SHIFT THEOREMS FOR THE BIHARMONIC DIRICHLET
PROBLEM

JAMES H. BRAMBLE, JOSEPH E. PASCIAK, AND CONSTANTIN BACUTA

ABSTRACT. We consider the biharmonic Dirichlet problem on a polygonal domain.
Regularity estimates in terms of Sobolev norms of fractional order are proved. The
analysis is based on new interpolation results which generalizes Kellogg’s method for
solving subspace interpolation problems. The Fourier transform and the construction
of extension operators to Sobolev spaces on R? are used in the proof of the interpolation
theorem.

1. INTRODUCTION

Regularity estimates of the solutions of elliptic boundary value problems in terms
of Sobolev-fractional norms are known as shift theorems or shift estimates. The shift
estimates are significant in finite element theory.

The shift estimates for the Laplace operator with Dirichlet boundary conditions on
nonsmooth domains are studied in [2], [12], [14] and [18]. On the question of shift
theorems for the biharmonic problem on nonsmooth domains, there seems to be no
work answering this question.

One way of proving shift results is by using the real method of interpolation of Lions
and Peetre [3], [15] and [16]. The interpolation problems we are led to are of the following
type. If X and Y are Sobolev spaces of integer order and X, is a subspace of finite
codimension of X then characterize the interpolation spaces between Xx and Y.

When X is of codimension one the problem was studied by Kellogg in some particular
cases in [12]. The interpolation results presented in Section 2 give a natural formula
connecting the norms on the intermediate subspaces [Xg,Y]s and [X,Y];. The main
result of Section 2 is a theorem which provides sufficient conditions to compare the
topologies on [ Xk, Y] and [X, Y], and gives rise to an extension of Kellogg’s method in
proving shift estimates for more complicated boundary value problems.

In proving shift estimates for the biharmonic problem, we will follow Kellogg’s ap-
proach in solving subspace interpolation problems on sector domains. The method
involves reduction of the problem to subspace interpolation on Sobolev spaces defined
on all of R?. This reduction requires construction of “extension” and “restriction” op-
erators connecting Sobolev spaces defined on sectors and Sobolev spaces defined on R2.
The method involves also finding the asymptotic expansion of the Fourier transform of
certain singular functions. The remaining part of the paper is organized as follows. In
Section 2 we prove a natural formula connecting the norms on the intermediate subspaces
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[Xk,Y]s and [X,Y],. The main result of the section is a theorem which provides suffi-
cient conditions (the (A1) and (A2) conditions) to compare the topologies on [ X, Y],
and [X,Y]s. A new proof of the main subspace interpolation result presented in [12]
and an extension to subspace interpolation of codimension greater than one are given
in Section 3. The main result concerning shift estimates for the biharmonic Dirichlet
problem is considered in Section 4.

2. INTERPOLATION RESULTS

In this section we give some basic definitions and results concerning interpolation
between Hilbert spaces and subspaces using the real method of interpolation of Lions
and Peetre (see [15]).

2.1. Interpolation between Hilbert spaces. Let X,Y be separable Hilbert spaces
with inner products (-,-)x and (-,-)y , respectively, and satisfying for some positive
constant c,

(2.1) { X is a dense subset of Y and

lully < c||ul|x  forall u € X,
where [[ull} = (w,u)x and ul? = (u,u)y.

Let D(S) denote the subset of X consisting of all elements u such that the antilinear
form

(2.2) v— (u,v)x, veX

is continuous in the topology induced by Y.

For any u in D(S) the antilinear form (2.2) can be extended to a continuous antilinear
form on Y. Then by Riesz representation theorem, there exists an element Su in Y such
that

(2.3) (u,v)x = (Su,v)y forallve X.
In this way S is a well defined operator in Y, with domain D(S). The next result
illustrates the properties of S .

Proposition 2.1. The domain D(S) of the operator S is dense in X and consequently
D(S) is dense in Y. The operator S : D(S) C Y — Y is a bijective, self-adjoint and
positive definite operator. The inverse operator S™' 1Y — D(S) C Y is a bounded
symmetric positive definite operator and

(2.4) (S7'z,u)x = (z,u)y forallz€Y, ue X
If in addition X is compactly embedded in' Y, then S™' is a compact operator.

The interpolating space [X, Y], for s € (0, 1) is defined using the K function, where
forueY andt >0,

K (t,u) = inf (fJuollk + 2]lu — uol3)"2.
ug€X
Then [X, Y] consists of all u € Y such that

/ =K (¢, u)? dt < oo.
0
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The norm on [ X, Y], is defined by

||u||[2X7Y]S = ci/o TR (t,u)? dt,

o0 t1—23 —1/2 2
PRES dt =4/ —-si
¢ (/o o] ) - sin(ms)

By definition we take

(X,Y]p:=X and [X,Y]; =Y.
The next lemma provides the relation between K (t,u) and the connecting operator S.
Lemma 2.1. Forallu €Y andt > 0,

K(tw)? = ¢ (I + 257 u )
Proof. Using the density of D(S) in X, we have
K(tu)? — iuf 2 420y — w2
(= it (ol +u = wol})

where

y -

Let v = Sug. Then
(2.5) K(t,u)? = inf (S~ v, v)y + 3|lu— S~ v|2).

veY

Solving the minimization problem (2.5) we obtain that the element v which gives the
optimum satisfies

(I +#*S v = t?u,
and
(S, v)y + Cllu— S|} = (L + 25 M, U)Y .
0

Remark 2.1. Lemma 2.1 gives another expression for the norm on [X,Y s, namely:
(2.6) ||u||2[X’Y]S = c?/o (I + tQS_l)_lu,u)Ydt.

In addition, by this new expression for the norm (see Definition 2.1 and Theorem 15.1
in [15]), it follows that the intermediate space [ X,Y|s coincides topologically with the
domain of the unbounded operator SY?1=%) equipped with the norm of the graph of the
same operator . As a consequence we have that X is dense in [X,Y ] for any s € [0, 1].

Lemma 2.2. Let X, be a closed subspace of X and let Yy, be a closed subspace of
Y. Let Xy and Yy be equipped with the topology and the geometry induced by X and 'Y
respectively, and assume that the pair (Xo, Yo) satisfies (2.1). Then, for s € [0, 1],

[Xo, Yols C [X, Y] N Y.
Proof. For any u € Y we have
K(t,u, X,Y) < K(t,u, Xo, Yp).
Thus,
(2.7) Jullixyy, < llullixowy,  forall w e [Xo, Yols, s €0,1],

which proves the lemma. O
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2.2. Interpolation between subspaces of a Hilbert space.

Let K = span{p,...,¢,} be a n-dimensional subspace of X and let Xy be the orthog-
onal complement of I in X in the (-, -)x inner product. We are interested in determining
the interpolation spaces of X and Y, where on Xy we consider again the (-,-)x inner
product. For certain spaces X and Y and n = 1, this problem was studied in [12].
To apply the interpolation results from the previous section we need to check that the
density part of the condition (2.1) is satisfied for the pair (Xx,Y).

For ¢ € K, define the linear functional A, : X — C, by

Apju = (u,0)x, ue X.

Lemma 2.3. The space Xx is dense in Y if and only if the following condition is
satisfied:

(2.8) A, is not bounded in the topology of Y
' for all p € IC, ¢ # 0.

Proof. First let us assume that the condition (2.8) does not hold. Then for some ¢ € K
the functional L, is a bounded functional in the topology induced by Y. Thus, the kernel

of L, is a closed subspace of X in the topology induced by Y. Since X is contained in
Ker(L,) it follows that

X C Ker(Lg,)Y = Ker(L,).

Hence X fails to be dense in Y.

Conversely, assume that X is not dense in Y, then Y, = X—,CY is a proper closed
subspace of Y. Let yg € Y be in the orthogonal complement of Yj, and define the linear
functional ¥ : Y — ', by

Yy = (uvyO)Ya uey.

¥ is a continuous functional on Y. Let v be the restriction of ¥ to the space X. Then
1 is a continuous functional on X. By Riesz Representation Theorem, there is vy € X
such that

(2.9) (u,v0)x = (u, Yoy, for all u € X.

Let P be the X orthogonal projection onto K and take u = (I — Pg)vp in (2.9). Since
(I — Pc)vg € X we have ((I — Px)vo,yo)y = 0 and

0= ((I — ch)’l)o,’l)()))( = ((] — PIC)UO: (] — PIC)“O)X-

It follows that vy = Prvg € K and, via (2.9), that ¢ = A,, is continuous in the topology
of Y. This is exactly the opposite of (2.8) and the proof is completed. O

Remark 2.2. The result still holds if we replace the finite dimensional subspace K with
any closed subspace of X.

For the next part of this section we assume that the condition (2.8) holds. By the
above Lemma, the condition (2.1) is satisfied. It follows from the previous section that
the operator Sk : D(Sk) C Y — Y defined by

(2.10) (u,v)x = (Sku,v)y for all v e X,
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has the same properties as S has. Consequently, the norm on the intermediate space
[Xi,Y]s is given by:

(2.11) ||“||[2X;<,Y]s = cz/ (1 —I—tQS,El)_lu,u)Y dt.
0

Let [X,Y]sx denote the closure of X in [X,Y]s. Our aim in this section is to
determine sufficient conditions for ¢;’s such that

(2.12) Xk, Y]s = [X,Y]s k-
First, we note that the operators Sx and S are related by the following identity:
(2.13) St =(I-Qx)S™,

where Qx : X — K is the orthogonal projection onto K. The proof of (2.13) follows
easily from the definitions of the operators involved.

Next, (2.13) leads to a formula relating the norms on [Xi,Y]s and [X,Y]s. Before
deriving this formula in Theorem 2.1 , we introduce some notation. Let

(2.14) (u,v)xe = (I + 257w, v),  forall u,v € X.

and denote by M, the Gram matrix associated with the set of vectors {¢1,...,p,} in
the (-,-)x+ inner product,i.e.,

(My)ij == (@j. i)xts 1,5 €{1,....n}.
We may assume, without loss, that M, is the identity matrix.

Theorem 2.1. Let u be arbitrary in Xi. Then,

o0

(2.15) nwam%—uwaﬂgﬁgﬁ)r%ﬂwmqw@>ﬁ,

where < -, - > 1s the inner product on C™ and d is the n-dimensional vector in C™ whose
components are

di = (U, Soi)X,t; 1= 1, ey
The proof of the of the theorem can be found in [2].

For n =1, let K = span{y} and denote Xx by X,. Then, for v € X, the formula
(2.15) becomes

o0

|(u, ) x4
(@A R A gy
(¢, ) x.t

Next theorem gives sufficient conditions for (2.12) to be satisfied. Before we state the
result we introduce the conditions:

(A’l) [X Y]s = [Xv Y]

®i

(2.16) . = llPc, + 2
0

sy fori=1,... n.

(A.2) There exist § > 0 and v > 0 such that

Z lai|? (01, i) xs <7 {(Mya,a)  forall @ = (ay,...,0,)t € C®, t € (8, 00).

i=1

In [2] we give the following result:
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Theorem 2.2. Assume that, for some s € (0,1), the conditions (A.1) and (A.2) hold.
Then

[XICv Y}s - [Xv Y]SJC'

For completness we include the proof.

Proof. Let s be fixed in (0, 1). Since Xx is dense in both these spaces, in order to prove
(2.12) it is enough to find, for a fixed s, positive constants ¢; and ¢ such that

(2.17) allullixy, < Ny, < llully, — forall ue Xx.

The function under the integral sign in (2.15) is nonnegative, so the lower inequality
of (2.17) is satisfied with ¢; = 1. For the upper part, we notice that, for u € Xx and
wi == (I + 2S¢t

(wic,u)y = (I + 1251 tu,u), = (u,u)y — 2 (S (T + 125, u)y,

< (w,u)y < cs)|lullixy,
It was proved in [2] (Theorem 2.1) that
(2.18) (we, u)y = (w,u)y +t72(M;'d,d).

Then, using (2.11), (2.18) and the above estimate, we have that for any positive
number 6,

lulP v, < €6, 5)Jull oy, + / 5 (e w2 di

< ¢(9, 5)||u||[2X,Y]S +/5 t 2t (w,u)y dt—i—/g ¢t (M, d) de

Hence the upper inequality of (2.17) is satisfied if one can find a positive ¢ and ¢ = ¢(9)
such that

(2.19) / (M d) dt < cllullfyy,,  for all u € X
3

From (A.2), there exist 6 > 0 and v > 0 such that
<Mt_1a, O‘> < ’72 |0‘i|2 (¥4, @i))_(,lt
i=1
for all @ = (aq,...,a,)* € C®, t € (§,00). In particular, for ; = (u, @;)xs i =1,...,n,

we obtain

n 2
Mld, d) < M oixal” gt e 8,00),u € X,
< ¢ >_7; (@i, 0i)x.t ( ) *
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where d = (dy, . ..,d,)*. Thus, using the above estimate, (2.16) and (A.1) we have

/ 425+l <M 14 d>dt<72/ t—25+1 ( %)Xt| dt
5

@i, (pz)Xt
Z Cogrn |(u, i) x|
i=1 0 (9017 (pZ)Xt

n
< 70;2 Z ||u||[2XW,Y]S < WCQQHHUH[QX,Y]S
i=1

Finally, (2.19) holds, and the result is proved. O

Remark 2.3. By Lemma 2.3, the space Xx is dense in [X,Y]s if and only if the func-
tionals L,, ¢ € K are not bounded in the topology induced by [X,Y ;.

3. INTERPOLATION BETWEEN SUBSPACES OF HP(RM) AND HY(RN).

In this section we give a simplified proof of the main interpolation result presented in
[12]. An extension to the case when the subspace of interpolation has finite codimension
bigger than one is also considered.

Let @ € R and let H*(R") be defined by means of the Fourier transform. For a
smooth function v with compact support in RY, the Fourier transform 4 is defined by

(€)= 2n) " [ ula)e ¢ da,

where the integral is taken over the whole RY. For u and v smooth functions the
« -inner product is defined by

< upw = / (L+ 6P)" a(€)iE) de.

The space H*(RY) is the closure of smooth functions in the norm induced by the a
-inner product. For a, [ real numbers (a < (), and s € [0, 1] it is easy to check, using
Remark 2.1, that

[Hﬂ(RN), HQ(RN)]S _ Hsa—l—(l—s),B(RN).
For ¢ € HP(RY), we are interested in determining the validity of the formula
(3.1 [HE(RY), HO(R™)] — [HY(RY), HO(R)], .
For certain functions ¢ the problem is studied by Kellogg in [12]. Next, we give a
new proof of Kellogg’s result concerning (3.1) and extend it to the case when HJ(R") is
replaced by a subspace of finite codimension. First, we consider the case when 0 = a < (.
The operator S, associated with the pair X = H?(RY), Y = H°(RY) = L*(RN), is given
by
Su=p*a, ue D(S)=H"R"),

where p(€) = (1+|¢2)z, € € RN . For the remaining part of this chapter, H? denotes
the space H?(R™) and H” is the space {1 |u € H”}. For @, © € H”, we define the inner
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product and the norm by
A A AN N ~ A\1/2
(@0)s= [ i dc., lalls = (a.0)}”

To simplify the notation, we denote the the inner products (-, )y and < -, - >¢ by (+,-)
and < -, - >, respectively. The norm || -||o on H? or HY is simply || - ||.
Let ¢ € H? be such that for some constants € > 0 and ¢ > 0,

(3.2) { [9(&) — b(w)p_%_2ﬁ+a°| < C,O_%_%“‘O_‘ for all p > 1
' 0<ay<p,

where p > 0 and w € SN¥! (the unit sphere of RY) are the spherical coordinates of
¢ € RY, and where b(w) is a bounded measurable function on SV~!, which is non zero
on a set of positive measure.

Remark 3.1. From the assumption (3.2) about ¢ and by using Lemma 2.3, we have
that

(3.3) I:I(f is dense in H* if and only if o< ao.

Theorem 3.1. (Kellogg) Let o € HP be such that its Fourier transform ¢ satisfies (3.2)
and let 0y = ap/B. Then

(3.4) [H], H] = [H" H°]

o 0<s<1, 1—s#0,

Proof. From the way we defined < -, >4, (3.4) is equivalent to

(3.5) [ﬁg,m]s:[ﬁﬁ,ﬁo}w, 0<s<1, 1—s+#6

Following the proof of Theorem 2.2, we see that in order to prove (3.5), it is enough
to verify (2.19) for some positive constants ¢ = ¢(s) and 0. Using (2.16), the problem

reduces to ,
(0, @) x4

@) B2 A gy < o[ for all & € X, |
/ SO < iy, ;

where X = H” and Y = H°. Denoting 1 — s = 0 and ®(t) = (¢, $)x,, this becomes

(#%0)|

oo 2B 142 ~

(3.6) 1;:/ t2073%dt§c||ﬂ||gﬁ for all & € HY.
i ()

Using (3.2) it is easy to see that, for a large enough 6 > 1

pe
(3.7) (W ¢> > @D forall ¢ >4,
and (3.2) also implies that
N
(3.8) 6(E)] < clpl=2 72 for [¢] > 1.

Before we start estimating I, let us observe that by using spherical coordinates

(39) lillss = [ U0) dp. e 1],
0
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where

1/2
N-1 .
U(p) := p(p)”p ™ ( / [a(p,w)|” dw) L ulp) = (149712
|€]=1
First, we consider the case 0 < 0 < 0y and set 6, := 0y — 0. For u € Hg we have

N 2 N
/’L4ﬁu ¢ o t4 /“Lgﬁu ¢
MQB 427 B #25 42’

Thus, by this observation and (3.7) we get

0 20 2
reef e ([ LS o) k)
Then,

n- [ ?3—%( / %mwm d£>2dt

|€l<1

OCtS 201 > 1+26 ~ 112 2 ~ 112
< / ( [ 1ate |d5) di< c / 020 gy a2 62 < c@)l|alZs.

lgl<1

2

On the other hand, by Fubini’s theorem, we have

L= [ :ot?’—?@l( / %mwm d5)2dt

[€1>1

- [Toe ([ BT e de) ([ A amotn] dn)a

€1>1 In[>1

= | [ @imsesml wenn)” [ e mmmmea

[€1>1]n|>1

To estimate the last integral we use the formula

00 43-26 1 a'=f — pl—o
Nl == 2 1 .
(3.10) /0 (a+t2)(b+t2)dt G a—b 0<b<2, 0#1, a,b>0

The integral can be calculated by standard complex analysis tools. If @ = b, then the
right side of the above identity is replaced by 5 479, Next, by using (3.10), (3.8) and
Co

spherical coordinates £ = (p,w), n = (r, p), we obtain

I < c(0) / j"/ T(u(r)u(p))w‘”(m)‘é‘”*“(’Rl—el (u(r)*, () YU (r)U(p) dp dr,



10 J.H. BRAMBLE, J.E. PASCIAK, AND C. BACUTA

where for o € (0,1), x > 0, y > 0, we denote

(a3

T —y®
e = { S

ax®t  forxz=y.

The function 2 — R,(x,y) is decreasing on (0,00) for each y € (0,00) and it is
symmetric with respect to z and y.
Using this observation, we get

I < c(9) / / (rp) S Ry, (20, ) U(A)U(r) dr dp
1 1

<o) [~ [ KO.pUUG) dr ap,
0Jo
where
(3.11) K(r.p) = (rp) > Ry_o, (", p*).
In order to estimate the last integral, we apply the following lemma.

Lemma 3.1. (Schur) Suppose K(z,y) is nonnegative, symmetric and homogeneous of
degree —1, and f, g are nonnegative measurable functions on (0, 00). Assume that

k:/ K(l,x)x_% dr < oo.
0

Then

g2 [ K@) de dy < k( [ 1 dx) % ( | st dy) |

We will prove this lemma later. For the moment, we see that the function K(z,y),
given by (3.11), is homogeneous of degree —1, and satisfies

=

k:—/ K(z,1)2"2 dz < oo.
0

Indeed
o0 28(1-61) _ 1 B_ Ootl—el _ t@l—l
_ 1466, T aP=t
k—/ox 1de = 5/0—t2_1 dt < oo, for0<6, <1.
By Lemma 3.1,

I < c(0) / :OU%p) dp < (0]l

and by combining the estimates I; and I, we obtain (3.6).
Let us consider now the case 0y < 0 < 1, and let 6; = 0 — 0y. Then, by using (3.7),

we have )
00 43
reef e ( [ gl dg) dt.

The remaining part of the proof is very similar to the proof of the first case. The theorem
is proved. O
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Proof of Lemma 3.1. By Fubini’s theorem, it follows

[T xeaswo asay = [ [ Ko av) a
—/f(x)/ oK (2, o) g (x )dtdm:/ /Klt ) dt da
:/Klt/ f(x)g(xt) do dt

/0 K(1,1) (/0 f(z)? dm)%(/jg(xt)z dx)%dt
< /:OK(Lt)t% dt (/:of(x)Q dx)é(/zog(x)Q dac)é.

Next we prepare for the generalization of the previous result.

IN

11

Let ¢1, ¢a, ..., 0, € F['B(RN) such that for some constants € > 0 and ¢ > 0 we have

(3.13) { (6i(€) — Gi(€)] < cpm3 ~2He< for [¢] > 1

O<a;<pB,i=1,...,n,

where

Gi(€) = bi(w)p~2 7P £ = (p,w),

and b;(+) is a bounded measurable function on SV, which is non zero on a set of positive

measure.
Define
4ﬁ¢1 7 |£|46¢z 7 Q;
(I)ij(t): (N2ﬂ+t27¢]>7 QSZ]( ) (|€|25+t27¢]) ez: ﬁv
~ o~ 1 o pligls
iy Qi Z:—bi,b'g 7d ', ] :1,2 ..... y
where (-, ), is the inner product on LQ(SN ).
Clearly, [-, -] is an inner product on span{¢; | i =1,2,...,n}.

Lemma 3.2. With the above setting we have

(3.14) b,i(t) = [bi, |10 t0i=2

(3.15) iy () — By (1)] < et g5,
for some constants ¢ > 0, 7 >0 and 6 > 1.
Proof. By using spherical coordinates, we have

~ 43 = 0 Jaitaj—1
®;(t) = |§||2§ﬂ|+t Gip; d€ = /o i)wﬁ dp / bi(w)bj(w) dw.
€1=1

The change of variable p” = tx in the first integral completes the proof of (3.14).

proof of (3.15) is straightforward.

The
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Theorem 3.2. Let 1, o, . ..., € HP be such that the corresponding Fourier trans-
forms ¢y, o, ..., ¢y satisfy (3.13) and in addition, the functions ¢y, ¢s, . .., ¢, are lin-
early independent.

Let K = span{¢1, pa,...,¢n}t. Then

[H?, H°, = [H°,H",c, (1—8)B# a;, fori=1,2,...,n.
Proof. We apply the Theorem 2.2 for X = H?| Y = H°, K = span{¢1,...,p,} and s
such that (1 —s)8 # a4, i = 1,2,...,n. By using the hypothesis (3.13) and Theorem
3.1, we get
[H Hly = [H, Hy,, fori=1.2,...,n.
So (A1) is satisfied. In order to verify the condition (AZ2), we first observe that
(My);; = ®;;(t). By denoting D, = diag(M;), the condition (A2) can be written as
follows:
There are 6 > 0 and v > 0 such that
M, —~vyD; >0, forallte (d,00),

where for a square matrix A, A > 0 means that A is a nonnegative definite matrix.
From the previous lemma we obtain the behavior of (M;),; for ¢ large:

(My)ij = ([0, &) + fig (8)) 8" 1%
where |f;;(t)| < ¢t~ for t > §. Denote M,, M the n x n matrices defined by
(My)i; = [ 8] + f15(t), (M) = b1, &)
and let D, = diag]\th, D= diagM. Next, for z = (z1, 22, ..., 2,) € C™, we have
<(Mt - ’YDt)Z; Z> = <(Mt - ’YDt)Zt; 2t>

where < -, - > is the inner product on C™ and (2;); = z; t%~ 1, i=1,2,...,n.
Hence, the condition (A2) is satisfied if one can find v > 0, 6 > 0, such that

M, —~D, >0, forallte (J,00).

On the other hand, since ¢y, s, ..., o, are linearly independent, M is a symmetric
positive definite matrix on C™ and

A{\lg;&m (My — D) = M.
Therefore, there are v > 0, § > 0 such that M, — vD, > 0, for all ¢ € (0,00), and
(A2) holds. The result is proved by applying Theorem 2.2. O

The corresponding case of interpolation between subspaces of H” of finite codimen-
sions and H®, where a, (§ are real numbers, a < (3, is a direct consequence of the previous
theorem.

Let a < 3 and @1, 0, ..., ¢, € HP be such that the corresponding Fourier transform

®1, 2, - .., Oy satisty for some positive constants ¢ and e,
- a .
(316) |¢1(§) - ¢l(£)| < cp 2 26+7; fOT’ |§| > 1
O[<’}/Z<ﬁ7 izl./...,n,

where

$i(€) = bi(w)p 2 £ = (p,w),
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and b;(+) is a bounded measurable function on SV, which is non zero on a set of positive
measure.

Theorem 3.3. Let 1, 0o, ..., 0, € HP be such that the corresponding Fourier trans-
forms @1, ¢a, ..., ¢ satisfy (3.16), and in addition, the functions ¢1, ¢o, ..., ¢, are lin-
early independent. Let L = span{p1, @2, ..., on}. Then

(3.17) [HE HY, = [H’ H%,;, sa+(1—s)8#, fori=12..n.
Furthermore , if sa+ (1 — s)8 < min{~;, i =1,2,...,n}, then

(3.18) [HE HY, = H*T098,

Proof. The first part follows from the main theorem 3.2 and the fact that 7': H* — H°
defined by Tu = pa, uw € H* is an isometry from H® to H7~“ for any v € |a, (].

Now let s < min{~;, i = 1,2,...,n}. By the first part of the theorem, in order to
prove (3.18) we need only to prove that Hg is dense in H**t(1=%)8 By Lemma 2.3, this
is equivalent to proving that

(3.19) HP 3 u %< u, ¢ > 5= (1, )5,
is not bounded in the topology of H**+t(1=)8 for all p € L, p # 0.

For a fixed ¢ € L we have ¢ = > ¢;¢;.
i=1

Since ¢1,ds, . .., ¢, are assumed to be linearly independent, @ fails to be a “good”
function (better than ¢;, i = 1,2,...,n). More precisely, the asymptotic expansion
at infinity of ¢ is of the same type (except maybe a different b-part) with one of the
functions ¢, @s, . . ., ¢n. Thus, it is enough to check (3.19) for ¢ € {1, @a, ..., @}

Assuming that A, is continuous, it implies that

(a: ¢2),@ = (ﬁ~ fi)sa—i—(l—s)ﬁvu € Hﬁa

for a function f; € Hst(1-9)8,
Thus, by using the density of H? in H?, for s < (3, we get that f; = p?°p 26at1-98) 4,
On the other hand,

/M2(3a+(1s)g)|fi|2 df _ /M2ﬂ28a+23ﬁ|¢i|2 df

)
> C/ p2,8—2sa+25,8p—N—4,8+2% pN_ldp
§

§

for sa + (1 — s)8 < min{~;, i =1,2,...,n}. This completes the proof. O

4. SHIFT THEOREM FOR THE BIHARMONIC OPERATOR ON POLYGONAL DOMAINS.

Let © be a polygonal domain in R? with boundary 9f2. Let 09 be the polygonal arc
PP, --- P, P. At each point P;, we denote the measure of the angle P; (measured from
inside Q) by w;. Let w := max{w; : j = 1,2,...,m}.
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We consider the biharmonic problem Given f € L*((2), find u such that

A%u=f in Q,
(4.1) u=0 on 01,
%:0 on Of).

Let V = HZ(2) and

Z /81: 0z; 8@8% az, v, € V.

1<4,5<2

The bilinear form a defines a scalar product on V' and the induced norm is equivalent to
the standard norm on HZ(2). The variational form of (4.1) is : Find u € V such that

(4.2) a(u,v) = / fvdx forallveV.
Q

Clearly, if u is a variational solution of (4.2), then one has A%y = f in the sense
of distributions and because u € HZ(f2), the homogeneous boundary conditions are
automatically fulfilled. As done in [2], the problem of deriving the shift estimate on Q
can be localized by a partition of unity so that only sectors domains or domains with
smooth boundaries need to be considered. If €2 is a smooth domain, then it is known
that the solution u of (4.2) satisfies
lullso < cllfl. for all f € L),
and
lullm@ < el fla-e,  for all f € H2(9).
Interpolating these two mequahtles yields
||U||2+25 S C||f||_2+25, for all f c H72+25(Q), 0 S S S 1.

So we have the shift theorem for all s € [0,1]. Let us consider the case of a sector
domain. The threshold, sy, below which the shift estimate for a polygonal domain holds
is given, as in the Poisson problem, by the largest internal angle w of the polygon. Thus,
it is enough to consider the domain Sw defined by

So=A{(r0), 0<r<l1,-w/2<0<w/2}.
We associate to (4.1) and 2 = S, the characteristic equation
(4.3) sin®(2w) = 2% sin® w.

In order to simplify the exposition of the proof, we assume that

) w? sin w?
(4.4) sin \/Sinw2 —1 # \/1 —

and

Rez # 2 for any solution z of (4.3).

The restriction (4.4) assures that the equation (4.3) has only simple roots. Let
21, %2,...,%, be all the roots of (4.3) such that 0 < Re(z;) < 2. It is known (see
[7], [10], [13], [17]) that the solution u of (4.2) can be written as

(45) U =Upr+ ijSj,

J=1
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where ug € H*(Q) and for j = 1,2,...,n, we have S;(r,0) = r'*%u;(0),
u; is smooth function on [~w/2,w/2] such that u;(—w/2) = u;(w/2) = uj(-w/2) =
wi(w/2) = 0, kj = ¢; [ fe; do and ¢; is nonzero and depends only on w. The func-
tion ¢; is called the dual singular function of the singular function S; and ¢;(r,0) =

n(r) r*=%u;(0) — w;, where w; € V is defined for a smooth truncation function 7 to be
the solution of (4.2) with f = A?(n(r) r'~%u;(0)). In addition,

(4.6) lugllga < cllfll,  for all f e LX(Q).

Next, we define IC = span{¢1, 2, ..., pn}. As a consequence of the expansion (4.5)
and the estimate (4.6) we have

(4.7 ull oy < ellfll, for all f € 1@
Combining (4.7) with the standard estimate
||u||H2(Q) < CHf”H*?(Q)a for all f = Hﬁz(Q),

we obtain, via interpolation

(4.8) ullprra@),m2@)iee < cllf 2@, r2@n-,, s € [0, 1].
Let so = min{Re(z;) | j =1,2,...,n}. Then, we have
Theorem 4.1. If 0 < 2s < sg and 2 =S, then

(4.9) [L2(Q)x, H(Qi—s = [L*(Q), H ()]s
Proof.  First we prove that there are operators £ and R such that
E:L*Q) — L*(R), E: H}(Q) — H*(R?),

R:L*(R*) — L*(Q), R: H*(R*) — H(Q)

are bounded operators, and REu =u, for all u € L*(1).
Indeed, E can be taken to be the extension by zero operator.

To define R, let n = n(r) be a smooth function on (0,00) such that n(r) = 1 for
0<r<landn(r)=0forr> 2 Define a=% a=-2 and

2 T—o
o —T ™=
o 9—|—7T, g2(9) = 062

9:(0) =

Note that g¢;(0) = 7 and g;(a) = a, 7= 1,2. For a smooth function u defined on R?
we define Ru := ug, where

(a—=0)°+a, 0€]0,al.

Step 1. u; = nu.
Step 2. ug(r,0) = uy(r,0) + 3us(1/r,0) — 4us(1/2+1/(2r),0), r <1, 6 € [0, 27).
Step 3. For0<r <1

us(r, 0) = { uz(r, 0) + aus(r, g1(6)) — (1 + a)uz(r, g2(9)), 0 < 0 < w/2,
3’ u(r,0) + aua(r, —g1(—=0)) — (1 + a)ua(r, —g2(—0)), —w/2 <6 <0.

One can check that, for u € HZ(R?), us € HZ(Q2) and REu = u. The operator R can
be extended by density to L*(R?). The extended operator R satisfies all the desired
properties.
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Next, let ¢; be the Fourier transform of Ey;, j =1,...,n. Using asymptotic expan-
sion of integrals theory presented in the Appendix 5.2, we have that the functions

{Ep;, j=1,...,n} satisfy for some positive constants ¢ and e,
(4.10) |6,(€) — §(&)| < cpH 2= for |¢] > 1
—2<-24s5<0,i=1,...,n,

where s; = Re(z;) and
(gj(f) = bi(w)pfu(ﬂ“j), ¢ = (p,w) in polar coordinates,

and b;(-) is a bounded measurable function on the unit circle, which is non zero on a
set of positive measure. Thus, we have that the functions {Ey;, j = 1,....n} satisfy
the hypothesis (3.16) of Theorem 3.3 with N =2, 8 =0, a = =2 and y; = =2 + s;,
j =1,...,n. Denoting £ := span{Ey,, j = 1,...,n}, by Theorem 3.3 applied with
1 — s instead of s, we have that

(4.11) (L2 (R*) e, H*(R*)|1—s = [L*(R?), H*(R?)]1-s = H*"(R?),

for 2s < so := min{Re(z;), j =1,2,...,n}.
Finally, using (4.11), the operators £ , R and Lemma 5.1 (adapted to the case when
we work with subspaces of codimension n > 1), we conclude that (4.9) holds for 2s < sy.
From the estimate (4.8) and the interpolation result (4.9) we obtain

||U||2+25 < C||f||_2+28, for all f € H72+S(Q), 0 < 2s < s.

The above estimate still holds for the case when () is a polygonal domain and s
corresponds to the largest inner angle w of the polygon. Figure 1 (see below) gives the
graph of the function w — 2 4 so(w) which represents the regularity threshold for the
biharmonic problem in terms of the largest inner angle w of the polygon. On the same
graph we represent the the number of singular (dual singular) functions as function of
w € (0,2m). Note that if w is bigger than 1.437, which is an approximation for the
solution in (0, 27) of the equation tanw = w, the space K has the dimension six.

5. APPENDIX

5.1. Appendix A. An interpolation result. Let (2 C Q be domains in R? and

V(Q), VH(Q) be subspaces of HL(2), H!(2), respectively. On V(). V() we consider
inner products such that the induced norms are equivalent with the standard norms on

H' (), HY(Q), respectively. In addition, we assume that V'(Q), V1(Q) are dense in

L2(92), L2(Q2), respectively. Let’s denote the duals of V1(Q), V1(Q) by V=), V=1(Q),
respectively. We suppose that there are linear operators £ and R such that

(5.1) E:L3Q) — L2(Q), E:VY(Q) — VY(Q) are bounded operators,
(5.2) R:L*(Q) — L*(Q), R:VYQ)— VYQ), are bounded operators,

(5.3) REu =u for all u € L*(Q).
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omega 7Pi 1.23Pi 1.43Pi 2Pi

FiGure 1. Regularity for the biharmonic problem.

Let 1 € L2(Q) , ¢ = By € L2(Q) and 0 € (0,1) be such that
(5.4) L*(Q)y :={u € L*(Q) : (u,v)) =0} is dense in [L*(Q),V(Q)]s,

(5.5) L*(Q); = {u € L*(Q) : (u,7) = 0} is dense in V7(Q),

(5.6) [LA(@)7, V(@) = L), V(@)

Lemma 5.1. Using the above setting, assume that (5.1)-(5.6) are satisfied. Then,
(5.7) [L2(2)y, VTHQ)]o = [L*(Q), V(D)o

Proof. Using the duality , from (5.1)-(5.3) we obtain linear operators £*, R* such that
(5.8) E*: L*(Q) — L*Q), E*:VYQ) — V(). are bounded operators,

(5.9) R*: [*(Q) — L*(Q), R*:V Q) — V Q) are bounded operators,

(5.10) E*R*u=u  forall u € L*(),

(5.11) E* maps L*(Q); to L*(Q)y,
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(5.12) R* maps L*(Q)y to L*(Q);.

From (5.8) and (5.11), by interpolation, we obtain

(5.13) 1Bz v 1@ < elvllpa@) va@y, —forall ve L (@)

For u € L*(Q)y, let v := R*u. Then, using (5.12), we have that v € LQ(Q)J. Taking
v := R*u in (5.13) and using (5.10), we get

(5.14) [ulliz2@)y,v-1 @) < c||R”‘u”[L2((~2)$’V,1(5~])]19 for all u € L*(Q),.
Also, from the hypothesis (5.6), we deduce that

(5.15) | R u||[L2(Q) voi@y, S AR ullpa@y 1@, forall ue L*(Q),.
From (5.9), again by interpolation, we have in particular

(5.16) ||R*u||[L2(ﬁ),V*1(ﬁ]o < cllullpz@ vy, forall ue L*(Q)y.
Combining (5.14)-(5.16), it follows that

(5.17) ulliz2@)y,v-1 @10 < cllullize@v-—1y, forall ue L*(Q)y.

The reverse inequality of (5.17) holds because L?(€2), is a closed subspace of L*((2).
Thus, the two norms in (5.17) are equivalent for u € L*(Q),. From the assumption
(5.4), L*(),, is dense in both spaces appearing in (5.7). Therefore, we obtain (5.7). O

Remark 5.1. The proof does not change if we consider Q0 C Q to be domains in RN
and H?' is replaced by any other Sobolev space of positive integer order k.

5.2. Appendix B. Asymptotic expansion for the Fourier integrals. For a more
general presentation of asymptotic expansion of functions defined by integrals see [4],

[8], [19].
b .
/ e f(t) dt

Integrals of the form
are called Fourier integrals. We shall present the asymptotic behavior as x — oo of the
Fourier integrals for a particular type of function f. If ¢ and v are two real functions
defined on the interval I = (0,00) and v is a strictly positive function on I, we write
¢ = 0() as © — oo if ¢/1 is bounded on an interval I = (4, 00) for a positive 0, and

¢ =o0(1) as x — oo if lim o/ =0.

Theorem 5.1. Let ¢ be a continuously differentiable function on the interval [a,b] and
Ae(0,1).

a) If ¢(b) = 0 then
/ wt( “Lo(t) dt = —T(\)d(a)e2 P Deiag= L O(z71).
b) If ¢(a) = 0 then

/ et (b — ) (b)) dt = D(N)g(b)e 2™ e + Oz ).

o
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Here I is the Euler’'s gamma function.
Remark 5.2. The result holds for A = 1 provided O(x™") is replaced by o(z™") in the
above formulas.

The proof of Theorem 5.1 can be found in [8] Section 2.8.

Next we study the asymptotic behavior of the Fourier transforms of the dual singular
functions which appear in Section 4. To this end, let n = n(r) be a smooth real function
on [0, 00) such that n(r) = 0 for » > 3/4 and let u = u(0) be a sufficiently smooth real
function on [0, 2x]. For any non-zero s € (—1,1) we define

u(@) =n(r)ru@), z=(r0) e R’

and

Blp.w) = 2mi() = [e*u(a) do. €= (pw) € R
R2
where (r,0) and (p,w) are the polar coordinates of x and £, respectively. One can easily
see that

1 2
(5.18) O(p,w) = / / n(r)rtEu(9) e e O=<) dody.
0J o

To study the asymptotic behavior of ® for large p, we use the technique of [12] to reduce
the double integral to a single integral. For a fixed w, we consider the line r cos(0 —w) =t
in the x plane and denote by [(t,w) the intersection of this line with the unit disk. Next,
in the (r,t) variables the integral (5.18) becomes:

(5.19) D(p,w) :/_ g(t)e dt,

1
where
77(7“)?“1+3
Ve
I(t,w)
0 = w+cos™i(t)r), if 0 € [w,w+ 7 and § = w — cos™}(t/r), if 0 € [w— 7, w] . The

function g is continuous differentiable on [—1,1] and g(—1) = ¢(1) = 0. Thus, from
(5.19) we have

(5.20) O(p,w) = ;/ g'(t)e™ dt

1

g(t) = (0) dr,

The function g can be described as

1 1+s
n(r)r 1 / n(r)r
t) = ———u(w +cos”(t/r)) dr + —u
o) = [ TRt v eos ey ar [ I
and the integral in (5.20) can be split in ffl + fol. Thus, the function @ is defined by a
sum of four integrals. We will use Theorem 5.1 in order to find the asymptotic behavior
as p — oo of each of the integrals. We shall present the estimate for only one of them.
Let s € (—1,0) be fixed and let h be the function defined by

1 1+s
n(r)r
h(t) = A A—
0= T

1 1+s

(w —cos™(t/r)) dr,

(6) dt.
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where 6 = w + cos™(t/r). We apply Theorem 5.1 for the integral

1
(5.21) / R (t)e'™ dt.

0
To compute h/'(t) (by Leibnitz’s formula) we set @ = r — t to rewrite h as

B 1=t n(m—i—t)(x—l—t)“rsu .
h(t)_/z_o NN (0) dx.

This leads to
1—t

B (t) = /

)

G v Ve + O+ U(x+t)(x+t)l+s>U(9

s Varvr + 2t Vrva + 2t V(x4 2t)3/2
n(x+t)(z+1)° ,
a T+ 2t " (9)] de

Going back to the r variable, via the change r = z 4 ¢, we get

(Lt s)n(r)r*  g'(r)r'*s plr)rtts y
( m +\/T2—t2 \/7"2—152(7"+t)> (‘9)

1

v - |

t

n(r)r "
r+t

’(9)] dr

A new change of variable r = yt leads to the fact that h'(t) = t°¢(t), where the
function ¢ is continuous differentiable on [0, 1], ¢(0) is in general not zero and ¢(1) = 0.
According to Theorem 5.1 (with A = 1 + s) we have that

(5.22) /0 B () dt = by(w)p* + O(pY),

where the constant in the term O(p~!) is bounded uniformly in w. Therefore, from
(5.19) and (5.22), for the case s € (—1,0) we obtain that

(5.23) B(p,w) = b(w)p™* "+ 0(p™?),

where the constant in the term O(p~2) is bounded uniformly in w. By Remark 5.2,
(5.23) holds for s = 0 provided O(p~2) is replaced be o(p~2). The case s € (0,1) can
be treated in a similar way. Since h'(1) = 0, one can easily see that in fact we have
g'(1) =0 and ¢'(—1) = 0. Then, from (5.19) we get

—1 /! )
(5.24) O(p,w) = —2/ g"(t)e™ dt.

pTJ
All the considerations for g used in the case s € (—1,0) can be reproduced in the case
s € (0,1) for the functions ¢’ in order to get

(5.25) B(p,w) =b(w)p "+ 0(p™),

where the constant in the term O(p—?) is bounded uniformly in w.
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