8. J.L. Lions and E. Magenes, Problémes auz Limites non Homogénes et Applications, vol. 1,
Dunod, Paris, 1968.
9. J.L. Lions and J. Peetre, Sur une classe d’espaces d’interpolation, Institut des Hautes Etudes
Scientifique, Publ. Math. 19 (1964), 5-68.
10. P. Oswald, On discrete norm estimates related to multilevel preconditioners in the finite
element method, Constructive Theory of Functions, Pro. Int. Conf. Varna 1991 (K. G. Ivanov,
P. Petrushev and B. Sendov, eds.), Bulg Acad. Sci., Sofia, 1992, pp. 203-214.
11. J.-L. Zolesio, Interpolation d’espaces de Sobolev avec conditions auzr limites de type mélé,
C.R. Acad. Sc. Paris 285 (1977), 621-624.

DEPARTMENT OF MATHEMATICS, CORNELL UNIVERSITY, ITHACA, NY 14853
AND DEPARTMENT OF M ATHEMATICS, TEXAS A&M UNIVERSITY, COLLEGE STATION, TX 77843
F-mail address: bramble@math.tamu.edu



By techniques similar to those of [4] it follows that ||Qku”H5”_1(Q) < C||u||H5”_1(Q)'
Hence, using this and the fact that (Qr — Qr—1)v = 0 for v € M; with [ < k,
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In the last inequality we used the regularity pickup error estimate of Theorem 4.2.
Defining E to be the symmetric J x J matrix with entries Eg; = hy/hy = 2k=1 for
[ >k, and @ to be the vector with components ||(P; — Pl_l)'UHH(T)'ﬂ(Q) we see that

J

SO /)P = Pyl g ey)” < |EGP

k=1 I[=k

Since the row sums are uniformly bounded in J the eigenvalues of E are bounded
and hence

]~
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=~
I
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]~

— O3 A((P = Piy)v,0) = CA(v,0) < Cllollp e,

e
I
—

This proves the theorem.
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for some s with 0 < s < m. For many examples of such spaces see [5] or [6].
Now the discrete solution of (4.1) in S}, is the unique solution U € S}, such that

(4.3) AU, 6) = (f,¢), forall € Sh.

Define the orthogonal projection operator Py : H™(Q) — Sj, by means of
A(Pyu,¢) = A(u,é),  for all ¢ € Sp.

Since A(-, ) defines a norm on H{"(Q) we have, using (4.2),

(4.4) lw = Prullrg) < € inf o =Xy @

< CRlull grteqqy,  for allu € H" P (Q).

For this projector we now have the following “regularity pickup”.

Theorem 4.2. Let u € H'*(Q). If (4.2) is satisfied, then

lw = Prullgpp—e() < CP7lullrrp ().

Proof. This follows from Theorem 3.1 and (4.4).

5. APPLICATION TO ESTIMATES FOR MULTILEVEL METHODS

We will follow the notation in [1] and give a proof that (1.1) is satisfied in the
case that Q is a polygonal domain whose boundary is Lipschitz (i.e. all angles
are less than 27), the spaces My are nested and defined by conforming piecewise
polynomials. That is, My_1 C My and My C HJ*(2). We assume that the initial
triangulation is fixed independently of J and gives rise to the others by means of
a halving strategy. The form A(-,-) is the standard generalized Dirichlet form of
order m. Finally, we suppose that (4.2) is satisfied with Sj,, = My

and hy = ho27%, the mesh size associated with M}, and, for simplicity of notation,
write Py for Py, .

We will prove the following theorem.

Theorem 5.1. There exists C > 0 such that

J
Y Ml(@Qk = Qu-1)vllZq)y < Cllvllpay, for allv € My,
k=1

where Qy 1s the L?*(2) orthogonal projection onto My and Qo = 0.

Proof. The proof of this theorem is similar to that given in [2]. We note that 3™ <
Cx\,?l.Using standard properties of @y and the fact that Qr = Qr—1Qr = QrQr—1

we see that

J J
> M@k — Qr—1)vll 72y < C D R IN(Qk — Qk—l)UH?{éﬂ—l(Q)‘
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which induces the inner product, say A(-,-), with
Alu,u) = Z A}/Zc?.
=1

This norm is equivalent to the standard norm by Theorem 2.1. The spaces IA{(;T‘"FS(Q) =
[HG™ (), Lo ()] 245 /2m and H™*(Q) = [HF™(Q), La(Q)]1/2—s/2m, for 0 <5 <

m, have the norms

”uHH(’)”"'S(Q) = (Z A3/2+8/2mc?)1/2

=1

and

el ey = (O A2,

=1
The following is now obvious.

Theorem 3.1. Let Q be a bounded domain with a Lipschitz boundary. Then for
u€ H"5(Q) and ¢ € H'*(Q),

Alu,¢) =" A2 (u, 6:)(6, 6:)
=1
18 well defined and

ull ey = sup L
BT T g 19 gt
0£seH' T (Q) H*T3(Q)

4. REGULARITY FOR THE FORM A

We shall consider the solution v € HJ*(€2) of the problem

(4.1) Alu, ) = (f, ), for all ¢ € Hy"'(Q2),

where f € L*(2). The following theorem is easy.
Theorem 4.1. Let u be a solution of (4.1) with f € L*(Q). Then u € H™(Q)

lull zzmay < 1 fllz2(0)-

Proof. Choose ¢ = > 7 | A}/z(u,@)qﬁi in (4.1) and, after applying the Cauchy—

Schwarz inequality, let n tend to infinity.

Let {Sp},h >0, be a family of subspaces of H*() with the following approxi-
mation property. There exists a constant C' > 0 such that for any v € HJ"7*(Q)

(4.2) Xiélgh o = Xz @) < CR°[|o]l gt (@)

5



This shows that [Hg(Q), L2(Q)],/, C Hg ().

For the opposite inclusion, we construct an operator R : H’(R%) Hg(Q) as
follows. Let B be an open ball such that  C B and let E be a continuous extension
operator from H’(B\ Q) to H’(R®) for 0 < j < n. We can do this by virtue of the
fact that Q has a Lipschitz boundary. Now define R by

Ru=u— Eu

restricted to Q. Let ¢ € C§°(B) be a cut—off function which is equal to one on .
Then the function ¥)(u — Eu), defined on all of R%, is in H’(R?) and

(u — Eu) = ERu.
Hence Ru € I;TJ(Q) = Hg(Q) Now

||R‘“||Hg(m < Cllullgica) + [1Eullmica))
< Cllul gi(rey,

for y =0 or j = n. Hence
1Rulliag @), 2201, < Cllull i (ra)-
But if u € HJ(Q), then Eu € H"(R?) and REu = u. Hence
lullizp @), Lo, = IREu| g (@), Lo, < ClEulgr(rey < Cllullmga)-

Hence it follows that Hg(Q) C [Hg'(S2), L2(2)],/n. This proves the theorem.
Note that Hg(2) and [Hg(2), L2(Q2)],/, may be different Hilbert spaces.

3. BILINEAR FORMS

It is well known that for & < [ the space H!(Q) is compactly imbedded in HE(Q)
(cf. [7]). Denoting the usual inner product on H3™(2) by (-,-) the operator
T : Ly(R2) — HZ™(Q) defined by

2m?

(Tu, ¢),,, = (u, o), for all ¢ € HZ™(Q)
is positive-definite and compact, with positive eigenvalues {Ai_l}. The correspond-

ing eigenvectors {¢;} are complete in Ly(Q2) and satisfy A;T'¢; = ¢;. It is easy to
see that for u =Y .2 ¢;¢;, the norm on H{™ (1) is given by

||‘U||Hgm(m = (Z Aiczz)l/z-
i=1

The space H™(Q) = [H2™(), L3(Q)]y/2 has the norm

1/2
[l gy = (Y A 22

=1
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where ug € By, u; € By and a standard notation is used to denote the norms.
For 0 < s < 1 define the quantity

. dt\1/2
lillgom. = ([ =K e0F) "
0

which is a norm and hence defines a Banach space [By, By|s which is intermediate
to By and By. It is elementary to see that if B; and By are Hilbert spaces then this
norm satisfies the parallelogram law and therefore induces a Hilbert space structure.

We now prove a result for Sobolev spaces on domains with Lipschitz boundaries.
As previously noted, such a result may be found in [8] in the case of smooth bound-
aries and for plane domains with piecewise smooth boundaries in [11]. As usual,
¢ and C will be used to denote generic constants, not necessarily the same in any
two places.

Theorem 2.1. Let Q be a bounded domain with a Lipschitz boundary. Then, for

n an integer and r =1,...,n — 1,

[Hy' (), L2(Q)]yn = Hg(2)

with equivalent norms.

Proof. For u defined in Q let E denote extension by zero to R%.
Define . .
H™(Q):={uec H"(Q)] Eue H"(RY}

and set 3
lull ey = 1 Eullar(gre)-

Recall that Hy () is the completion of D(€2) under the norm ||-|| g+ (q). By Theorem
1.4.2.2 in [7],

We will first show that
[Hg' (2), L2(Q)]r/n C Hg(Q).

To do this, let u € Hg(ﬂ), for j = 0 or y = 2m. Since I;TJ(Q) = Hg(Q), we have
that

1Bl mirey = llull o) < Cllullmiay:

Hence by interpolation of operators, since
[H"(R®), Ly(R")],/n = H'(RY),
we have that
cllullage) < 1l grigy = 1Eullirrey < Cllulliap@),La@), -
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Furthermore, the projectors Py : My — My and Qy : M j — My, are defined by
A(Pru,v) = A(u,v)

and
(Qkua ’U) = (uv ‘U),

for all u € My and all v € Mj. In the problem considered in Section 4 of this
paper, Q is the Lo-—projection and Py is the so—called elliptic projection. Let A
be the largest eigenvalue of A;. The condition

J
(1.1) D M@k — Qr—1)||* < CA(v,v), for all v € My,
k=1

with the constant C' independent of J, plays a central role in both the additive
and muliplicative multilevel theory, cf. [1]. This was first pointed out in [3] where
the additive multilevel preconditioner was introduced. It was proved there only in
the case of “full elliptic regularity”. This regularity property does not hold in the
case of second order elliptic operators on nonconvex polygonal plane domains or
for higher order operators even on convex nonsmooth domains. Inequality (1.1)
was shown to hold much more generally in the second order case by Oswald [10]
using Besov space arguments. A different proof based on the knowledge of a modest
amount of elliptic regularity was later provided in [2]. Here we show that for any
Lipschitz domain we can define an operator in the equivalence class for which full
elliptic regularity holds, thus proving (1.1) in general in the second order case. This
is done by using the above interpolation result.

Remark 1. In the above discussion and in what follows the spaces H{(€2) may be
replaced by H*(€2) thus allowing us to consider also the cases in which the boundary
conditions are natural. In this case the development is either completely analogous
or simpler. Thus we will consider only the case of the Dirichlet problem.

2. INTERPOLATION BETWEEN THE SPACES H(2) AND L*(Q)

We recall here the real method of interpolation. Let By and By be two Banach
spaces with B; continuously embedded and dense in By. An intermediate space B
is any subspace of By satisfying

BlCBCBo.

Real Method of Interpolation.
We shall define for 0 < s < 1 a scale of spaces [By, By|s with

B, C [By,By]s C By.
Define for each t > 0 and u € B,

(2.1) K(t,u)= inf_ (Jluollh, +t*[luslh,)' 2,

uotui=u



INTERPOLATION BETWEEN SOBOLEV SPACES IN LIPSCHITZ
DOMAINS WITH AN APPLICATION TO MULTIGRID THEORY

JAMES H. BRAMBLE

ABSTRACT. In this paper we describe an interpolation result for the Sobolev spaces
H§(Q) where Qs a bounded domain with a Lipschitz boundary. This result is applied
to derive discrete norm estimates related to multilevel preconditioners and multigrid
methods in the finite element method. The estimates are valid for operators of order
2m with Dirichlet boundary conditions.

1. INTRODUCTION

Let ©Q be a bounded domain with a Lipschitz boundary. In this note we show
that the Sobolev space H{(2), for n an integer and r = 1,...,n — 1, is the same
space as that obtained by interpolation between the spaces Hi'(Q) and L(2). The
interpolation spaces are defined by means of the real method of interpolation of
Lions and Peetre [9]. This is proved in [8] when the boundary of © is smooth.
For plane domains with piecewise smooth boundaries it was proved by Zolesio in
[11]. The resulting space [H'(£2), L2(§2)],/» has a different Hilbert space structure
from the usual space HJ(2). For n = 2m and r = m the regularity properties
associated with the elliptic pseudodifferential operator defined by the corresponding
inner product are generally better than those of the standard mth power of the
Laplacian with Dirichlet boundary conditions. This will be used to prove some
estimates connected with multilevel finite element methods.

In order to motivate the discussion we shall consider the following. Employing
the notation in [1], let M be a finite dimensional space equipped with an inner
product (-,-) with corresponding norm || - ||. Let A(-,-) be a symmetric bilinear
form on M. Now set M = M ; and suppose that we have subspaces My with

MyCM,C---CMj;=M.
The linear operator Ay : My — My is defined by
(Ar,0) = Ay, 0), for all ¥, 0 € M.
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