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ANAL YSIS OF A FINITE PML APPR OXIMA TION FOR THE THREE
DIMENSIONAL TIME-HARMONIC MAXWELL AND A COUSTIC

SCA TTERING PR OBLEMS

JAMES H. BRAMBLE AND JOSEPH E. PASCIAK

Abstra ct. We considerthe approximation of the frequencydomain three dimensional
Maxwell scattering problem using a truncated domain perfectly matched layer (PML)
(cf. [3] and [4]). We also treat the time-harmonic PML approximation to the acoustic
scattering problem. Following [11], a transitional layer basedon spherical geometry is
de�ned which results in a constant coe�cien t problem outside the transition. A trun-
cated (computational) domain is then de�ned which covers the transition region. The
truncated domain needonly have a minimally smooth outer boundary (e.g., Lipschitz
continuous). We consider the truncated PML problem which results when a perfectly
conducting boundary condition is imposed on the outer boundary of the truncated
domain. The existenceand uniquenessof solutions to the truncated PML problem
will be shown provided that the truncated domain is su�cien tly large, e.g., contains a
sphereof radius Rt . We also show exponential (in the parameter Rt ) convergenceof
the truncated PML solution to the solution of the original scattering problem inside
the transition layer.

Our results are important in that they are the �rst which show that the truncated
PML problem can be posedon a domain with non-smooth outer boundary. This al-
lows the use of approximation basedon polygonal meshes. In addition, even though
the transition coe�cien ts depend on spherical geometry, they can be made arbitrar-
ily smooth and hence the resulting problems are amenable to numerical quadrature.
Approximation schemesbasedon our analysis are the focus of future research.

1. Intr oduction

In this paper, we consider the acoustic and electromagneticscattering problem in
three spatial dimensions. Simulations involving theseproblemsare inherently di�cult
for a number of reasons.First, although the problemsare symmetric, they are inde�-
nite. Second,the problemshave a scalerelated to the wavenumber k and so standard
discretizations require meshsizesproportional to k � 1. Third, the problems are posed
on in�nite domains.

The focusof this paper is on the third issueabove, i.e., how to dealwith the boundary
condition at in�nit y in a computationally e�ective way. Speci�cally, we shall study per-
fectly matched layer (PML) approximations to acousticand electromagneticproblems.
The goal is to demonstrateboth the solvabilit y of the continuousPML approximations
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and the convergenceof the resulting solutions to the solutions of the original acous-
tic/electromagnetic problem.

Recently, there hasbeenintensive computational and theoretical research toward un-
derstandingthe propertiesof PML approximations. The research into the computational
aspectsof thesemethods is the subject of many papersin the engineeringliterature and
we shall not attempt to discussthem here. There is evidenceto suggestthat this ap-
proach is very competitiv e with standard techniquesfor computational domain trunca-
tion. In the paper by Petropoulos[15] he refersto recent numerical results in [10] which
\indicate our re
ectionlessspongelayer provides levelsof numerical re
ection from @
 c

that are comparableto thoseobtainedwith the exact ABC [9] for vector sphericalwaves
scattering from a dielectric spherebut at a substantial savings in computational cost."

The original PML method was suggestedby B�erengerin [4] and [3]. The observation
that a PML method could be consideredas a complex change of variable was made
by Chew and Weedon[5]. Using this technique, Collino and Monk [6] derived PML
equationsbasedon rectangularand polar coordinates. There, they alsoshowed the exis-
tenceand uniquenessof solutionsof the truncated acousticPML exceptfor a countable
number of wave numbers. The formulation of PML equationsfor (2.1) in sphericalco-
ordinates can be found in [13]. Lassasand Sommersalo[11] proved the existenceand
uniquenessof the PML acousticapproximation on a truncated domain wherethe outer
boundary was circular. In a later paper [12], they extended these results to smooth
convex domainsin Rn .

To date, there hasbeenrelatively little analysisof the truncated electromagneticPML
equations.Techniquesfor the acousticproblem do not carry over directly to the electro-
magneticproblem. This stemsfrom the fact that the acousticproblemis strongly elliptic
(up to perturbation) while the electromagneticoperator hasan in�nite dimensionalker-
nel consistingof functions which are gradients. For example,Collino and Monk [6] use
a perturbation analysisto derive their existenceresult. Carrying this argument over to
the electromagneticPML posessigni�cant analytical di�culties requiring the analysis
of vector decompositions involving the complex-valued PML coe�cien t. Recently, Bao
and Wu gave a convergenceanalysis for the electromagneticscattering problem where
the PML layer was a sphericalshell [2].

We will present a new analytical approach for the study of the electromagneticPML
equation in this paper. Not only do we derive existenceand uniquenessfor the PML
approximations but our analysis leads to inf-sup conditions on the truncated domain,
an essential part of any �nite element analysis.

Let 
 (the scatterer)bea domain in R3. Weshall �rst considerthe acousticscattering
problem with a sound-softobstacle.This involvesa scalarfunction u de�ned on 
 c, the
complement of �
, satisfying

(1.1)

� u + k2u = 0 in 
 c;

u = g on @
 ;

lim
� !1

� (r u � x̂ � ik u) = 0:

Here� = jx j, x̂ = x =� , and k is a real positive constant. We have absorbed the medium
properties into the constant k.
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We will also considerthe time-harmonic electromagneticscattering problem. In this
case,we shall assume,for convenience,that 
 is simply connectedwith only onebound-
ary component. We seekvector �elds E and H de�ned on 
 c satisfying

(1.2)

� ik � H + r� E = 0; in 
 c

� ik � E � r� H = 0; in 
 c

n � E = n � g; on @
 ;

lim
� !1

� (� H � x̂ � E ) = 0:

Here g results from a given incidence �eld, � is the magnetic permeability, � is the
electric permittivit y, and n is the outward unit normal on @
. The last line corresponds
to the Silver-M•uller condition at in�nit y. We assumethat the coe�cien ts � and � are
real valued, boundedaway from zeroand constant outside of someball.

We introduce somenotation that will be usedin the remainder of the paper. For a
domain D, let L2(D) be the spaceof (complexvalued) squareintegrable functions on D
and L 2(D) = (L2(D))3 be the spaceof vector valuedL 2-functions. We shall use(�; �) 
 to
denotethe (vector or scalarHermitian) L 2(
) inner product and < �; � > � to denotethe
(vector or scalar Hermitian) L 2(�) boundary inner product. When the inner product
is on all of R3, we will usethe notation (�; �). The scalarand vector Sobolev spaceson
D will be denotedH s(D) and H s(D) respectively. Let H (curl ; D) be the set of vector
valued functions, which along with their curls, are in L 2(D). H 0(curl ; D) denotesthe
functions f in H (curl ; D) satisfying n � f = 0 on @
. We assumethat n � g above is
the trace n � bg of a function bg 2 H (curl ; 
 c) supported closeto @
.

For a subdomain D � 
 c, by extension by zero, we identify H 1
0 (D) (respectively,

H 0(curl ; D)) with f v 2 H 1
0 (
 c) (respectively, H 0(curl ; 
 c)) : supp(v) � �Dg.

2. The B�erenger la yer

For convenience,we shall take � = � = 1 in (1.2) as all of our results extend to the
more generalcaseas long as the coe�cien ts are constant outside of a ball of radius r 0.
We can reduceto a singleequation involving E by eliminating H in (1.2). This gives

(2.1)

� r� r� E + k2E = 0 in 
 c;

n � E = n � g on @
 ;

lim
� !1

� ((r� E ) � x̂ � ik E ) = 0:

Throughout this paper, we shall usea sequenceof �nite subdomainsof 
 c with spher-
ical outer boundaries.Let r 0 < r1 < : : : < r4 be an increasingsequenceof real numbers
and let 
 i denote (interior of) the open ball B i of radius r i excluding �
 (we assume
that r0 is large enoughso that the corresponding ball contains �
 and that the origin is
contained in 
). We denotethe outer boundary of 
 i by � i . The valuesof r 0; r1; : : : ; r4

are independent of the computational outer boundary scalingparameterRt (introduced
below).

As discussedin [6], the PML problem can be viewed as a complexcoordinate trans-
formation. Following [11], a transitional layer basedon spherical geometry is de�ned
which results in a constant coe�cien t problem outside the transition. Given � 0, r1, and
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r2, we start with a function e� 2 C2(R+ ) satisfying

e� (� ) = 0 for 0 � � � r 1;

e� (� ) = � 0 for � � r 2;

e� (� ) increasingfor � 2 (r 1; r2):

We de�ne
~� = � (1 + ie� ) � � ed:

Oneobvious construction of such a function e� in the transition layer r 1 � � � r 2 with
the above properties is given by the �fth order polynomial,

e� (� ) = � 0

� Z �

r 1

(t � r1)2(r2 � t)2 dt
�� Z r 2

r 1

(t � r1)2(r2 � t)2 dt
� � 1

for r1 � � � r 2:

A smoother e� can be constructedby increasingthe exponents in the above formula.
Each component of the solution E of (2.1) satis�es the Helmholtz equation with

Sommerfeldradiation condition, i.e.,

(2.2)
� u + k2u = 0 for � > r 0;

lim
� !1

� (r u � x̂ � ik u) = 0:

Of course,this also holds for the acousticproblem (1.1). It follows that the solution of
(2.1) can be expanded

(2.3) E =
1X

n=0

nX

m= � n

an;m h1
n (k� )Y m

n (� ; � ); for � � r 0:

Here h1
n (r ) are sphericalBesselfunctions of the third kind (Hankel functions), Y m

n are
sphericalharmonics(see,e.g.,[13] for details) and an;m arevector valuedconstants. The
solution of the acousticscattering problem satis�es (2.3) as well with E replacedby u
and the vector coe�cien ts f an;m g replacedby scalarcoe�cien ts f an;m g.

The PML solution in either caseis developed in a similar fashion. We illustrate the
development in the caseof Maxwell's equations. The (in�nite domain) PML solution is
de�ned by

eE =

8
><

>:

E (x ) for jx j � r 1;
1X

n=0

nX

m= � n

an;m h1
n (k~� )Y m

n (� ; � ); for � = jx j � r 1:

By construction eE and E coincideon 
 1. Furthermore, the complexshift in the argu-
ment of h1

n above guaranteesexponential decay of eE .
The PML solution de�ned above satis�es a di�erential equation involving ~� and d~�

d� .
A simple computation shows that

d~�
d�

= (1 + i� (� )) � d

where
� (� ) = e� (� ) + � e� 0(� ):
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It follows that � is in C1(R+ ) and satis�es

� (� ) = 0 for 0 � � � r 1;

� (� ) > e� (� ) for � 2 (r 1r2);

� (� ) = � 0 for � � r 2

The solution eE satis�es Maxwell's equationsusing the sphericalcoordinates (~�; � ; � )
[13]. More precisely,

(2.4)

� er � er � eE + k2 eE = 0 in 
 c;

n � eE = n � g on @
 ;

eE boundedat 1 :

For eE expandedin sphericalcoordinates,

eE = eE � e� + eE � e� + eE � e� ;

we have

(2.5)

er � eE =
1

ed� sin �

�
@
@�

(sin � eE � ) �
@eE �

@�

�
e�

+
1

� ed

�
1

sin �
@eE �

@�
�

1
d

@
@�

( ed� eE � )
�

e�

+
1
ed�

�
1
d

@
@�

( ed� eE � ) �
@eE �

@�

�
e� :

The PML approximation in the acousticcaseis given by

(2.6)

e� eu + k2eu = 0 in 
 c;

eu = g on @
 ;

eu boundedat 1 .

In polar coordinates (�; � ; � ),

(2.7) e� v =
1

ed2d� 2

@
@�

� ed2� 2

d
@v
@�

�
+

1
ed2� 2 sin�

@
@�

�
sin�

@v
@�

�
+

1
ed2� 2 sin2 �

@2v
@� 2

:

Sincethe solutionsof (2.4) and (2.6) coincidewith thoseof (2.1) and (1.1), respectively,
on 
 1 while rapidly decaying as � tends to in�nit y, it is natural to truncate to a �nite
computational domain 
 1 and impose convenient boundary conditions on the outer
boundary of 
 1 (which we denoteby � 1 ). We shall always require that the transitional
region is contained in 
 1 , i.e., �
 2 � 
 1 . We introduce the parameter Rt and assume
that 
 1 contains the sphereof radius Rt . Our analysiswill requireonly a �xed (Lipshitz
continuous) outer boundary shape (but one that we enlargeby our dilation parameter
Rt ). Of course,in practice, it is often convenient to take a polyhedral outer boundary.

It will be critical to keep track of the relation between constants appearing in the
inequalitiesand the scalingparameterRt . Our constants are independent of Rt and will
be denotedgenericallywith the letter C.
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The truncated PML approximations arethen givenasfollows. In the caseof Maxwell's
problem,we considerthe truncated PML probleminvolving a vector function fE � de�ned
on 
 1 and satisfying

(2.8)

� er � er � fE � + k2 fE � = 0 in 
 1 ;

n � fE � = n � g on @
 ;

n � fE � = 0 on � 1 :

Analogously, for the acousticsproblem, we considereut de�ned on 
 1 satisfying

(2.9)

e� eut + k2eut = 0 in 
 1 ;

eut = g on @
 ;

eut = 0 on � 1 :

Remark 2.1. It is possibleto useand analyzeother conditions on the outer boundary.
We chooseDirichlet conditions for convenience.

3. Anal ysis of the tr unca ted acoustic PML (2.9)

In this section, we will prove that the truncated PML acoustic problem (2.9) has a
unique weak solution which convergesexponentially to the solution of (1.1) near the
obstacle. We will �rst prove uniquenessfor (2.9). To do this we will use a duality
argument. A similar technique was used in [8] for the exterior Helmholtz problem
to estimate the e�ect of truncating the in�nite domain and imposing an approximate
absorbingboundary condition.

We �rst considera weak formulation of (2.6). De�ne the sesquilinearform,

(3.1)
b(v; � ) = k2( ed2v; � )
 c �

� ed2

d
@v
@�

;
@
@�

�
�
�d

� �


 c

�
�

1
� 2

@v
@�

;
@�
@�

�


 c

�
�

1
� 2 sin2 �

@v
@�

;
@�
@�

�


 c

:

This form is well de�ned for v 2 H 1(
 c) and � 2 H 1(
 c) and results from (2.6) and
integration by parts. For g 2 H 1=2(@
), let ĝ be an H 1(
 c) bounded extension of g
supported in 
 0. The weaksolution of (2.6) is the function eu = ĝ� w wherew 2 H 1

0 (
 c)
satis�es

(3.2) b(w; � ) = b(ĝ; � ) for all � 2 H 1
0 (
 c):

We will subsequently show that the variational problem (3.2) is well posedand that eu
is well de�ned and independent of the particular extensionĝ.

To employ the duality technique, we needto considerthe adjoint sourceproblem on
the in�nite domain. For � 2 L 2(
 c), let ẑ 2 H 1

0 (
 c) satisfy

(3.3) b(�; ẑ) = (�; �) 
 c ; for all � 2 H 1
0 (
 c):

It is immediate that ẑ = �d�z ( �z denotesthe complexconjugateof z), wherez satis�es

(3.4) b(z; � ) = ( �� =d;� ) 
 c ; for all � 2 H 1
0 (
 c):

The above problemsare well posedas is shown in the following theorem.
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Theorem 3.1. Let � be in L 2(
 c). Problems(3.4) and (3.3) have unique solutions
z; ẑ 2 H 1

0 (
 c) satisfying

(3.5) kzkH 1 (
 c ) � Ck� kL 2(
 c ) and kẑkH 1 (
 c ) � Ck� kL 2 (
 c ) :

To prove the above theorem and subsequent results, we shall require the following
theoremwhich follows easilyfrom a theoremdue to Peetre[14] and Tartar [16] (see,e.g.
Theorem2.1 of [7]).

Theorem 3.2. Let A(�; �) be bounded sesquilinear form on a complexHilbert space V
with norm k � kV . Let W be another Hilbert space and T a compact operator from V to
W. Supposethat the only solution of

A(u; v) = 0 for all v 2 V

is u = 0 and that

kukV � C1 sup
v2 V

jA(u; v)j
kvkV

+ C2kTukW for all u 2 V:

Then, there existsC3 > 0 suchthat for all u 2 V,

(3.6) kukV � C3 sup
v2 V

jA(u; v)j
kvkV

:

Proof of Theorem 3.1. We will useTheorem3.2 to show that the form (3.1) satis�es an
inf-sup condition on H 1

0 (
 c). To this end we break the form into two parts as follows:

(3.7) b(v; � ) = b1(v; � ) + I (v; � )

where

(3.8) b1(v; � ) = k2(d2
0u; � )
 c �

� ed2

d2

@v
@�

;
@�
@�

�


 c

�
�

1
� 2

@v
@�

;
@�
@�

�


 c

�
�

1
� 2 sin2 �

@v
@�

;
@�
@�

�


 c

;

and

(3.9) I (v; � ) =
� ed2d0

d3

@v
@�

; �
�


 c

+ k2(( ed2 � d2
0)v; � )
 c ;

whered0 = 1 + i� 0. Notice that d0 and ( ed2 � d2
0) both vanish for � � r 2. Hence

(3.10) jI (v; v)j � CkvkL 2(
 2 )kvkH 1(
 c ):

Recall that ed = 1 + ie� and d = 1 + i� and that � � e� . It follows easily that there is
a positive real number � such that that

(3.11) Re[d2
0(1 + i� )] � � C1 < 0 and Re

� ed2

d2
(1 + i� )

�
� C2 > 0;

for � large enough. In fact, it su�ces to choose� > max[(1 � � 2
0)=2� 0; � M ], where � M

is the maximum of � . It follows from (3.8) and (3.11) that

(3.12) (1 + � 2)1=2jb1(v; v)j � jRe[(1 + i� )b1(v; v)]j � Ckvk2
H 1(
 c ) :
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It immediately follows from (3.10) and (3.12) that

kvkH 1(
 c ) � C
�

sup
w2 H 1(
 c )

jb(v; w)j
kwkH 1(
 c )

+ kvkL 2(
 2 )

�
:

Now, using the argument in [6], we have the uniquenessproperty that if v 2 H 1
0 (
 c)

and b(v; � ) = 0 for all � 2 C1
0 (
 c) then v = 0. Theorem3.2(with T : H 1(
 c) ! L2(
 2),

the imbedding into L2(
 2) of the restriction of elements of H 1(
 c) to 
 2) then givesthe
inf-sup condition

(3.13) kvkH 1(
 c ) � C sup
� 2 C1

0 (
 c )

jb(v; � )j
k� kH 1(
 c )

; for all v 2 H 1
0(
 c):

The corresponding inf-sup condition for the adjoint problem follows from the identit y

(3.14) b(�; v) = b(�v=d; �d�� ):

Hence,by the generalizedLax-Milgram Lemma, there existsa unique z 2 H 1
0 (
 c) satis-

fying (3.4). Moreover,

kzkH 1 (
 c ) � C sup
� 2 C1

0 (
 c )

jb(z; � )j
k� kH 1(
 c )

� Ck� kL 2 (
 c ) :

This completesthe proof of the theorem. �

Remark 3.1. Applying a standardlifting estimate,the proof of the abovetheoremimplies
that the solution eu of (2.6) satis�es

keukH 1 (
 c ) � CkĝkH 1 (
 0 ) � CkgkH 1=2(@
) :

In addition, the inf-sup condition proved above immediately implies that eu is indepen-
dent of the choiceof extensionĝ.

We will �rst prove uniquenessfor (2.9). In order to do this we will needthe following
two propositions. Thesepropositionswill be usedextensively throughout the remainder
of this paper. The �rst is a classical interior estimate for the solution of an elliptic
equation. The proof is elementary.

Prop osition 3.1. Supposethat w satis�es the Helmholtzequation

(3.15) � w + � w = 0

in a domain D with a (possiblycomplex)constant � . If D 1 is a subdomain, whoseclosure
is contained in D, then

(3.16) kwkH 2(D 1 ) � CkwkL 2(D ) :

We alsoneedthe following proposition.

Prop osition 3.2. Assumethat w is bounded at in�nity and satis�es (3.15) in 
 c n �
 2

with � = k2d2
0. Set S
 = f x : dist(x ; � 1 ) < 
 g with 
 �xed independent of Rt > r4

and small enoughthat �S
 is in 
 c n �
 4. Then

kwkL 2(S
 ) � Ce� � 0kR t kwkL 2(
 4 ) :
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Proof. The fundamental solution of (3.15) with � = k2d2
0 is

 (x ; y ) = �
exp(ik d0jx � y j)

4� jx � y j
:

For any point x in S


(3.17) w(x ) =
Z

� 3

w(y)
@ (x ; y )

@r �

dS� �
Z

� 3

@w(y)
@r �

 (x ; y ) dS� :

Note that there is no contribution above from in�nit y. Indeed, sincew is bounded at
in�nit y it can be written asa (scalar) expansionof the form of (2.3) with k replacedby
d0k. In addition,  decays rapidly at in�nit y sinced0 hasa positive imaginary part and
so the outer boundary contribution limits to zero.

Using Schwarz's inequality and the properties of  it is easyto seethat

(3.18) jw(x )j2 � Ce� 2� 0kR t

�
kwk2

L 2(� 3 ) +










@w
@r










2

L 2 (� 3 )

�� Z

� 3

dS�

jx � y j2

�
:

Integrating over S
 , using a standard trace inequality and Proposition 3.1 we obtain
Proposition 3.2. �

We can now prove the following theorem.

Theorem 3.3. Let u be in H 1
0 (
 1 ) and satisfy (2.9) with g = 0. Then, for Rt large

enough,u = 0. That is to say if u 2 H 1
0 (
 1 ) satis�es b(u;  ) = 0 for all  2 H 1

0 (
 1 )
then u = 0.

Proof. Let u be in H 1
0 (
 1 ) satisfy (2.9) with g = 0, � be in L 2(
 c) with support in 
 4

and ẑ 2 H 1
0 (
 c) be the solution of (3.3). Then

(3.19) (u; �) 
 4 = b(u; ẑ) = <
@u
@n

; ẑ > � 1

Let eH 1(
 1 n �
 3) denote the set of functions in H 1(
 1 n �
 3) which vanish on � 3.
De�ne the norm

kwkH � 1=2(� 1 ) = sup
� 2

�

H 1 (
 1 n�
 3 )

j < w; � > � 1 j
k� kH 1(
 1 n�
 3)

:

Let � be a smooth cuto� function with support �D1 in S
 (of Proposition 3.2) which is
oneon � 1 . Applying Propositions 3.1 and 3.2 to ẑ and (3.5), it follows that

(3.20)

j(u; �) 
 4 j � C
j < @u

@�

; � ẑ > � 1 j
k� ẑkH 1 (S
 )

kẑkH 1(D 1 )

� C
j < @u

@�

; � ẑ > � 1 j
k� ẑkH 1 (S
 ) j

kẑkL 2(S
 )

� Ce� � 0kR t k� kL 2 (
 4 )










@u
@n










H � 1=2 (� 1 )

:

We next estimate the negative norm on the right hand side above. Let ĥ be in
eH 1(
 1 n �
 2) and be equal to zero in 
 3 n �
 2. Let  2 H 1

0 (
 1 n �
 2) satisfy

(r  ; r � ) 
 1 n�
 2
� k2 �d2

0( ; � )
 1 n�
 2
= (r ĥ; r � )
 1 n�
 2

� k2 �d2
0(ĥ; � )
 1 n�
 2
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for all � 2 H 1
0 (
 1 n �
 2). This problem is well posedsinced2

0 has a nonzeroimaginary
part. It follows that

k kH 1(
 1 n�
 2) � CkĥkH 1(
 1 n�
 2 ) :

We set h = ĥ �  . Note that both u and h satisfy homogeneousequationsin 
 1 n �
 2,
i.e.,

(3.21) � u + k2d2
0u = 0; � h + k2 �d2

0h = 0:

Now, using Green'sidentit y,

(3.22) <
@u
@n

; ĥ > � 1 = <
@u
@n

; h > � 1 = � <
@u
@n

; h > � 3 + < u;
@h
@n

> � 3 :

Finally, using Proposition 3.1 (with D1 a domain containing � 3 whoseclosure is in

 4 n �
 2),

(3.23)

j <
@u
@n

; h > � 3 � < u;
@h
@n

> � 3 j � CkukH 2(D 1 )khkH 2 (D 1 )

� CkukL 2(
 4 )khkL 2 (
 4 )

� CkukL 2(
 4 )kĥkH 1 (
 1 n�
 3 ) :

Combining the above results shows that









@u
@n










H � 1=2 (� 1 )

� CkukL 2(
 4 )

and hence,using (3.20), we have

(3.24) kukL 2(
 4 ) � Ce� � 0kR t kukL 2(
 4 ) ;

i.e., u vanisheson 
 4 provided Rt is takenlargeenough. It followsby uniquecontinuation
that u vanisheson all of 
 1 . This completesthe proof of the uniquenesstheorem. �

We next give a weak form of Problem (2.9). For g 2 H 1=2(@
) let ĝ be an H 1(
 c)
boundedextensionof g with support in 
 0. The weak solution of (2.9) is the function
eut = ĝ � w wherew 2 H 1

0 (
 1 ) satis�es

(3.25) b(w; � ) = b(ĝ; � ) for all � 2 H 1
0 (
 1 ):

The next theoremshows existenceand giveserror estimatesfor the weak solution.

Theorem 3.4. The variational problem(3.25), for Rt su�ciently large, has a unique
solution. The resulting weak solution eut of (2.9) is well de�ned and independentof the
extensionĝ. Final ly,

keu � eutkL 2(
 4 ) � Ce� 2� 0kR t kgkH 1=2(@
) :

Here eu is the solution of (2.6).

Remark 3.2. The above theorem shows that eut convergesexponentially on 
 4 to eu as
Rt ! 1 . It follows that eut convergesexponentially to u on 
 1.

Proof. Wenote that (3.10)and (3.12)hold on the restricted spaceH 1
0 (
 1 ) sothe unique-

nessresult of the previoustheoremand Theorem3.2 implies the inf-sup condition

(3.26) kvkH 1(
 1 ) � C sup
� 2 C1

0 (
 1 )

jb(v; � )j
k� kH 1(
 1 )

; for all v 2 H 1
0 (
 1 ):
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Uniquenessfor the adjoint problem on H 1
0 (
 1 ) follows from Theorem 3.3 and (3.14).

This implies the existenceand uniquenessof solutions to (3.25). It is easyto seethat
the resulting function eut is independent of extensionĝ.

To �nish the proof, we needto show that eut convergesto eu, the solution of (2.6), in
L2(
 4) and that the convergenceis exponential as Rt increasesbeyond somethreshold.
To seethis set ee = eu � eut . As in the proof of Theorem 3.3, let � be in L 2(
 c) with
support in 
 4 and ẑ 2 H 1

0 (
 c) be the solution of (3.3). Let L denotethe formal adjoint of
the operator ed2 e�. Since e� is a multiple of � excepton the transition layer r 1 < � < r 2,

(3.27)
(ee;�) 
 4 = � (ee; L ẑ) 
 1 = � < eu;

@̂z
@n

> � 1 + b1 (ee;ẑ)

= <
@ee
@n

; ẑ > � 1 � < eu;
@̂z
@n

> � 1 :

Here b1 (�; �) denotesthe form on H 1(
 1 ) � H 1(
 1 ) which results from replacing the
domain of integration 
 c in (3.1) by 
 1 .

To handle the �rst term on the right hand sideof (3.27), we shall useestimatesin the
proof of Theorem3.3 (with u replacedby ee). As in (3.20),

j <
@ee
@n

; ẑ > � 1 j � Ce� � 0kR t k� kL 2 (
 4 )










@ee
@n










H � 1=2 (� 1 )

:

We estimate the negative norm again following the proof of Theorem 3.3 but replace
(3.22) with

<
@ee
@n

; ĥ > � 1 = <
@ee
@n

; h > � 1

= � <
@ee
@n

; h > � 3 + < ee;
@h
@n

> � 3 + < eu;
@h
@n

> � 1 :

The �rst two terms on the right hand sideabove are estimatedexactly as in (3.23). For
the last, we note that becauseh satis�es (3.21),










@h
@n










H � 1=2 (� 1 )

� CkhkH 1(
 1 n�
 2 ) :

Thus,

j < eu;
@h
@n

> � 1 j � CkeukH 1 (D 1 )kĥkH 1 (
 1 n�
 2 )

where �D1 � S
 . Applying Propositions 3.1 and 3.2 gives

j < eu;
@h
@n

> � 1 j � Ce� � 0kR t keukL 2 (
 4 )kĥkH 1 (
 1 n�
 2 ) :

Combining the above gives

(3.28) j(ee;�) 
 4 j � Ce� � 0kR t k� kL 2 (
 4 )(keekL 2 (
 4 ) + e� � 0kR t keukL 2(
 4 )) + j < eu;
@̂z
@n

> � 1 j:

Now, using a standard trace inequality, Theorem 3.1, Proposition 3.1 and Proposi-
tion 3.2, we obtain

(3.29) j < eu;
@̂z
@n

> � 1 j � Ce� 2� 0kR t keukL 2(
 4 )k� kL 2 (
 4 ) :
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Thus we have

j(ee;�) 
 4 j � C(e� � 0kR t keekL 2(
 4 ) + e� 2� 0kR t keukL 2 (
 4 ))k� kL 2 (
 4 ) :

>From this and Remark 3.1, it follows that

keekL 2 (
 4 ) � Ce� � 0kR t keekL 2(
 4 ) + Ce� 2� 0kR t kgkH 1=2(@
) :

Hence,for Rt large enough,we obtain the convergenceestimate

keu � eutkL 2(
 4 ) � Ce� 2� 0kR t kgkH 1=2(@
) :

This completesthe proof of the theorem. �

4. Uniqueness f or the tr unca ted electr omagnetic PML pr oblem.

Following [13], we de�ne the diagonalmatrices (in sphericalcoordinates)

A v = ed� 2v� e� + ( edd) � 1(v� e� + v� e� )

and
B v = dv� e� + ed(v� e� + v� e� ):

Then, er � eE = A r� (B eE ).
We �rst de�ne a weak form of the PML problem (2.8) by setting fE � = bg � w and

setting up a variational problem for � = B w 2 H 0(curl ; 
 1 ), i.e.,

(4.1) A (� ; 	 ) = A (B bg; 	 ) for all 	 2 H 0(curl ; 
 1 ):

Here the sesquilinearform A is given by

A(� ; 	 ) � � (� b
� 1 r� � ; r� 	 ) 
 c + k2(� b� ; 	 )
 c for all � ; 	 2 H (curl ; 
 c)

and � b is the three by three matrix which corresponds to the diagonal matrix (AB ) � 1

in sphericalcoordinates. As usual, we de�ne the form on the larger spaceand consider
the spaceH 0(curl ; 
 1 ) as the subsetde�ned by extensionby zero.

Our �rst task is to show uniquenesswhen Rt is su�cien tly large. That is if � is in
H 0(curl ; 
 1 ) and

(4.2) A (� ; 	 ) = 0 for all 	 2 H 0(curl ; 
 1 )

then � = 0.
As wasdonein the analysisof the acousticproblem, we will again usea duality argu-

ment. We considerthe adjoint sourceproblem: For � 2 L 2(
 c), �nd ẑ 2 H 0(curl ; 
 c)
satisfying

(4.3) A (� ; ẑ ) = (� ; � ) 
 c for all � 2 H 0(curl ; 
 c):

It is immediate that ẑ = �z, wherez is the solution of

(4.4) A (z; � ) = ( �� ; � )
 c for all � 2 H 0(curl ; 
 c):

We needthe following theorem.

Theorem 4.1. Let � be in L 2(
 c). Problems(4.4) and (4.3) have unique solutions
z; ẑ 2 H 0(curl ; 
 c) satisfying

(4.5) kzk � (curl ;
 c) = kẑk � (curl ;
 c) � Ck� k �

2(
 c ) :
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For the proof of this theorem,we require the following lemmawhoseproof appearsin
the appendix.

Lemma 4.1. Let D either be 
 1 or 
 c, respectively. Set

X (D) = H 0(curl ; D) \ H 0(div; � b; D);

where H 0(div; � b; D) = f U 2 L 2(D) : r � (� bU ) = 0g. Then the functions in X (D),
restricted to ! , are in H s(! ) for somes > 1=2 where ! = 
 1 or ! = 
 2, respectively.

Proof of Theorem 4.1. We will prove that, for W 2 X (
 c),

(4.6) kW k � (curl ;
 c) � C sup
�

2 � (
 c )

jA (W ; V)j
kVk � (curl ;
 c )

:

To this end, set B(U ; V) = A(U ; �� V), where� = ed2=d. Then

(4.7)

B(U ; V) = � (� b
� 1 r� U ; r� �� V) 
 c + k2(� � bU ; V)
 c

= � (� � b
� 1 r� U ; r� V) 
 c � (� b

� 1 r� U ; (r �� ) � V) 
 c

+ k2(� � bU ; V)
 c

= B1(U ; V) + I (U ; V):

Here
B1(U ; V) = � (� � b

� 1 r� U ; r� V) 
 c + k2(d2
0U ; V)
 c

and
I (U ; V) = � (� b

� 1 r� U ; (r �� ) � V) 
 2 � k2((d2
0I � � � b)U ; V)
 2 :

The last two integrations are over 
 2 sinceboth r �� and (d2
0I � � � b) vanish for � > r 2.

We obviously have

(4.8) jI (V; V)j � CkVk � (curl ;
 2)kVk �

2(
 2 ) :

Choosing � as in (3.11) we obtain for V 2 H 0(curl ; 
 c)

(4.9) (1 + � 2)1=2jB1(V; V)j � jRe[(1 + i� )B1(V; V)]j � CkVk2
� (curl ;
 c) :

Multiplication by �� � 1 is a boundedoperator on H (curl ; 
 c). Thus,

kW k � (curl ;
 c ) � C
�

jB(W ; W )j
kW k � (curl ;
 c)

+ kW k �

2(
 2 )

�

� C
�

sup
�

2 � 0(curl ;
 c)

jA (W ; V)j
kVk � (curl ;
 c)

+ kW k
�

2(
 2 )

�
:

Let ~H 1
0 (
 c) denotethe completionC1

0 (
 c) in the norm kr uk �

2(
 c ) . For V 2 H 0(curl ; 
 c),
we decomposeV as V = v + r  with v 2 X (
 c) and  2 ~H 1

0(
 c). Indeed,  is the
solution of

(4.10) (� br  ; r � ) = (� bV; r � ) for all � 2 ~H 1
0 (
 c):

This problem is uniquely solvable sincethe real part of � b is uniformly positive de�nite.
Moreover,

kr  k � (curl ;
 c ) � CkVk �

2(
 c )

so
kvk � (curl ;
 c ) � CkVk � (curl ;
 c ) :
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Thus, for W 2 X (
 c)

kW k � (curl ;
 c) � C
�

sup
�

2 � 0 (curl ;
 c )

jA (W ; v)j
kVk � (curl ;
 c )

+ kW k �

2 (
 2 )

�

� C
�

sup
� 2 � (
 c )

jA (W ; v)j
kvk � (curl ;
 c )

+ kW k �

2 (
 2 )

�
:

To apply Theorem 3.2 (with T : X (
 c) ! L 2(
 2), the imbedding into L 2(
 2) of the
restriction of elements of X (
 c) to 
 2) to prove (4.6) we needonly check the uniqueness
property.

We note that we have the uniquenessproperties for A and its adjoint in H 0(curl ; 
 c)
(cf. [13]), speci�cally, if u 2 H 0(curl ; 
 c) satis�es

(4.11) A (u ; w) = 0 for all w 2 H 0(curl ; 
 c)

then u = 0 and if u 2 H 0(curl ; 
 c) satis�es

(4.12) A (w ; u ) = 0 for all w 2 H 0(curl ; 
 c)

then u = 0.
We show the above uniquenessproperty on the restricted spaceX (
 c). Supposethat

W is in X (
 c) and satis�es

(4.13) A (W ; v) = 0 for all v 2 X (
 c):

For any V 2 H 0(curl ; 
 c), we decomposeV = v + r  as above. SinceW 2 X (
 c),
A (W ; V) = A(W ; v) = 0 by (4.13) and W = 0 follows from (4.11). Finally, (4.6)
follows from Theorem3.2.

We can now completethe proof of the theorem. For � 2 L 2(
 c), de�ne � 2 ~H 1
0 (
 c)

by
A (r �; r  ) = k2(� br �; r  ) = ( �� ; r  ); for all  2 ~H 1

0 (
 c):

Next de�ne W 2 X (
 c) to be the solution of

(4.14) A (W ; v) = ( �� ; v) � k2(� br �; v); for all v 2 X (
 c):

As above, the uniquenessproperty for the adjoint on H 0(curl ; 
 c) implies the corre-
sponding property on the restricted spaceX (
 c). Thus, the existenceof W satisfying
(4.14) follows from (4.6) and the generalizedLax-Milgram Lemma.

The solution of (4.4) is then givenby z = W + r � . Indeed,for any � 2 H 0(curl ; 
 c),
we decompose� = v + r  with v 2 X (
 c). Then

A(z; � ) = A (W ; v) + A(W ; r  ) + A (r �; v) + A (r �; r  )

= ( �� ; v) � k2(� br �; v) + k2(� br �; v) + ( �� ; r  ) = ( �� ; � ):

Evidently
kzk � (curl ;
 c ) � Ck� k �

2 (
 c ) ;

which concludesthe proof. �

Corollary 4.1. Let eE be the solution of (2.4) and bg be an H-curl extensionof g with
support in 
 0. Then

k eE k � (curl ;
 c ) � Ckbgk � (curl ;
 0 ) :
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We can now prove the uniquenesstheoremfor the problem on 
 1 .

Theorem 4.2. For Rt su�ciently large, the only solution � 2 H 0(curl ; 
 1 ) satisfying
(4.2) is � = 0.

Proof. Supposethat � satis�es (4.2). For � 2 L 2(
 c) with support in 
 4 let ẑ satisfy
(4.3). Both n � � and n � ẑ vanish on @
. Also n � � vanisheson � 1 . In addition,
the components of ẑ satisfy (3.15) with � = k2d2

0 outside of 
 2 so ẑ is in H 2 near � 1 .
Thus,

(4.15) (� ; � ) 
 4 = A(� ; ẑ) = d� 1
0 < n � r� � ; ẑ > � 1 :

Let eH
1
(
 1 n �
 3) denotethe set of functions in H 1(
 1 n �
 3) which vanish on � 3. Set

kw k
�

� 1=2 (� 1 ) = sup
�

2
�

�

1
(
 1 n�
 3)

j < w ; � > � 1 j
k� k

�

1 (
 1 n�
 3 )
:

Let � be a smooth cuto� function with support �D1 in S
 (of Proposition 3.2) which
is one on � 1 . Since each component of ẑ satis�es (3.15) with � = k2 �d2

0, applying
Propositions 3.1 and 3.2 and Theorem4.1 it follows that

(4.16)

j(� ; � )
 4 j � C
j < n � r� � ; � ẑ > � 1 j

k� ẑk
�

1 (S
 )
kẑk �

1(D 1 )

� C
j < n � r� � ; � ẑ > � 1 j

k� ẑk �

1 (S
 )
kẑk �

2(S
 )

� Ce� � 0kR t k� k �

2 (
 4 )kn � (r� � )k
�

� 1=2 (� 1 ) :

We next estimate the negative norm on the right hand side above. Let ĥ be in
eH

1
(
 1 n �
 3) and  2 H 0(curl ; 
 1 n �
 3) satisfy

� (r�  ; r� � ) 
 1 n�
 3
+ k2 �d2

0( ; � )
 1 n�
 3
= � (r� ĥ ; r� � )
 1 n�
 3

+ k2 �d2
0(ĥ ; � )
 1 n�
 3

for all � 2 H 0(curl ; 
 1 n �
 3): This problem is well posedsinced2
0 hasa nonzeroimag-

inary part. We set h = ĥ �  . It follows that

khk
� (curl ;
 1 n�
 3 ) � Ckĥk

� (curl ;
 1 n�
 3 ) :

Note that both � and h satisfy homogeneousequationsin 
 1 n �
 3,

(4.17)
� r� r� � + k2d2

0� = � � + k2d2
0� = 0;

� r� r� h + k2 �d2
0h = 0:

It follows that r� � and r� h are also in H (curl ; 
 1 n �
 3). Now, integrating by
parts gives

(4.18)

< n � r� � ; ĥ > � 1 = < r� � ; ĥ � n > � 1

= � (r� � ; r� h ) 
 1 n�
 3
+ (r� r� � ; h ) 
 1 n�
 3

= < � ; n � r� h > � 3 � (� ; r� r� h ) 
 1 n�
 3

+ (r� r� � ; h ) 
 1 n�
 3

= < � ; n � r� h > � 3 :
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The �rst integration by parts formula is justi�ed ash = ĥ +  and the formula holds for
both terms. The secondintegration by parts above is justi�ed becausen � � vanishes
on � 1 and � is smooth in a neighborhood of � 3 sinceit satis�es (3.15) with � = k2d2

0
there. Finally, using (3.16) (with D1 a domain containing � 3 and whoseclosure is in

 4 n �
 2),

j < � ; n � r� h > � 3 j � Ck� k
�

1 (D 1 )k r� hk
� (curl ;
 1 n�
 3 )

� Ck� k �

2(
 4 )kĥk
�

1 (
 1 n�
 3 ) :

Combining the above results shows that

kn � r� � k
�

� 1=2 (� 1 ) � Ck� k �

2(
 4 )

and hence,using (4.16),

k� k �

2 (
 4 ) � Ce� � 0kR t k� k �

2(
 4 ) :

It followsthat � vanisheson 
 4 for Rt su�cien tly large. In this case,uniquecontinuation
implies that � vanisheson all of 
 1 . This completesthe proof of the theorem. �

5. Existence and conver gence of solutions of the tr unca ted
electr omagnetic PML pr oblem (2.8)

The existenceand convergenceof solutionsto the PML problemdependon the unique-
nessresult of the previoussection. Accordingly, we shall assumethat the hypothesesof
Theorem4.2 are satis�ed throughout this section.

We are now in position to prove the existencetheorem.

Theorem 5.1. Let g admit an H (curl ; 
 0)-extensionbg supported in 
 0. Then for Rt

su�ciently large, the truncated PML problem(2.8) hasa uniquesolution fE � .

Proof. The theoremwill follow if we show the existenceof a solution to (4.1). Now that
we have proved uniquenessof (4.2), we follow the proof of Theorem4.1with 
 c replaced
by 
 1 . In exactly the sameway we arrive at the analogousinf-sup condition,

(5.1) kW k � (curl ;
 1 ) � C
�

sup
�

2 � (
 1 )

jA (W ; V)j
kVk � (curl ;
 1 )

�
; for all v 2 X (
 1 ):

Following the proof of Theorem4.1, we de�ne � 2 H 1
0 (
 1 ) by

A (r �; r  ) = A (B bg; r  ); for all r  2 H 1
0 (
 1 ):

Clearly, A (� ; u ) = 0 for all � 2 H 0(curl ; 
 1 ) is the sameas A( �u ; � ) = 0 for all
� 2 H 0(curl ; 
 1 ). As in the proof of Theorem 4.1, if u 2 X (
 1 ) and A(� ; u ) = 0 for
all u 2 X (
 1 ) then u = 0. The generalizedLax-Millgram Theorem shows that there
is a unique W 2 X (
 1 ) satisfying

A(W ; v) = A(B bg; v) � k2(� br �; v) for all v 2 X (
 1 ):

Then � = W + r � satis�es (4.1). Setting fE � = bg � B � 1� concludesthe proof.
�

Finally wewant to estimatethe error createdin replacingthe solution of the scattering
problem (2.1) by the solution of the truncated PML problem (2.8). To do this, we
comparethe solutionsof (2.8) and (2.4), sincethe solutionsof (2.4) and (2.1) coincidein
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 1. The proof follows the arguments in the proof of uniqueness.We have the following
convergencetheorem.

Theorem 5.2. Let eE be the solution of (2.4) and fE � be the solution of (2.8). For Rt

su�ciently large,

(5.2) kfE � � eE k �

2 (
 4 ) � Ce� 2� 0kR t kbgk � (curl ;
 0 ) :

Proof. Let bF = B ( fE � � eE ). We follow the proof of Theorem4.2 replacing� by bF . The
main di�erence is that n � bF doesnot vanish on � 1 .

Let � and ẑ be as in the proof of Theorem4.2. Then, as in (4.15),

(5.3)

( bF ; � )
 4 = � ( bF ; r� (� �
b)� 1 r� ẑ )
 1 + k2( bF ; � �

bẑ )
 1

= � (� b
� 1 r� bF ; r� ẑ )
 1 + k2(� b

bF ; ẑ)
 1

� d� 1
0 < n � eE ; r� ẑ > � 1 :

= d� 1
0 < n � r� bF ; ẑ > � 1 � d� 1

0 < n � eE ; r� ẑ > � 1 :

Here � �
b denotesthe conjugatetranspose.

To bound the �rst term on the right hand side of (5.3), we follow the proof of Theo-
rem 4.2. The integration by parts on (4.18) givesan extra term, i.e.,

(5.4) < n � r� bF ; ĥ > � 1 = < bF ; n � r� h > � 3 � < eE ; n � r� h > � 1 :

For the secondterm of (5.4), we note that sinceh satis�es the homogeneousequation
(4.17),

kn � r� hk
�

� 1=2 (� 1 ) � Ckhk
� (curl ;
 1 n�
 3 )

so by Proposition 3.1 and Proposition 3.2,

(5.5) j < eE ; n � r� h > � 1 j � Ce� � 0kR t k eE k �

2(
 c )khk
� (curl ;
 1 n�
 3 ) :

Using (5.4), (5.5), Proposition 3.1 and Proposition 3.2 and following the proof of Theo-
rem 4.2 (below (4.18)) gives

(5.6) j < n � r� bF ; ẑ > � 1 j � Ck� k �

2 (
 4 )(e
� � 0kR t k bF k �

2(
 4 ) + e� 2� 0kR t k eE k �

2 (
 4 )):

Finally we bound the secondterm on the right hand side of (5.3). Using a trace
inequality we have that

j < n � eE ; r� ẑ > � 1 j � Ck eE k
�

1 (S
 )kẑk
�

2(S
 ) :

Note that the components eE and ẑ satisfy (3.15) with � = k2d2
0 in S
 . Thus from

Proposition 3.1, Theorem4.1 and Proposition 3.2, we obtain

j < n � eE ; r� ẑ > � 1 j � Ce� 2� 0kR t k eE k �

2 (
 c )k� k �

2 (
 4 ) :

Combining the above gives

j( bF ; � )
 4 j � Ck� k �
2 (
 4 )(e

� 2� 0 kR t k eE k �
2 (
 c ) + e� � 0kR t k bF k �

2 (
 4 )):

The theoremeasily follows from the above inequality and Corollary 4.1. �
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6. Appendix

We now provide a proof of Lemma 4.1. We �rst considerthe caseof 
 c and ! = 
 2.
Let � be a smooth cuto� function which is oneon 
 2 n
 1 and supported in 
 3 n
 0. Let
W be in X (
 c) and set W 1 = (1 � � )W . Then, W 1 is in H 0(curl ; 
 2) \ H (div ; 
 2)
and thereforeis in H s(
 2) (see[1]).

The proof in this casewill be complete if we show that W is in H s(D) where D =

 3 n 
 0. Let �D and ~D extend D (D � ~D � �D) with the closureof �D contained in 
 c

and let � 1 be a cuto� function which is supported on �D and is oneon ~D. Let � 2 H 1
0 ( �D)

be the solution of

(r �; r � ) �D = (� 1W ; r � ) �D for all � 2 H 1
0 ( �D):

Then fW = � 1W � r � is in H 0(curl ; �D) \ H (div ; �D), i.e., it is in H s( �D). We note
that � alsosatis�es

(6.1) (� br �; r � ) ~D = � (� b
fW ; r � ) ~D for all � 2 H 1

0 ( ~D):

Now, fW is in H 1( ~D) (see,Corollary 2.10of [7]) so the right hand side above coincides
with a boundedfunctional on L 2. Sincethe coe�cien ts in � b are in W 2

1 ( ~D), the solution
� is in H 2(D), i.e., r � is in H 1(D). Thus, W = fW + r � is in H 1(D).

The proof in the caseof 
 1 is similar. The only di�erence is that oneusesthe constant
coe�cien t operator in the neighborhood of both the inner and outer boundary (of 
 1 )
to reduceto regularity on an overlapping interior domain.
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