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By techniques similar to those of [4] it follows that ||Qku”H5”_1(Q) < C||u||H5”_1(Q)'
Hence, using this and the fact that (Qr — Qr—1)v = 0 for v € M; with [ < k,
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In the last inequality we used the regularity pickup error estimate of Theorem 4.2.
Defining E to be the symmetric J x J matrix with entries Eg; = hy/hy = 2k=1 for
[ >k, and @ to be the vector with components ||(P; — Pl_l)'UHH(T)'ﬂ(Q) we see that

J

SO /)P = Pyl g ey)” < |EGP

k=1 I[=k

Since the row sums are uniformly bounded in J the eigenvalues of E are bounded
and hence
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— O3 A((P = Piy)v,0) = CA(v,0) < Cllollp e,

e
I
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This proves the theorem.

REFERENCES

1. J. H. Bramble, Multigrid Methods, Pitman Research Notes in Mathematics Series, Longman
Scientific & Technical, London. Copublished with John Wiley & Sons, Inc., New York, 1993.

2. J.H. Bramble and J.E. Pasciak, New estimates for multigrid algorithms including the V-cycle,
Math. Comp. 60 (1993), 447-471.

3. J.H. Bramble, J.E. Pasciak and J. Xu, Parallel multilevel preconditioners, Math. Comp. 55
(1990), 1-22.

4. J.H. Bramble and J. Xu, Some estimates for weighted L? projections, Math. Comp. 56 (1991),
463-476.

5. P.G. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland, New York,
1978.

6. P.G. Ciarlet, Basic error estimates for elliptic problems, Finite Element Methods : Handbook
of Numerical Analysis, (P.G. Ciarlet and J.L. Lions, eds.), vol. II, North-Holland, New York,
1991, pp. 18-352.

7. P. Grisvard, Elliptic Problems in Nonsmooth Domains, Pitman, Boston, 1985.



for some s with 0 < s < m. For many examples of such spaces see [5] or [6].
Now the discrete solution of (4.1) in S}, is the unique solution U € S}, such that

(4.3) AU, 6) = (f,¢), forall € Sh.

Define the orthogonal projection operator Py : H™(Q) — Sj, by means of
A(Pyu,¢) = A(u,é),  for all ¢ € Sp.

Since A(-, ) defines a norm on H{"(Q) we have, using (4.2),

(4.4) lw = Prullrg) < € inf o =Xy @

< CRlull grteqqy,  for allu € H" P (Q).

For this projector we now have the following “regularity pickup”.

Theorem 4.2. Let u € H'*(Q). If (4.2) is satisfied, then

lw = Prullgpp—e() < CP7lullrrp ().

Proof. This follows from Theorem 3.1 and (4.4).

5. APPLICATION TO ESTIMATES FOR MULTILEVEL METHODS

We will follow the notation in [1] and give a proof that (1.1) is satisfied in the
case that Q is a polygonal domain whose boundary is Lipschitz (i.e. all angles
are less than 27), the spaces My are nested and defined by conforming piecewise
polynomials. That is, My_1 C My and My C HJ*(2). We assume that the initial
triangulation is fixed independently of J and gives rise to the others by means of
a halving strategy. The form A(-,-) is the standard generalized Dirichlet form of
order m. Finally, we suppose that (4.2) is satisfied with Sj,, = My

and hy = ho27%, the mesh size associated with M}, and, for simplicity of notation,
write Py for Py, .

We will prove the following theorem.

Theorem . . heree 1stsC 0 s h that

J

S kll@Qc = Quor ol (o) < Cllollqy: for a v e My,
k=1

here Qy is the 2(Q) ortho ona 1o e tion onto My, and Qo = 0.

Proof. The proof of this theorem is similar to that given in [2]. We note that 3™ <
C ,;1. sing standard properties of () and the fact that Qr = Qr—1Qr = QrQr—1
we see that

J

J
Y wl@k = Qr-)ol® (@) <C Y hI(Qk — Qr=1)0ll5m-1(q)-
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which induces the inner product, say A(-,-), with

Alu,u) = Z 122

This norm is equivalent to the standard norm by Theorem 2.1. The spaces Hén"FS(Q) =
[Hgm(Q)a 2(D)]1 245 2m and H' 77(Q) = [HS""‘(Q)a 2()]1 25 2m, for 0 < s <

m, have the norms

1 245 2
”uHH(’)“"'S(Q) = (Z A

=1

and

1 2—5 2
||u||H(’)”_S(Q) = (Z Temate

=1
The following is now obvious.

Theorem . . LetQ e a o nded do ain ith a Lt s hit o ndar .  hen for
u€ H"5(Q) and ¢ € H'*(Q),

Alu,¢) =" 1w, 6 )(6,6)

=1

18 e defined and

||u|| . su A(u7¢)
HO T ey ol
0= eHI"*(Q) HI'P(Q)

. RE ULARIT FOR THE FORM A

We shall consider the solution v € HJ*(€2) of the problem

(4.1) Alu, ) = (f, ), for all ¢ € Hy"'(Q2),

where f € 2(2). The following theorem is easy.
Theorem 4. . Letu e a so tion of (4. ) th fe 2(Q). henue H™(Q)

lell gy < £ (@)-

Proof. hoose ¢ = . ! 2(u,¢> )¢ in (4.1) and, after applying the auchy
Schwarz inequality, let  tend to infinity.

Let Sy ,h 0, be a family of subspaces of HJ*() with the following approxi
mation property. There exists a constant C' 0 such that for any v € HJ"7*(Q)

(4.2) Xiélgh o = Xz @) < CR°[|o]l gt (@)

5



This shows that [H, (), 2(2)] C Hy(Q).

For the opposite inclusion, we construct an operator : H () +— Hy(Q) as
follows. Let  be an open ball such that 2 C  and let E be a continuous extension
operator from H (  Q)to H ( )for0 < < . We can do this by virtue of the
fact that Q has a Lipschitz boundary. Now define by

u=u— Fu

restricted to Q2. Let € C, () be a cut o function which is equal to one on .
Then the function (v — Eu), defined on all of ,isin H ( ) and

(u—FEu)=FE u.
Hence we H (Q)=H,(Q). Now

uHHO(Q) <C(lullg @ 1EBulla @)
<Cllullg ¢ ),

for =0or = . Hence
| vl e, @ <Clullg )
But if u € Hy(Q2), then Eu € H () and FEu = u. Hence

lull a0 @ =1 Bullu, @ @  SCl|Eulg y<Cllullm, -

Hence it follows that H,(2) C [Hy (2), 2(£2)] . This proves the theorem.
Note that H,(2) and [Hy (2), 2(2)] may be di erent Hilbert spaces.

ILINEAR FORMS

It is well known that for & < [ the space H!(Q) is compactly imbedded in HE(Q)
(cf. []). Denoting the usual inner product on Hi™ () by (+,"),,,, the operator
2(2) — H2™(Q) defined by
( @)y = (u,8),  forall ¢ € Hi™(Q)
is positive definite and compact, with positive eigenvalues ~ ~* . The correspond

ing eigenvectors ¢ are complete in () and satisfy ¢ = ¢ . It is easy to
¢ , the norm on HZ™() is given by

el gymey =Y B2

=1

The space H*(Q) = [HZ™(Q2), 2(Q)]; 2 has the norm

12
||u||H6”(Q) = (Z At

=1

see that for u = _;



where ug € ¢, u; € 1 and a standard notation is used to denote the norms.
For 0 < s < 1 define the quantity

||u|| 1 0s - 2( 7u)_ ’
0

which is a norm and hence defines a Banach space [ |, ¢]s which is intermediate
to 1 and g. It is elementary to see that if | and ¢ are Hilbert spaces then this
norm satisfies the parallelogram law and therefore induces a Hilbert space structure.
We now prove a result for Sobolev spaces on domains with Lipschitz boundaries.
s previously noted, such a result may be found in | | in the case of smooth bound
aries and for plane domains with piecewise smooth boundaries in [11]. s usual,
and C will be used to denote generic constants, not necessarily the same in any
two places.

Theorem 2. . Let Q e a o nded do ain ith a Li s hit o ndar . hen, for
an wnte er and =1,..., —1,

ith e 1 a ent nor s.

Proof. For u defined in 2 let E denote extension by zero to
Define
H Q)= ueH Q) EueH/ ( )

and set
[ull Q) = [Eullg (-

ecall that Hj () is the completion of () under the norm |||z (). By Theorem
1.4.2.21n [ |,
H (92) = Hy(2).

We will first show that
[Hy (), 2(Q)]  C Hy ().

To do this, let u € Hy(2), for =0or =2m. Since H () = H,(Q), we have
that

[Bully ¢ ) = llullg @) < Cllully, o)

Hence by interpolation of operators, since

we have that

lullay @) < Nullg @ = 1Bulle ¢ ) < Cllull my@) @

3



Furthermore, the projectors Py : My — My and Qy : M j — My, are defined by
A(Pru,v) = A(u,v)

and
(Qkua ’U) = (uv ‘U),

for all u € My and all v € Mj. In the problem considered in Section 4 of this
paper, Qr is the o projection and Py is the so called elliptic projection. Let
be the largest eigenvalue of A;. The condition

J

(1.1) D kll(@k — Qr—1)|* < CA(v,v), for all v € My,
k=1

with the constant C' independent of J, plays a central role in both the additive
and muliplicative multilevel theory, cf. [1]. This was first pointed out in [3] where
the additive multilevel preconditioner was introduced. It was proved there only in
the case of “full elliptic regularity”. This regularity property does not hold in the
case of second order elliptic operators on nonconvex polygonal plane domains or
for higher order operators even on convex nonsmooth domains. Inequality (1.1)
was shown to hold much more generally in the second order case by swald [10]
using Besov space arguments.  di erent proof based on the knowledge of a modest
amount of elliptic regularity was later provided in [2]. Here we show that for any
Lipschitz domain we can define an operator in the equivalence class for which full
elliptic regularity holds, thus proving (1.1) in general in the second order case. This
is done by using the above interpolation result.

e ar . In the above discussion and in what follows the spaces H{(£) may be
replaced by H*(€2) thus allowing us to consider also the cases in which the boundary
conditions are natural. In this case the development is either completely analogous
or simpler. Thus we will consider only the case of the Dirichlet problem.

NTERPOLATION ET EEN THE SPACES H; (£2) AND %(Q)

We recall here the real method of interpolation. Let ( and | be two Banach
spaces with | continuously embedded and dense in (. n inter ediate s a ¢
is any subspace of ( satisfying

1 C C o-

e e ho o er o o .
We shall define for 0 < s < 1 a scale of spaces [ |, o]s with

Define for each Dandu e
(2.) (= inf (o, )" 2

2



AMES . RAM LE

A sTRACT In this paper we describe an interpolation result for the Sobolev spaces

() where isabounded domain with a Lipschit boundary. This result is applied
to derive discrete norm estimates related to multilevel preconditioners and multigrid
methods in the finite element method. The estimates are valid for operators of order
2 with Dirichlet boundary conditions.

NTRODUCTION

Let ©Q be a bounded domain with a Lipschitz boundary. In this note we show
that the Sobolev space H,({2), for an integer and = 1,..., — 1, is the same
space as that obtained by interpolation between the spaces H, () and (2). The
interpolation spaces are defined by means of the real method of interpolation of
Lions and eetre | |. This is proved in [ | when the boundary of 2 is smooth.
For plane domains with piecewise smooth boundaries it was proved by olesio in
[11]. The resulting space [H, (), 2(€©2)]  has a di erent Hilbert space structure
from the usual space Hy(2). For = 2m and = m the regularity properties
associated with the elliptic pseudodi erential operator defined by the corresponding
inner product are generally better than those of the standard mth power of the
Laplacian with Dirichlet boundary conditions. This will be used to prove some
estimates connected with multilevel finite element methods.

In order to motivate the discussion we shall consider the following. mploying
the notation in [1], let M be a finite dimensional space equipped with an inner
product (-,-) with corresponding norm || - ||. Let A(-,-) be a symmetric bilinear
form on M. Now set M = M ; and suppose that we have subspaces My with

MyCMy,C---CMj; M.
The linear operator Ay : My — My is defined by
(A , )=A( , ), forall |, € M.

1991 Mathematics Subject lassification. Primary 65N30 Secondary 65F10.
This manuscript has been authored under contract number DE-AC02-7T6CH00016 with the
.S. Department of Energy. Accordingly, the .S. Government retains a non-e clusive, royalty-
free license to publish or reproduce the published form of this contribution, or allow others to
do so, for .S. Government purposes. This work was also supported in part under the National
Science Foundation Grant No. DMS-9007185 and by the .S. Army Research O ce through the
Mathematical Sciences Institute, Cornell niversity, Contract No. DAAL03-91-C-0027.

Typeset by -TEX



