(u; ) = 0 for all

2 Ho(curl; 7). Asin the proof of Theorem4.1,if u 2 X( 1) andA( ;u) = 0for
allu 2 X( 1) thenu = 0. The generalizedLax-Millgram Theorem shaws that there
isauniqueW 2 X( ) satisfying

AW ;v)=ABY;v) K3 o ;v) forallv2X( 1):
Then =W +r satises(4.1). Setting E = b B ' concludesthe proof.
Finally we want to estimatethe error createdin replacingthe solution of the scattering

problem (2.1) by the solution of the truncated PML problem (2.8). To do this, we
comparethe solutionsof (2.8) and (2.4), sincethe solutionsof (2.4) and (2.1) coincidein
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1. The proof follows the argumernts in the proof of uniqgueness.We have the following
corvergencetheorem.

Theorem 5.2. Let E be the solution of (2.4) and E be the solution of (2.8). For R;
su ciently large,

(5.2) KE Bk, Ce? " khk (un; o

Proof. Let® = B (E E). We follow the proof of Theorem4.2replacing by B. The

main di erence isthat n P doesnot vanish on 1.
Let and 2 beasin the proof of Theorem4.2. Then, asin (4.15),

®; ), = (Br () 'r 2, KB ,2),
(plr Bir 2), +K¥( ,P;2),
dt<n E;r 2>

=dyt<n r BP;2>

(5.3) |

., Oyt<n EBir 2>

Here |, denotesthe conjugatetranspose.
To bound the rst term on the right hand side of (5.3), we follow the proof of Theo-
rem 4.2. The integration by parts on (4.18) givesan extra term, i.e.,

(5.4) <n r Ib;ﬁ>1:<|b;n r h>, <E;n r h> :

For the secondterm of (5.4), we note that sinceh satis es the homogeneougquation
(4.17),

kn r hk = ,, Ckhk .
so by Proposition 3.1 and Proposition 3.2,

(5.5) j<B;n r h>_ | Ce °“FKEK 2 ¢)khK (cun: ;n o)

1n 3)

Using (5.4), (5.5), Proposition 3.1 and Proposition 3.2 and following the proof of Theo-
rem 4.2 (below (4.18)) gives

(56) j<n r P;2> . j Ck ko (e *RkPk o ,+e 20 RkBk o )

Finally we bound the secondterm on the right hand side of (5.3). Using a trace
inequality we have that

j< n E,r 2> 1 j CkEk 1(S)k2k 2(s ).

Note that the componerts E and 2 satisfy (3.15) with = k2d3 in S . Thus from
Proposition 3.1, Theorem 4.1 and Proposition 3.2, we obtain

j<n E,r 2> 1 J CezothkEk 2( c)k kZ( 4):
Combining the above gives
jB; ) i Ck ko (e 2°RKkBK 2 o +e KRkPk o )

The theorem easily follows from the above inequality and Corollary 4.1.
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6. Appendix

We now provide a proof of Lemma4.1. We rst considerthe caseof ¢and! = .
Let beasmaooth cuto function which isoneon ,n ; andsupportedin 3n . Let
W bein X( ©) andsetW ;= (1 )W . Then, W isin H go(curl; 2)\ H (div; »)
and thereforeis in H3( ,) (see[1]).

The proof in this casewill be completeif we shov that W is in HS(D) whereD =

3N o. LetD and D extendD (D D D) with the closureof D cortained in ¢
andlet ; beacuto function which is supported onD andisoneonD. Let 2 H}(D)
be the solution of

(r;r )p=(1W;r ), forall 2Hg(D):

ThenW = W r isinH o(curl ;D)\ H (div;D), i.e., it isin H3(D). We note
that alsosatis es

(6.1) (of iF )p= ( W;r ), forall 2HD):

Now, W isin H (D) (see,Corollary 2.100f [7]) sothe right hand side above coincides
with a boundedfunctional on L2. Sincethe coe cientsin ,arein W2 (D), the solution
isin H3(D), i.e.,r isin HYD). Thus, W = W +r isin H(D).
The proofin the caseof ; issimilar. The only di erence isthat oneusesthe constart
coe cient operator in the neighborhood of both the inner and outer boundary (of ;)
to reduceto regularity on an overlapping interior domain.
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