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Abstract
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1 Introduction

In a recent paper [5] we analyzed the overall error in a simple finite element method for nonhomo-
geneous Dirichlet problems. We showed, when a smooth domain is replaced by a polygonal domain
and the boundary data are transferred in a natural way, that a particular finite element method
applied to the perturbed problem is optimal order accurate. It is shown that the overall approxi-
mation is robust in the regularity of the boundary data in the sense that optimal order accuracy is
obtained for rough and smooth boundary data alike.

In this paper we provide a similar analysis for an elliptic interface problem. We do not consider
the effect of numerical integration. For this aspect we refer the reader to Ciarlet [9], Ciarlet and
Raviart [10], and Barrett and Elliott [3].

Suppose €2,y C R? are bounded domains whose boundaries I',I'y are smooth, say of class
C>,with Qy C Q. We set Oy = Q\ﬁo and consider the following interface problem on 2 :

Alul = f inQ;, A% =f inQq
u'—ul=¢qy onT,
oul  oud ¢ on FO (11)

v 41 v 40 -
ul=g onT

where Ow/0v 4 denotes the conormal derivative on I'y:

Ouw (x) = Z a¥ (z) 8@ (z)v? z el

and 1 denotes the unit outward (with respect to €y) normal to T'y. Here A% A' are the second
order uniformly elliptic operators

2
Ak — Z (98371' (afj(x)aixj), z € Qk=0,1
4,j=1

with smooth coefficients afj € CZ(Q;C) where Q; C Q;C
Let €2, be a polygonal domain with quasiuniformly spaced vertices 2 20D € T with
2@ = g™+ Denote the “half open” edge from z() to z(0+) by TY. Similarly, T”) denotes
that part of T' between () and zU*Y. In the same way let Qy; be a polygonal domain with
quasiuniformly spaced vertices y("),...,y(¥*1) € I'y and corresponding edges ng,)l and arcs ng).
Here h denotes an upper bound for the length of the longest edge and N = N, K = K, are the



respective numbers of boundary edges. For h sufficiently small, the distance between I' and T';, the
boundary of €2, given by

d(I',Ty) = m%x{| x+tuy |t x+ty, € T},
xzely

where v, denotes the unit outward normal to I'}, satisfies
d([',Ty) < Ch2.

Similarly we assume that d(I',[pp) < Ch? where Iy 5, denotes the boundary of €. We assume
the length of F;f ), h; , satisfies kh < h; < h where & is independent of &, and similarly for the length

of F(()JEL. Finally, define €, j, := Qh\ﬁoyh, and note that for A sufficiently small € ; C Q;C

For problem (1.1) we consider a finite element method in which the domains Qg and Q; are
replaced by polygonal domains Qg and Qy with Qp C Q;C, the Dirichlet data ¢ and jump data
4o, ¢1 are transferred as gp,, and qo 4, g1, to the polygonal boundary I';, and interface I'y j, respectively.
We determine an approximation u, to u which may be thought of as being obtained by a simple
finite element method, using linear elements, applied to the perturbed problem

Alw'=f inQyp, AW =f in Qg
wh —w’ = go, on Loy
ow!  dw® __
v 1 v 40 - QI,h on 110,h

w! =g, on Iy,

(1.2)

Our approach is somewhat similar to one of the methods considered by Barrett and Elliott [3]
wherein isoparametric fitting of the interface is analyzed for problem (1.1) with homogeneous jump
data on I'y and homogeneous Dirichlet data is imposed on I'. In [3] the authors also analyze a penalty
method for handling the zero jump condition in function values on the approximate interface. Much
earlier Babugka [1] and King [16] had analyzed penalty methods for interface problems in the absense
of “variational crimes”, that is when the interface is not replaced by an approximate interface. See
also the work of Baker [2].

For exterior interface problems see the work of MacCamy and Marin [18], Goldstein [13], Bramble
and Pasciak [6], and the references contained therein. For the treatment of nonlinear elliptic interface
problems by finite element methods we refer the reader to Zenisek [21] and the work of Feistauer
and Sobotikova [12].

We now give a brief outline of the paper. In the next section we define the Sobolev spaces
pertinent to our problem and give some perturbation estimates for the interface and boundary
data. We also introduce certain piecewise polynomial spaces on the interface and outer boundary.We



introduce the finite element method that defines our approximate solution, uy. Section 3 contains the
bulk of our error analysis and involves another finite element approximation, vy, that is superclose
(see e.g. Lemma 5) to uy. Our main results show that optimal order accuracy is attained for rough
as well as smooth interface and boundary data. In the appendix we give the somewhat lengthy and
technical proofs of key lemmas from Section 3.

2  Function Spaces and The Approximate Problem

2.1 Interface Problem: weak formulation

For a bounded open and connected set D C R? we denote by H*(D) the usual Sobolev space of
integer order k& > 0 with norm || - ||x,p . The inner product on Ly(D) = H°(D) is given by

(v,w)p :/Dv(a:)w(x)dx.

We define the seminorm on H!(D) by

| w 6,032

2 ow
=I5
j=1 J

and note that the seminorm is equivalent to the norm || - ||;,p for functions that vanish on a subset
of D having positive measure.

For a bounded open set, say G = |J;-, D; , where {D;} are the open mutually disjoint compo-
nents of G, we denote by H*(G) the Sobolev space consisting of functions w such that w, p; €H k(D;)
with norm

m
lw ke = 1w llfn)">

j=1

We denote the seminorm on H'(G) as

m
whe=0 |w
7j=1

Let H*(0D) denote the Sobolev space of integer order k¥ > 0 on @D with norm denoted by
| - |g,op - The inner product on Ly(0D) is given by

o)

<v,w >gp = / vwds.
aD
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For real » > 0, the spaces H" (), H"(Qo U Q4), H"('), and H"(T'y) are defined by interpolation
(see Lions and Magenes [17] and Grisvard [14], [15] ).

As usual H{(2) denotes the Sobolev space of order one whose elements have zero trace on T
and similarly for H;(£2,). We define, for r > 0, the spaces H "(I'), H "([y) as the duals of H"(T")
and H"(I'p) respectively. The norm on H "(I) is given by

< >
|v|_,r= sup vy r >0,

YeHT(T) |¢ |r,I‘ ’

and analogously for H~"(I'y). Associated with the elliptic operator A* is the bilinear form

2

ov Ow
k =§j k — H' ().
a” (v, w) 2 /Qk a;;(z) 9z, O, dz, v,w € H (Q)

t,j=1

The weak form of problem (1.1) is as follows: For f € Ly(2), o € H™Y/2(Ty), ¢ € H'3/2(T)
and g € H'™'/2(T") with 1 < r < 2, find u € H'(Q U ) such that

G(U,, QO) = (f) (IO)Q_ <4q1,p >F07 pE H(}(Q)
(2.1)
and [ul =g only, w=gonl

where [u] = u' — v, and v' = u |q, .
(From [19] we cite the following estimate for the solution u € H" (2 U ;) of (2.1) :

| w llr2oues < CLIl f lloe + 19 lr—1j20 + | Qo lr—1/2,00 + | @1 [r—3/2,00},0 <7 < 2. (2.2)

In (2.2) and throughout the paper we use C to denote a generic positive constant that does
not depend on h and we shall always assume that f € Ly(£2). The a priori estimate (2.2) can be
used to define a generalized (very weak) solution of (1.1) for g € H"~'/2(T"), go € H"~*/?(I'y), and
q1 € H73/2(Ty) for 0 < r < 1. Precisely, let {g"}, {q0},and {¢}} be sequences of smooth functions
converging to g in H""Y/2(T"), go in H"~Y/2(Ty),and ¢, in H"~3/2(T'y) respectively. Because of (2.2)
it follows that {u"} is a Cauchy sequence. Its limit, u € H"(£ U ) is defined to be the weak
solution of (1.1).

2.2 The Approximate Problem and Main Results

We define a means of transferring data on I'y to Iy, that is identical to our treatment of inhomo-
geneous Dirichlet data in [5]. This approach for transferring the boundary and interface data is

5



certainly not new, having been used in Bramble, Dupont, and Thomée [4], Dupont [11], and Zenisek
[20]. Denote the unit outward normal to F(()J}L by uéf,)L and let z;(t) denote the parameterization of

[y by arc length. This induces the following parametrization on I'y

Xi(0) = an(t) + bayio 5 (23
where | 0z, () | is the distance between z(t) and Ty along 1/(()],)1 We assume h is small enough that
Xp(t) is well defined. Then define for a given ¢ € Lo(Ty)

Qan(0) = a(Xa(®), () €TF). (2.4)
and note that g(z) = g(z) for z = 219 or x = UV if ¢ is defined there. The mapping defined by

(2.4) is bounded in L(T"y) and moreover the inverse mapping is well defined and bounded there.
That is, for some constants ¢ and C, independent of A,

clgqlore <1 qlore, <C1¢lor, - (2.5)

The inverse of the “tilde” mapping, called the “hat” map, is given by
A1) = q(@n(®), () €TF), (2.6)

where g € Ly(Tg ).
By direct analogy we define the “tilde” mapping from Lo(T") to Lo (T's) and the following estimate
holds for g € Ly(T)

clglor <I|Glor, <Clglor- (2.7)

We also denote its inverse by the “hat” mapping. This slight abuse of notation should cause the
reader no difficulty since the meaning of the tilde (hat) map will be clear from the context in which
it is used.

In our finite element method we need the corresponding form, af(-,-) on €, that is

2
ov ow

k _ k 1

ap (v, w) = E /Qk,h ai;(z) o, 0z, dz, v,w € H (U p)

i,j=1

where we assume £ is sufficiently small so that €2 5, C Q;c for k = 0,1. For w,v € H'(Qy U Q1) we
define
a(v,w) = a’(v,w) + a' (v, w).



Similarly, ay(-, -) denotes the form :
an(v,w) = aj(v,w) + a;, (v, w),

for w,v € H (Qop U Q1 p).

Moreover we need to introduce a form that is a decomposition of the form a(-, -) in a special way
relative to Q. Define, for v,w € H'(G), where G is the union of the open sets Qg5 N Qo, 2o\ Qo 4,
Q1.0 N, Qop\Qo, and Q\Q (note that G = Q)

a'QO,h (’U, w) = a’?)o,hﬁﬂo (U7 w) + aéoyh\ﬁo (’U, w)’

where a¥(-,-) indicates that integration is carried out over D. Define

aq, , (v, w) = aslll,hrml (v,w) + G%O\ﬁo,h (v,w) + agh\ﬁ(v, w),
and finally,
a(v,w) = aQO,h(v, w) + ag, , (v, w).

Note that the form a(-, -) is not well defined for functions having jumps on the polygonal interface,
Lo.n, but the form af(-,-) is well defined for functions having jumps on the smooth interface Iy or
the polygonal interface, Iy .

In several places in our analysis we need to use bounded linear extension operators (cf. Lions and
Magenes [17] and Grisvard [14]) Ey : H™(Q) — H"(R?), with 0 < r < 2, satisfying Ex¢ |q,= ¢
for ¢ € H"(Q2;) and

| Bt e < C 6 llngres k=0,1.

We shall make the convention that an arbitrary function w € H"(Q U €);) has been extended
(outside of ) to all of R? by the operator E; and with a slight abuse of notation also call the
extended function w. We shall denote by W € H" (€5 U2y ;) the function defined on € by

That is, on 5, W is the restriction to €245 of the Ey—extension of w. Then it is easy to see that
| W lropuen, < C llwllnoeue, 0<7 <2 (2.9)

Recall that Ow/0v 4, denotes the conormal derivative on T'y:

Ou (z) = Z ak(z) Gw. (z)? z el




where 1° denotes the unit outward (with respect to €)y) normal to I'y. The conormal derivative on
I" is denoted by 0w/0naz, on I'y, by Ow/0ny, a1and on 'y, we use the notation Ow/0v;, 4 where vy,
denotes the unit outward (with respect to €2y ;) normal to g .

To define and analyze our finite element method we now introduce certain spaces of piecewise
polynomial functions on I, I'g, ' and I'y. Let Si(I'gp) consist of piecewise linear functions of ¢
(arc length on I'g ) on I, continuous on I'y s, and linear on each edge, PE)J,)Z We define the space
Sk(To) to consist of all functions of the form

~

d(Xn(t)) = d(zn(t))

where X, (t) is given by (2.3) and ¢ € Sj,(I'y ). Clearly S, (I'g) is the space of continuous piecewise
linear (with respect to parameter ¢) functions on I'y. That is, ¢ € Sp(I'g) if ¢ is continuous and on
), is a polynomial of degree less than or equal to one in ¢ (arc length on Iy ). We define
the corresponding orthogonal projectors Qo : La(I'o ) —> Sh(Lo.n) and Qo,h : Lo(Tg) — Sp(To)
by

each arc, '

< Qopts X >ron = < U, X >y X € Sh(Top)

and R
< QO,h¢:X >F0 =< @baX >F07 X € Sh(FO)

Using the analogous construction on I';, we define the spaces, S,(I'y) and S,(I"), of piecewise linear
functions. We denote the corresponding orthogonal projectors by @ : Lo(I'y) — Sp(Iy) and
Qh : L2(F) — Sh(F)

Let {7} denote a family of triangulations of €, such that for disjoint index sets, I and J, T;? =

U and T;' = U 77 with:
i€l jer

Tr =T U T} with 7,0 = Qo and T, = Q4.

We assume the families of polygonal domains, {2} and {24}, and corresponding family of
triangulations, {75}, satisfy the usual sort of quasiuniformity condition. The only vertices on T}, or
Lo, of a triangle 7, € 7}, are vertices of I'y, or I'g j, respectively, and every triangle 7, € 7} is affine
equivalent to a reference triangle. Define the space V3 (€% ,) to consist of continuous piecewise
linear functions on €, relative to the triangulation 7,. We denote by V} the set of functions
¢ € H(Qopn U Q) such that ¢ |2 € Va(Q%n)- Note that a function ¢ € Vj, may have a jump
across the interface I'y,. On occasion we shall denote the restriction of ¢ € Vj, to Qi by ¢, that
is o* = ¢ |q,, - The boundary spaces V}(I';) and V;(To,s) denote the restrictions of Vi, N H*(S2)
to I'y, and I'g;, and coincide with Sj,(I'y) and Sy (Ly ) respectively.



We define the approximate boundary data, g5, and approximate interface jump, gop by :

an = @7, qo.n ‘= Qo,h%-

The approximate solution uy of (1.1) is defined as follows:
The Approximate Problem: In €, let z;, € V}, be the solution of

an(zn, @) = (f, ®)an— < @, @ >ro,, G E VR
(2.10)
with [zn] = go,n on o, and 2z, = g, on Ty,

where VP =V, N H}(Q) ,[2n] = 21 — 25, and f = 0 outside 2. Note that ¢; can be replaced by
Qo,nq1 in (2.10).

Further define our approximate solution uy, in Q as follows. In £ N €y, and € N Qy, take
up, = zp. We define uy, in Qo\ Qo p, 21 \Q1 5, and Q\Q), as follows. Let Q(()J;L denote a typical region in
QoA 5, bounded by F((){) and F(()j). For Q(()],)l C Qo\Qp,p, With T,(Lj) € Th ,the triangle in Qg having

Fg{,)l as one of its sides, uy, is the linear extension of z) from T,(Lj) to Qéj,)l For QSJ,)l C Qo,n\Qo with
T,Sj) € 7Ty, the triangle in 2, , having Pg{,)l as one of its sides, uy, is the linear extension of z} from
7 to Q). For Q) € Q\Q, a typical region in 2\, bounded by I and ') we define uy, in the
analogous way, that is, as the linear extension of z;, from the appropriate triangle in €2,. Note that
our definition of wuy, is the most natural definition on all of €2 relative to the interface I'y.

We shall denote by V3 (€2 U$2;) the space of piecewise linear functions obtained from V}, by the
natural extension (given above in the definition of uy).

Our main result states that u, is an optimal order approximation to u on all of €2 that is robust
in the regularity of problem (1.1).

Theorem 1 There exists a constant C, independent of h, such that

| w—un [lo0oues < CR? || f llog +h2 | @1 |e-1,my +

(2.11)
hs2 ] o [sp +R7T2 | g Jrr),
where 0 < 71,8 < 3/2 and 1 < £ < 3/2. Moreover, for 1/2 <r,s <3/2, and 1 < £ <3/2
| w—un l10000; < Ch| S llog +B2 [ a1 Je=1,re +
(2.12)

h371/2 | 90 |s,F0 +h’ril/2 ‘ g |r,F)'



2.3 Preliminary Estimates

We shall need an estimate for the difference between the trace on I'y; and the tilde map of the
trace on I'y for functions other than u. Thus we state the following result from [5] for an arbitrary
function .

Lemma 1 Suppose w € H"(§)) (extended by Ey) for k =0 or 1 and yw = q denotes the trace of
Eyw on Ty, Then for some constant C, independent of h and w,

00— T lorap <CH W gy, 1<7<2, (2.13)

where ypw 1s the trace of w on Iy y. Simailarly,

| Y"w =G lor, <CH ||wlrg, 1<7<2, (2.14)
where Y"w is the trace of w on T'y, and g is the trace of w on T.

The next estimates for conormal derivatives (cf. Dupont [11]) are useful.

Lemma 2 Suppose w € H"(Sy) (extended by Ey) for k = 0 or 1. Then for some constant C,
independent of h and w,

ow
81/h Ak 0,lo,n <C || w ||2=Qka
and 5
w
| 877 Al ‘O,Fh S C || w |2;Ql *

I

We shall also need some estimates on the “skin” around I'j, or I'yj,. First we introduce the
symmetric difference of two sets D,G C R*: DAG = (D\G) U (G\D).

Lemma 3 Suppose w € H'(Qy U Qy) . Then there erists a constant C, independent of h and w,
such that

” w | O,QOAQo,hS C(h | yw |0,F0 +h2 | w 1790U91)' (2'15)
Moreover, if w € H"(Q U y), then
| W |1,00A0,, < Ch™* ” w ||7‘,QOUQ17 I<r<2 (2'16)

10



Proof: The first estimate is essentially proved in [5]. For the second estimate, consider a typical
piece of Qo ,AQp, say Q(()],)l bounded by F(()J) and F(()J}L. Then by inequality (2.9) of [5] we have

2
ow 9
[wly g0 < ch) | oz, o,y +A7 1w [l 00))

i=1

and hence we obtain, for w € H?({y U ©1), by summing over the appropriate indices

2
ow
| w |1aQO,hAQO < C(h E , ‘ 37 |0,I‘0 +h? || w
i=1 ?

|2,Q()U01 ) .

Using the trace inequality
2

ow
D 1 lore < C llw [la00,

=1 axz

gives the estimate
| w 1000800 < Ch || w [l2,0000. -

We also have the trivial estimate for w € H'(Qo U ;)

| w [1,000800 < C || w 10000,

and hence by interpolation between the last two inequalities we obtain the required estimate.
The following result is essentially proved in [5].

Lemma 4 Suppose w € H'(Qy) and is extended by E,. Then there ezists a constant C, independent
of h and w, such that
lw llona < Clh|w lor +4° [ w [10,). (2.17)

Moreover, if w € H*(Q4) and extended by E,, then

| w Lo\a = Ch | w20, - (2.18)

2.4 Properties of the Finite Element Subspaces
The space S,(T'y) satisfies the following approximation property. For ¢ € H"(Ty)

10,) < Ch" |9

inf )(| Y —¢lor, +h | — ¢ rhey 1< < 2. (2.19)

9€ESK(To

11



;From (2.19) we have

| (I - Q\O,h)d) loro = inf | Y — ¢ |or,< Ch> | 4 l2.1%

©€Sn(To)
and the trivial estimate R
| (I = Qon)¥ lore < | ¥
It follows, by interpolation between (2.20) and (2.21) that
| (I = Qon)¥ loxy < CH' [ ¥ |y, 0<T <20
It also follows from (2.19) that

inf )(I Y-

p€SK(o

0, -

The following inverse property is standard
| @ o< Ch™ [ @ lor,, @ € Sh(To)
and consequently, by interpolation
| 0 lsro< Ch™* [ @ lorg,  ® € Su(lp), 0<s<1
Finally, using (2.22), (2.23), and (2.24) it follows that
| (T = Qop)¥o 120 < CRTY2 | 4h g, 1/2 <5< 2,

and
| (I - QO,h)w |—p,1“0S Ch**? | ¢ |5,F0, 0<s<2,0<p< 3/2'

ot T2 [ =@ |ijare) < CR | |rr,, 1< 7 <2

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

The space S,(I") and corresponding orthogonal projector satisfy all of approximation and inverse
properties analogous to those for S,(I'g) and (o ,. We do not list all of these properties since our

main emphasis in this work concerns the treatment of the interface.

The following perturbation estimate (see Lemma 4 of [5]) plays an important role in our error

analysis.

Lemma 5 Let q € Ly(Ty), then

| Qond — @o,hq 0,005 < Ch* | (I - @O,h)q 0,05
and for g € Ly(T)

| Qnd — Qng lor, < Ch? | (I — Qn)g

o,I'y

where C' is independent of h.

12



We shall need the following inverse property.
Lemma 6 There exists a constant C, independent of h, such that for ¢ € HY(Ty)
| Qond l1/2,00 < CRTY2 g lep,, 0<£<1/2.

Proof: By the inverse property (2.24) we have

| Qonq |1/2,00 < Ch~'/? | Qopnd

0,05

and hence by (2.5)

| Qond |1j2r0 < Ch™V2 | Qopnd

0,L'0,n

(2.27)
< ChY2 | oy, < Ch7Y2 | g lor, -
We also have for ¢ € H*/2(T'y), using (2.5) and (2.24) again
| Qopd |1/2,00 < | Qopd — Qong 172,00 + | Qopd 172,00
< Ch™'? | Qopg — @o,hq 0,00 + | Q\O,hq |1/2,7%
< Ch™Y2 | Qopg — @o,hq lo,ron T | @o,hq /2,70
and hence by Lemma 5 and (2.25)
| Qond |1jo,ro < Ch32 | (I — @O,h)q o + | Q\O,hq /2,70
< Ch? | q |1/2,Po + | (- @o,h)q |1/2,r0 +q |1/2,r0 (2.28)

<C|qlizr, -

The result follows by interpolation between the estimates (2.27) and (2.28).
The next estimate gives an approximation property for the projector Qo .

Lemma 7 There exists a constant C, independent of h, such that for ¢ € HP~3/2(T) with 3/2 <
p<2andi=0,1

| ¢ — Qo li—3/2,00 < Ch™" | q lp—3/2,7 -

13



Proof: By the triangle inequality, (2.5), and Lemma 5,

| q— Qo,fﬁ |i—3/2,F0 < | Qo,hq - Qo,fﬁ 0,0 + | (I - Qo,h)q |z’—3/2,Fo

<Ch*| (I - @o,h)q oo + | (I — @O,h)q li—3/2,T%

from which the result follows by properties (2.22), (2.26) of @o,h-

We also find it convenient to introduce other finite element spaces on I'y and I' that are useful
in our analysis. Let S;(I'g) be the space of functions that are cubic polynomials with respect to
arclength on each Féj ) and are continuously differentiable on I'y. Define the orthogonal projector
Q(l),h : Ly(Tg) —> Si(Ty) by

< Q(l),hw’x >re= < Y, X >res X E S}ll(r())

It is well known that S}(Tp) is a subspace of H%(Ty) and that the following inverse, approximation,
and boundedness properties are valid. For 0 < s < 2 and ¢ € S; (L),

| @ lsro SCh 2 |

| (I = Qop)¥ |-1jome +RY7 | (I = Qop)¥

0,I'o

0,0 < Ch5+l/2 ‘ ¢ ‘s,I‘o

and

S)FO ‘

| Qopt lsro < C | ¥

Let S;(I') denote the analogous space of piecewise cubic polynomials on I'. The corresponding
orthogonal projector is denoted by @}. This space satisfies the corresponding analogous inverse,
approximation, and boundedness properties. The spaces S}(I'y) and S;(T') are not used in our
method but only in the error analysis.

As a consequence of the quasiuniformity assumptions the space V}, has the following simultaneous
approximation property. For w € H" (2, UQyp), 1 < r < 2, there exists wy, € V}, such that

” W — Wh | 0,00, ,UQ p, +h ” W — W ”LQo,hUQl,h <CH ” w ||T,Qo,hU91,h’ (2'29)

where C is independent of h and w. This property can be established using a trianglewise argument
that is given in Bramble and Xu [7].
The following approximation result will be useful in our analysis.

Lemma 8 Let w € H*(Qo, U ) and @, €V, , then

infxEV,?{H W= @h = X |10,2,,UQ,1 +h || W —9p — X Hl,ﬂo,hUﬂl,h} <

C(h* || w |

2,020,,U82 1 +h1/2 | W — @h ‘O,Fh +hl/2 ‘ [w] - [Qph] O,To,h)'
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Proof: Let wy, € V}, satisfy (2.29), then by the triangle inequality we have

LU, < OB || w

|| W — Ph — X 110,020,,UQ1, +h || W—9n—X | 2,Q0,,UQ1 +

|| Whp — Ph — X HOaQO,hUQI,h +h H Wh — Ph — X [11,090,,UQ; 5 -

Now choose x € V)0 equal to wy, — ¢y, at the interior nodes of Qg 5 and Q; 5. Then a straightforward
calculation gives

| wh — on — X 0,00 000 TP Wh — 0 = X 1,00 p000, <

ChY2{(h N, | wa(z) — o (a)) [2)1/24
(h 3255 [wi(yD) = eh (D) = x(y?) )2+

(Y, [ wd(yD) — R (yD) — x(yD) )12}

where wj, = wy |q,, . Since the terms on the right hand side are equivalent to the L, norms on
Sn(Ty) and Sp,(Ly ) respectively we obtain

H Wh — Ph — X 110,920,001, +h || Whp — $h — X Hl,Qo,hUQLh <

Ch1/2{| Wh — Ph

o T | Wi — @ — X loro, + | wh — @b — X lorg, }-

Choosing x equal to 1/2(w} + wl) + 1/2(¢;, + ¢5) on Ty, gives

| w—©n = X oo, 1w —=0n =X |00, < OB || w ||2,00 yuy s +

(2.30)
C(h* [ wy — on lor, +h? | Twn] = [@n] lor,.)-
Moreover, for v € H' (), the following trace inequality (see Dupont [11]) holds
| v g,l“o,h < C ” v |0,Qk,h|| v ||1ka,h7 (2'31)

where C' is independent of h. Consequently by (2.31) with v = w — wy, and the triangle inequality

W% | [wa] — [on]

0,00, < B2 | [w] — [wp]

0,0'0,p, +h1/2 | [w] - [(Ph] |07F0,h

1,00 00000) + B2 | [w] = [@n] lo,r, -
(2.32)

< CO(|] w—wh |lo0gpuar, +h || w—wp
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In a similar way using the estimate, | v [§1 < C'|| v [lo,,,|l v ll1,0,,, there follows

ht/? | wh — ©n or, < hl/? | w — @p o, T
(2.33)
Cll w = wn [logopuar, +h I w—wh |l1,00,00:4)-
The lemma now follows by (2.29) and the estimates (2.30), (2.32), and (2.33).
Remark 1 A consequence of the previous result is as follows. Suppose w =0 and ¢y,
is discrete A* harmonic, i.e.
an(n x) =0, x €V,
Then it is easy to see that for all y € V!
an(@n: ¢n) < an(en — X; n — X)
< Clen—x 1,00 000 5 (2.34)

< Ch_lﬂ(\ on lor, + | [l

We will need to know that functions vanishing on I' and having no jumps across the interface,
[y, can be approximated well by functions in V}0. This is given in the next lemma.

05F0,h) °

Lemma 9 Suppose w € H?(Qo U ), satisfies [w] = 0 on Ty,and w = 0 on Tand is extended by
(2.8). Then there exists a constant C, independent of h and w, such that

infO{H W — X HOsQO,hUQl,h +h H W — X
XEV)

1’QO,hUQl,h} < Ch2 H w ||2;QOUQI :

Proof: Take ¢, = 0 in Lemma 8. Then

infer,?{H W —x ||0,Qo,hU91,h +h || W —x 1,Qo,hU91,h} <

C(h? || w ||2,00u0, +RY? | W

o0 FAY2 | W] Jorga)-
Now it follows from Lemma 1 that
| W lor, < CR? || w |20,

and
| W] fo,re, < OB || w

l2,0000; -

Combining these three inequalities proves the lemma.
We shall need the following estimate.
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Lemma 10 There ezists a constant C, independent of h, such that for v € H* (o U Q1)

” v ||1,Qo,hUQ1,h < C(| v ‘LQOJzUQl,h , + ‘ v |0,Fh)' (235)

Proof: Clearly it suffices to show that (2.35) holds for || v ||o,0, - Let ¢ € C§°(£2),) and define
w € H*(Qy U Q;), and extended outside of Q2 by E), by

A’ = in Q; Alw'=¢pin Q

with [w]=0on Ty and w=0o0nT,

with 6“’ == af on ['y. Then using Greens identities we find that
Yp A
. ow ow
(v, P)ag oy, = alv, w)+ < [v], % >Top — <, m >Th
where 5 = af on edges F(”) C Qo and 5 = af on edges F(()],)L C 0.
Thus,
| (Ua QO) + | [U] 31(3% |07F0,h +
v loral 7 o
By Lemma 2
ow
| O <C ” w ||2;QOUQl
and similarly,
| ow
Onn, a1 -
Consequently,
| (v, 9) (I + [ [v] loro, )-
Therefore, since || w ||2,00u0; < and
sup | (’Ua@)ﬂo,hUﬂl,h |
PECE ()

the lemma follows.

17



3 Error Analysis

We are now in a position to begin the error analysis. Our goal is to obtain optimal order error
estimates in Ly(Q) and in H'(Qq U Q) for the approximate solution, u;. The general outline of
the error analysis is as follows. We shall obtain optimal order estimates for z, in Ly(2;) and in
H*(Q0,,U 1,). We find it necessary to perform this part of the analysis indirectly by first estimating
the error for v, € V}, defined by

an(Vh, ) = (f, D)a,— < @1, ¢ >1,,, €V
(3.1)

—~—— —~—

with [Uh] = Q\o’th on Fo,h, and Vp = @hg on Fh-

Note that vy, differs from 2z, only in the jump on the polygonal interface and the approximate
Dirichlet boundary condition. Consequently, v, — 2, is discrete A*—harmonic. We show that vy, is
an optimal order approximation and using this show that z, is also optimal order accurate. Having
demonstrated this we prove that the natural extension of z, to {2, uy, is an optimal order accurate
approximation in Ly(Q2) and in H*(Qy U Q).

3.1 Error Analysis for v,

Unless stated to the contrary we assume, in this subsection, that ¢ € H“1(I'y), f € Lo(2), qo €
H*(Ty), and g € H"(T") with 1/2 <r,s < 3/2 and 1 < ¢ < 3/2. This implies that u € H'(Qy U Q).
We shall make use of the following estimate.

Lemma 11 Suppose w € H"( U ), with 1 <7 <2, and W € H" (o U Q) is defined by
(2.8). Then there exists a constant C, independent of h and w, such that for any x € V;?

| an(W,x) = a(w,X) | < Ch"7H(| x

19,89 T | X [L008) | @ [lr00ua:,
where X denotes the extension of x by zero.
Proof: By definition of the forms a(-,-) and ay(-, -) it follows immediately that

) — 40 0 1
ah(I/Va X) - a’(wa X) - aQo,h\ﬁo (I/Va X) - aﬂo\ﬁo,h (wa X) + agl,h\ﬁl (I/Va X)

1 —_
—00 0\ (w,X).

But

1 = _ .1
aQ1\§1,h (w’ X) - aQo,h\ﬁo (w’ X)

18



and
1 1 1
a91,h\§1 (VV’ X) - CLQo\ﬁo,h (W’ X) + th\ﬁ(VV, X)'

Hence,

— 1
[an(W,x) = a(w,X) | < [ag, oW, X) | + 20 | 06,00,V X) | + [ 06, , a0, (w0, X) |

< C{] x |1,Qh\§ | w ‘1,9,,\6 +

| X |L000a00 (| W 100,800 + [ W [1,00,400) ]}

Then by Lemma 3 we have

‘ w 1,Q0,, A0 S Ch?”—l || w ||7‘,QOU917 1 S r S 2.

By the same analysis, using the definition of W, it follows that
| w |1,Qo,hAQO S Ch?”—l || w ||T,QoUQla 1 S r S 27

and the proof is complete.
Let u" denote the solution of (1.1) with g, replaced by Qo ngo,q: replaced by Qoxgi, and g
replaced by Qng. Let U" denote the corresponding function defined by (2.8). We shall estimate

the difference, Uh — vp, in the H'(Qgp U Q) seminorm. First we define u" as the solution of

(1.1) with go replaced by Qg ,q0, ¢1 replaced by m, and g replaced by Q}g. Let U" denote the
corresponding function defined by (2.8). The reason for introducing S} (Ty) C H?(I'y) and S}(T) is
to guarantee that Qg ,q0 € H**(I'y) and Qhg € H3/?(I") thereby ensuring that u® € H?(Qo U ).
For future reference we note that (2.2) gives

| u" | o + | Qo lp—3/2,00 + | Qoo lp—1/2,00 + | @nY lp—1/2,0)- (3.2)

582U < C(“ f

By properties of Qg ,, @}, and Lemma 6

|| u” |:0,QOU91 < C(” / ||0,Qh +h£_p+1/2 | a1 |4—1,F0 +hs_p+1/2 | do |5,F0 +hr_p+1/2 | g

rr) (3.3)

where 0 < 7,s < p—1/2,1 < ¢ <3/2and 3/2 < p <2 Whereasif 1 < p <3/2,0<rs<
p—1/2and 1 < £ < 3/2
+hs—p+1/2

™ llpoun, < C(Il f | [ o [s;00 +17PH2 | g L) (3.4)

0,0, + | a1 foro
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To estimate U" — vp, in the H! seminorm, it is sufficient to estimate U” —vj,. To see this we note
that by (2.9) for i =0, 1

| T" = UM [li0p poann < C | @ — 4" [ls 0000, -

By (2.2)

| @ — u [l 0000, < C{| (Qon — Qop)do li—1/2,00 + | (Qn — Q1) li—1/2r},
and by properties of Q\o,h, Qo.ns Qy, and Qr
S O{hS—H/Z_i ‘ Qo +h7‘+1/2_i ‘ g |r,I‘}7 (35)

for g9 € H*(T'y) and g € H™(I") with 0 < r,s < 3/2. Thus, for i = 0,1

||u —u"

| O" — < C{Rt | g FRY2 g p), 0< 1 s < 3/2.

Lemma 12 There exists a constant C, independent of h, such that

| Uh — Un |1 Qo,, U1 1 < C(hp ! ” u” ”p,QoUﬂl + || at — uh

(3.6)
+h” ' || ut —uh ||0,90U91 +h ‘ q1

).

where 1 < p < 2.

For the proof see the appendix.
By splitting the data {f, qo, ¢1, g}, using Lemma 12, linearity and the a priori estimate (2.2) the
following is an easy consequence.

Proposition 1 For f € Ly(Q),q € H*(Ty),q1 € HY(T), and g € H"(T') with 1/2 < r,s < 3/2,
and 1 < £ < 3/2, there exists a constant C, independent of h, such that

| U — vy WSO llog +R72 T aqu e, +

h871/2 | 90 ‘S,Fo +h’r71/2 | 9 |r,F)'
Remark 2 [t follows from Proposition 1 and Lemma 10 that

1 0% = o0 g o, < CC IS o +5E2 | gy sy +

h871/2 | qo ‘S,Fo +h’ril/2 | g |r,F)a

where 1/2 <r,s <3/2, and 1 < ¢ < 3/2.
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Next we obtain an L, estimate similar to Proposition 1. First we need a preliminary estimate
similar to Lemma 12 whose proof is given in the Appendix.

Lemma 13 There exists a constant C, independent of h, such that

1T = vn llogopum s < O || uh [lpagun + || @ =" |

0,Q20U82
+h || @ —ut |l 0000, +P* | @1 for,)

By splitting the data for problem (1.1), using linearity and the a priori estimate (2.2) the
following result is obtained from Lemma 13.

Proposition 2 For f € Ly(Q),q0 € H*(Ty),q € H(Ty), and g € H"(T) with 0 < r,s < 3/2 and
1 < €< 3/2, there exists a constant C, independent of h, such that

” U — Uh ”(),Qo,hUQl,hS C(h’2 ” f |

00 +hY2 | qu o1, +
hs2 ] go [sp +R7T2 | g Jir).

3.2 The Main Results

In this section we use Propositions 1 and 2 to establish optimal order estimates for U — z;, where
U is the extension of u defined by (2.8) and u is the solution of (1.1).

Theorem 2 There exists a constant C, independent of h and u, such that

” U -z, ||0,Qo,hU91,h < C(h’2 ” f |0,Q +h’e+1/2 | 0 |¢*1,T0 +

W2 ] o |srg #0772 | g |r),
where 0 < r,$ < 3/2 and 1 < £ < 3/2. Moreover,
10 = 2 lsmponnn < CO IS log +hE 2 | o ary +
Bs—1/2 | g0 |s,r0 L hL/2 | g ‘T,FL

where 1/2 <r,s <3/2, and 1 < ¢ < 3/2.
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Proof: By the triangle inequality,

I U =z |ligonunin, < NU = U [liggpuaus + | U* —vp |

1,Q20,,U821

+ 1l 21 = vn 1,00 puayy -

We estimate each of the terms in (3.8). By (2.9) and (2.2) we have

| U = U" liggpuon, < C Il u—0"[linun,
<C( (I =Qon)o li—1/2,06 + | (I — Qn)g |i=1/2,r
+ | 1 — Qo |i—3/2,00)

and hence by properties of @o,h ,@h, and Lemma 7

| U - 0"

li.020 pu1 5 < C(h™ 2 | gy lsrg A" 72 | g [or +hF2 g1 |o1ry)-

For the next term we apply Propositions 1 and 2. Finally, by Lemma 10 and Remark 1 we have

e ~——

Il 2n = va 1,00 001, < Ch2(| Qondo — Qondo

0,Co,n + | Qng — Qng

0r3)

and hence by Lemma 5 and properties of @O,h and @h

Lot < CH2(] (I = Qon)o lore + | (I — Qn)g

| 20 — v | o,r)

< CR2 (R | go |sro +R" | g

T,F) .

Combining these estimates proves the theorem.

Next we prove that u, is an optimal order accurate approximation to u on all of 2o U2 in Lo
and in the H' norm. Since U |Qi,h: u and 2, = up, on §; N €Y it follows from Theorem 2 that we
need only estimate the error, u — uy, on QoA ), and Q\ﬁh. We shall make use of the following
estimates.
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Lemma 14 For w € H*(QyU Q) and oy, € Vi (Q UQ), there exists a constant C, independent of
h and w, such that

| w = @n 100800, < CR2(|W = @n 1000000, R 1| W [|20000:),

0, AQ0,5 < 0h1/2(|| W —op

” W= @n |0aQO,hUQl,h +h ‘ W — Ph |1,Qo,hU91,h
+h2 [ w [|2,0000,), (3.9)
| w— o |1,Q\§h < CRP(|W = ¢ |1:91,h +h [l wll20,),

| w—on lloona, <CH2UW = on lloqu, +h | W — o

10+ || w |

2,015
where W is defined by (2.8).

Proof: We shall prove the first two inequalities and the last two are proved in similar fashion.
Let Q((f,)l ,say Qé’,{ C Q0\Qo 4, denote a typical piece of Q9 AQq ;, bounded by P(()]) and Pé{,)l. The case
Q(()J ,)L C Q04 \Q is handled similarly. Then by equation (2.10) of [5] applied to derivatives of W — ¢,

: s ()
we have, since ¢y, is linear on onh,

2
| w— n |iﬂ(<)jgl <C(h* Y| 0/0x:i(W — n) |(2)’Ff)ji +ht | W ||§’Q(<]jz)- (3.10)
: i=1 : :
Further, if 7; C €2y, denotes the triangle having I‘é];,)l as one of its sides, then the divergence theorem
gives

Plv o < CUvlloq +1° v [is). (3.11)

2
oy
Applying (3.11) to the derivatives of W — ¢, in (3.10) gives

w—n 2 g < COIW = [, +0 | WIE )

Z,Q((]]’ELUTJ'
and hence by summing over appropriate indices j there results

| W — Pp |1,Qo\§0,h < Ch1/2(| W — Ph |1;QO,hUQ1,h +h || w ||2,QOUQO,h)' (3'12)

In the case Q(()J,)l C Qo,h\ﬁo we find

| W — Ph ‘1,90,,,\50 < Ch’l/Q(‘ W — Ph |1,Qo,hUQl,h +h || W 2,Qo,hU91)’ (3'13)
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and hence the first estimate follows by using (2.9). To prove the second estimate we apply equation
(2.10) of [5] applied to W — ¢y, and use (3.11) to obtain by summing over appropriate indices j

1w = ¢n loopan, < CH2UIW = @n llogemvnn, +h | W = @b l100,00,,)- (3.14)

Combining (3.12), (3.13) and (3.14) gives

” W — Pp |0,Qo\§0,h < 0h1/2(|| W — Ph ||OaQO,hUQl,h +h | W — Ph [1,Q0,,UQ 5,

(3.15)
+h2 || w {2,000 )5

where we have used (2.9). By the same analysis we find that || w — ¢ [|o g, ,\a, is also bounded by
the right hand side of (3.15) and this proves the second inequality in (3.9) and hence the lemma.
Now we can prove the main result of the paper.
Proof of Theorem 1: By the triangle inequality

| u = un [ligous < ITU = 21 [liqonnonu@iney s + Il u = un lligean,, +

| w—un ;0@

and Theorem 2 it suffices to estimate || u — up [li,00a0,, and || v —us [|; \g, - Clearly,

| w—un lligonne, + I w—un ;o\, <IIu"—unllioeany, + Il v —un ;0\, +
C |l u" = u [ligoun; -
By (2.2) we have

| u” = lig0uy < C( (I = Qon)do limrjzre + | (I — Qr)g lio1jor +

| q1 — Qo,hfﬁ |i—3/2,I‘0)1

and hence by (2.25) if i = 1, (2.26 ) if i = 0 (and the corresponding properties of Qj), and Lemma
7 there results

I ut —u lli.20u0: < C(hsfiﬂ/2 | Qo |s.ro o | g |nr hb2 | @1 |e—1.10)-

Consequently it suffices to estimate || u" — up [|; o\, and || ©" — un |ligoa0,, - To handle these

terms we use Lemma 14 and Theorem 2. We give the analysis only for the L, norm since the H*
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analysis is similar. By Lemma 14 we have

I u" = un [lo,goan, + Il 4" —un lloova, < CRYZ(| U — 2 |

0,820,,UQ4 5 +

h| UM = 24 |10 000, +RO2 || U

2,008 )

In view of Theorem 2 we only need to estimate the last term in the previous inequality. We have
by (3.3),

WO || u? (g, 0000, < CRO | f llog +h [ @1 lecrrg 5 | g0 lsrg +R7 | g

r,F)

which proves (2.11).

4 Appendix

In this section we give the somewhat technical proofs of two Lemmas used in the error analysis of
section 3.

Proof of Lemma 12: Without loss in generality, because of ellipticity, we may take the seminorm
to be an(- ) =| - [T, ,un,, - FOr ¢ € Vi,

|Uh—1)h

T onuns = an(U" = vn, U™ — on) + an (U™ = v, X),
where x = ¢, — v,. Choose ¢, such that [¢,] = [vs] on T'gp , @5 = v, on I'y, and
an(U" — @, &) =0 €€ V.

Then by the Cauchy-Schwarz inequality

| U" — vy |ino,hunl,h <|U" =gy ‘%,Qo,huﬂl,h +2a,(U" — vp, X)
where we note that y € V2 N H'(Q). Now we have

an(U" = vp, x) = an(U", x) — a(u",X) + a(u",X) — an(vn, X),
where Y is the extension by zero. By Lemma 11 we have

| an(U",x) — a(u", %) | < CHP7H(| x

1,820, A0 + ‘ X I,Qh\ﬁ) ” u” |p,QoUQ1 : (4'16)

.From the definitions of " and v, we find

| a(u", %) — an(vn, x) | = [< @1, X >ron — < q1,X >T| -
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To estimate this term we let J(¢) denote the magnitude of the derivative of the piecewise smooth
transformation ¢ — X (¢). Note that J(t) is smooth except at the nodes and, from the definition
of 'y p, it follows that

max |1—J(t) | < Ch?, (4.17)

t€[0,65]

where /), is the length of I'y ;. Moreover we have , for ¢ defined on I'y

/gpdsz/ pJdt.
To Ton

<G, X >Top — <G X >To= < 1, X >Ton — < G1,IX >To,

Consequently,

= <q, (1= )x >r0n = < a1, (X = X) >1os

and by (4.17) and the proof of Lemma 1 in [5] there results

|< (71,X >Fo,h —<qiX >Fo| <C | al 0,T'o,n {h2 | X |0,F0,h +h | X LQOAQo,h}'
Since x € V}? we have
| X fo,ron SOl X 1,00, < C | X 1,004
and hence
< @1, X >Ton — < q1, X >1ol S Ch | quforo| X 1,00 000, - (4.18)

We combine the estimates (4.16) and (4.18) to yield by the Cauchy Schwarz inequality

|Uh—Uh

1,Q0,,U 1 < C(h’p_l || u” ||;D,QOU91 + | U — Ph ‘LQO,hUQl,h ( )
4.19

h'l a1 loro)-

We complete the proof by estimation of the second term in (4.19). By the definition of ¢} we have
for any x € V)
an(U" = on, U™ = o1) < an(U" = on — x, U" = o0 — X)

and hence by Lemma 5

| UM — o |10 p000, < CRPY U [lpagauays +h 2 1 U] = [@n] loro, +
(4.20)
21U — o for,)-
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We next estimate each term on the right side of (4.20). By (2.9) we have

|| Uh |p,90,hU91,h <C ” uh |p;QoUQ1 : (4'21)
For the second term we have, since [pp] = [5’;],
| [U"] = len] loxon < U] = [U"] o, + [ [U"] = [@

Taking v = U" — U" in (2.31) gives

h=12 1 [UM] = [U" Jore, < Ch || UM = U" [logpun,, +h || U —
(4.22)
< Ch || uh — T [logouan +h || uP — " ||1 0000, }-
Next, we have by Lemma 1
| [O"] -

o < | [O" = UM = [ah — ut] o, + | [UM] -

<C(h| u"—a" 0P || u” [lp.01000)-

Lastly, we have

h—1/2 ‘ Uh — ©n — h—1/2 | Uh —

< WV TP =@ o, +h7V2 | T = UM o,
and by Lemma 1 again

WVR| O Tt fop, < BV (0" = U) = (@ = ub) for, + | U =P for, }
(4.23)
< O || " —ut [la, +R272 ([ u” [p0,)-

Combining the estimates (4.19)-(4.23) gives the result.
Next we give the rather lengthy proof of Lemma 13.
Proof of Lemma 13: Let ¢ € C§°(Q)) and define w € H?(Qp U €),and extended outside of
by Ei, by
A = in Qp, Alw!=¢pin O

with [w] =0 on Iy and w =0 on T,
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. 0 1 . . ..
with 68L = fL on ['y. Then using Greens identities we find that
Vp,A0 Vp,al

~

(Uh — Uh, W)Qo,hUﬂl,h = a(Uh — Un, w)+ < [Uh] - [Uh]7 afﬁ >To,n

e h oy, 0w
<U Vh, By a1 >T,,

0 ; L , )
where 35% = % on edges F(()J,,)l C Qp and 83:,),4 = % on edges F((f,,)l C Q. Now it follows for
any y € V)

A ~

(Uh — Up, @)Qo,hUﬂl,h = E(Uh — Up, ’(U) - ah(ﬁh — Vp, W)+
ah(ﬁh—vh,W—X)—i-ah(ﬁh—vh,x)—i- (424)
-

< [Uh] - [Uh],% >1‘0,h — < Uh —’Uh,ani—wAl >r

where W is defined by (2.8). We estimate each of the terms in the right side of (4.24) in succession.
A straightforward calculation shows that

(0" — vy, w) — ap(U" — vy, W) =a® (U — vy, w) —

and hence

| G0 — vy, w) — ap(U" — v, W) | < C | U" = vy

1,Q2AQ0,1, (| W 11,9040 1, +

| w |1,90A90,h)'

By Lemma 3 we have

| w |1,QOA90,h + | w 1,Q0AQ 1 <Ch || w ||2,QOUQ1>
and by the triangle inequality together with (2.9)

| Ut — Up, ‘LQOAQO,h < ‘ gt — ot |1;QOAQO,h + | Ut — Un |1,QOAQO,h

<C ” at —uh ”LQOUQl + | U — Un

1,Q0,,UQ 1 -
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Consequently, by Lemma 12 there results

| G(T" — o, w) — an (U — v, W) | < +h? | q
(4.25)
+ ” ah - uh ||0,90U91 +h? ” uh ”P,QoUﬂl}'
For the next term we have
L an(U" —vp, W =x) | < | U" = vy,
We choose x to be the minimizing function in Lemma 9 and use Lemma 12 to yield
| an(U" = op, W = x) | < C || w [|2,0000, {B || @ — u” +h* | q1 |o,r,
(4.26)
” u - U +h? ” uh |p,90UQl}'

For the third term on the right side of (4.24) we have
ah(ﬁh — Uh, X) = {ah(fjha X) - a(ahaY)} + {a’(ah: y) - ah(vha X)}a

where X denotes the extension of x by zero. For the first term in the previous equation we have,
since U" |q, ,= u" ,

a Tt

| an(@,x) —a(@,%) | < Cf| @

o

Now it is easy to see, using Lemma 3, that
| T 100800, < C [T = uP 10000, + | 4" 100800,
< C(| u" —ul |1,90U91 +hpt || u” ”p,QoUm)'
Similarly,
|U” lLona < | ut—-uh lona T | u* l1,0,\0

<CO(|ut —uh +hP71 || ul |

p’QOUQl ) °

Therefore,

| a'h(Uh7X) - a’( ’X) ‘ < C(' ut —uh +hP ! || u” ||p,90U91)(‘ X |1 QoAQ, 1 +

(4.27)
| X |1,Qh\§)'
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We estimate the terms involving x in the last inequality as follows. By Lemma 3 and our choice of
X

| X 1,00000,, < I W = X 100800, + | W 1,00a00,
< W -—x |1,90,hu91,h +Ch || w ||2,.00u0: (4.28)
<Ch ” w ||27QOUQI -
By a similar analysis we find
| X l,Qh\ﬁ S Ch’ || w | 2,001 » (429)

and hence the estimates (4.27)-(4.29) yield

| an(0", x) = a(@,%) | < C || w !

1,Q0U +h? ” u”

2,Qo0U (h/ | ah — U |p,QoUQl)'

It remains to estimate a(4",%) — an(vs, x). By definitions of @ and vy,
‘ a(ah)Y) - ah(Uh,X) ‘ = |< q1, X >F0 — < 'qvlaX >I‘0,h| .
Clearly,

< g, X >0 — <G5, X > = < L JIX >, — < QX STy,
=< al’ (J_ 1)% >F0,h + < qvlaW -W >F0,h

+<(E55<J_W_(X_W) >F0,ha

and hence by Lemma 1 and (4.17)

‘ a(ﬂh,y) —an(v, X) | <C @1 0,To,n {h2 | X |0:1“0,h +h|x—W L20AR,, T
(4.30)

R [l w ll2000, }-

Now we note that by Lemma 1 and (2.31),

| % 0,Lo,n < ‘ 52_ X 10,To.p + | X |0,T0,h
1/2 1/2
< C(h | X [a0anns + 1 X o, I X [1e, )

<C || X ”LQo,hUQl,h :
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Also,

, < H x—W ”LQO,hUQl,h

< C ” w ||2:QOUQI’

and hence

| 55 |0,F0,h =
By our choice of x and (4.30)-(4.31) we have

| a(ah7Y) - ah(”haX) | S Ch2 | q1

(4.31)

(4.32)

Finally we estimate the interface and boundary terms in (4.24). For the interface term we have

6111
< [0" = [on], 5 — oo = >y, < [0 - lo.ro, -
By Lemma 2
ow
| al/hA s’ 0, S C || w ||2190UQI

Next, we write
[0 — [vn] = [0"] — [@] = [U" — U] — [@" — uh] + [U"] — [uh],
and hence by Lemma 1

| [0 = [v] loro, < | [0 — U] = [@* — u] oo, + | [U] = [u*] Joro.s

< C(h ” u" —ul ”LQOUQl +h? ” u” |p,QoUQ1)-
JFrom this, (4.33), and (4.34) there follows
<1071 = ) g >r0a] < O I8 = s+ 1 lans) | @ o -
By a similar analysis we find
h 6 D h
|[<U" = vp, 5—— I >r,| < O || " = u |l 0000, +17 | 4" [lp,0000:) |
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(4.33)

(4.34)

(4.35)

(4.36)



Combining (4.25), (4.26), (4.32), (4.35), and (4.36) we conclude that

(U™ —vns0)ay |

| Ur — vy, llo,0,= SUPyecge(9) llello,e,

< C(h? || ul

p,Q20U0 u —u 0,Q0UQ
| + ||t —ut |

+h|l 8" =t e, +h [ @

0,T%)

and the proof of Lemma 13 is complete.
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