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where F' C 09; is any face of Q; and Pr : L*(F) — S,(F) is the orthogonal L*(F)

projection.

lwi = wlliey < B 3 (wi—w)*(x)

€I
SR YD Y (wi—w)(a)
FCoQ; ceF
< A? Z (Z('wi—Ppu)Z(x)—l— Z wf(l‘))
FCoQ; rzeF z€IF
<Y (hllwi = Prullfaey 4+ B lwilliz o))
FCoag,

Again we need to bound two terms appearing in the last expression above. For the first
term, we have
Z hllw; — PF‘U|\%2(F) S hllu— ’wz‘|\%2(ani)
FCoQ;

S lu = williz g + A2 llu — willf oa,
S hQHUH%Il(Qi)

where we have used Lemma 2.1 and (4.5).

The second term can be bounded by the discrete Sobolev inequality in Lemma 2.4

Z hQH’wi”%%aF) < h?llog h|HuH12Vl(Q¢) < h?llog h|HU||12ql(Qi)
FCoQ;

Consequently
1
|w — wil| L2, < hllog |2 |[ullmi(a,)-

As in (4.9), the estimate for d = 3 follows. This completes the proof. O

As a direct consequence of the above lemma, we have

THEOREM 4.7. If for all i, the d — 1 dimensional Lebesgue measure of (0Q; N 0NQ)
is positive, then for all u € Hg()

(4.10) (1 — Q%)ullrz(9) < hllog h|Z[ulmy(q),
and
(4.11) Q% ulm ) S [log k|2 |u|m1q).

Proof. By hypothesis, we have ||u|lg1q) S |u|my@) by Poincaré inequality. The
estimate (4.10) then follows from (4.8). The estimate (4.11) can be proved similarly as
(3.11) by using (4.10). O

(4.12) Remark. 4.1 The assumption concerning the measure of meas,—1(9€; N 9N)
in Theorem 4.7 cannot be removed in general and the deterioration ﬁ_% in the estimate
of Theorem 4.5 is also best possible. All these issues will be discussed in a separate
paper.
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Proof. The proof will be carried out separately for different dimensions even though
the ideas in both cases are quite similar.
Case 1: d = 2. Let w; be as in the proof of Lemma 4.2 and define w € S;, by

w;, at the nodes inside §2;;
w =< P.u, atthe nodes inside e C 0€);;
0, at nodes elsewhere.

where e C 0); is any edge of Q; and P. : L*(e) — Si(e) is the orthogonal L?*(e)

projection.

By (2.2)
lw; = wllfeqy < B Y (wi—w)?(z)
€I
S R YD D (wi—w)i()
eCOS2; rE€e
< A? Z (Z(wZ — PS’M)Q(I’) + Z wf(aj))
eCON; r€e r€de

We need to bound the two terms appearing in the above last expression. The first term
is easy:

Z hl|w; _PeuH%2(e) S hHu_wiH%Q(BQL')
eC I8

S lu = willfa + R llu = willEn oq,)
< PPl

where we have used Lemma 2.1 and (4.5).
The second term can be bounded by the second discrete Sobolev inequality in
Lemma 2.3.

> kY wi@) < hPloghllwillfn g, < h¥|log AlllullFn -

eCOQ; r€de

Consequently

o = willzeqg < blloghl2{lullmia,-
Applying the above estimate, with the triangle inequality and (4.5), we get
(4.9)  llu = wllpzay < llw = will ey + llws = wllizay S kllog hl2|lullm a,-

The desired result for d = 2 then follows.
Case 2: d = 3. Again, let w; be as in the proof of Lemma 4.2 and define w € S} by

w;,  at the nodes inside );;
w =< Prpu, at the nodes inside F' C 0€);
0, at nodes elsewhere

12



LEMMA 4.4. For anyu € S, and 7 € Ty,

h(log )% |ulpry if d =2

I = In)ull L2y S Lt . _
o h(5) 7 ulm () ifd=3

where I}, : S, — Sy, 1s the interpolation operator.
Proof. We first consider the case that d = 2. Let 7 be the standard reference
element, then

(1 — Dn)ullpziry S I — 1)l L2 5

It follows from the discrete Sobolev inequality in Lemma 2.3 for d = 2 that

h 1
Le(s) S (log %)2

U

U

I = L)l 2z < 2

H1(7)-

Replacing @ by @ + ¢ for any constant ¢, we have

b1 3 h. 1
i) S (log %)2 |wlp(r)-

The desired result for d = 2 then follows. The proot for d = 3 only differs in the type of
Sobolev inequality (in (2.1)) used and the details obviously need not be repeated here.
This completes the proof. O

As a direct consequence of Lemma 4.4, we have

THEOREM 4.5. For any u € Sy

Ayl . 5

and

Q% ulm ) S {

Delulmye,  fd=:

~—~

4.2.2. Estimates for General H! Functions. In this subsection, we shall derive
some estimates for functions in H?.

The following lemma shows that nearly optimal estimates can be obtained in general
if the full weighted H' norms are used.

LEMMA 4.6. For all u € Hg(f)

(4.8) (1 — QF)ullzz (@) < fllog h|2 ||| 3 (0)-
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THEOREM 4.3. Assume the decomposition (4.1) has no internal cross points. Then,
for all u € H}(Q)

(4.6) (£ = @F)ullzz (o) < hluluye),
and
(4.7) Q7 ulmy@) < lulmye)-

Proof. Define a function ¢ € S,(I') by
¢ = Plii, u, on each I';

where Plici : L*(T;) = M(T;) is the orthogonal L?—projection. By the hypothesis that
I’ has no cross point, ¢ is well defined. Note that on each I';, we have
le = Sllzzry) < llu = will z2ry)-
Due to Lemma 2.1
[ = willzay < A7 lw = willie@,) + bllu = willf g,
Hence,
Bllw = williery S llu = willla,) + A¥llw = willf

Consequently,
. J
hlu — Pr“”%g,(ﬂ) Sh) willu— ¢H%2(Fi)
i=1

J
< h2;wi|u|121[1(9i) = h2|u|§130(9)-
Applying Lemma 4.2 gives to (4.6).
The proof of (4.7) is identical to that of (3.11). This completes the proof. O

4.2. General Case. When the interface has some internal cross points, the prob-
lem becomes somewhat more subtle. We will derive certain estimates under some special
circumstances.

4.2.1. Estimates for “finer” finite element functions. For d = 2, the embed-
ding H'(Q) — C(Q) is not true in general but it is “almost right” for the functions in
finite element subspaces as it is indicated by the second inequality in Lemma 2.3. This
observation is the main motivation for the result in this paragraph and the argument
is similar to that used in the proof of Proposition 4.1.
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4.1. No Internal Cross Point Case. What we mean by internal cross points
are those points on I' that belong to more than two €;’s. If there is no such point on
the interface, the analysis becomes very simple and optimal estimates can be derived.

We shall first present a lemma that shows that the estimate we need can be reduced
to the estimates on interfaces. To do this, let us introduce a weighted inner product on

L*(T)
(u,v) 2 r Z/ w;uvdz.
59,\99

Denoting S, (1) ief {vlr: v e Sy}, let PE: L*(T) — S5,(T) be the orthogonal projection
with respect to (-,-)rz(r)-
LEMMA 4.2. For all u € H}()

I = @)ullz (@) S hlulmz) + 772 |lu — Prullizm)
Proof. On each domain ;, by Proposition 3.5, there exists a w; € S,(£);) such that

(4.5) Ju— wi”%?(m) + hQHU - ’wz’”fql(ni) S hQHUH%Il(Qi)'
Let w € S;, be such that

w;,  at the nodes in £2;;
w =
Pku, on T.

Therefore, using (2.2)

J J
lu—wliz@ < dDwillu—willtq)+h*Y wi Y [(w— Pru)(p)?
=1

=1 pel’;
J
J
< ZwihQHuH%p(Qi) + h|lu — Prkuﬂig(r)

S RPulfye) + hllu — Prullis
The desired result then follows since
lv = QFullz o) < llu = wllzz (@)
From the above proof, we see that the validity of Lemma 4.2 has nothing to do

with the cross points. Neverthless we only know its application to the case that the
interface has no internal cross points.



with the induced norms denoted by ||-||z2q) and | - |51 (q), respectively. Moreover we
define a full weighted H' norm by

-2y = 1172 0y + 1 o o)-
We assume that ) is triangulated by a family of quasiuniform meshes {7, h < 1} as
described earlier. An additional assumption we make here is that these triangulations

will be lined up with the subdomains €2;’s. Namely the restriction of each 7, on each
; is also a triangulation of €); itself.

The weighted L? projection Qy : L*(2) — S}, is defined by
(4.4) (QFu,v)2 ) = (U, 0)12 Q) Vu € L*(Q),v € Sy.
We will derive error estimates for Q)% of the following type:
I(1 = @%)ullrz ) < Chllog h|"|ulmy(e), V¥ u € Hy(Q)

for some positive constant «. The point here is that we require that the constant C
appearing in the above estimate does not depend on the weights {w;}. Again we will
use the notation “<” in place of “ < €7, where C' is in particular independent of the
weights.

The derivation of such an estimate is not as simple as it might appear. For example,
the argument used in the proof of Theorem 3.2 cannot be applied easily here, even
though we can get the estimates analogous to (3.4) and (3.5) with proper weights. It is
unclear if the interpolation between weighted H? and L? spaces would give rise to the
right space. Nevertheless the proof for d = 1 is almost trivial. To be more precise, we
have the following

PROPOSITION 4.1. For d = 1, we have for all u € H}(Q)

(L = Q3 )ullzz @) S hlulpi@),

and

|Q%ulmi) S Julm@)-

Proof. Since d = 1, we have H*(Q?) — C(). Hence the nodal value interpolant
I, : C(Q) = Sy, is well-defined in H*. It is well-known that (cf. [5]), for any 7 € 7,

= TullZagy S Bluling, ¥ € HY(r).
Summing up over all 7 € 7, with proper weights, we then get
I = Dullzz@) < Chluliyey, ¥ u € Hg(€).

Our first inequality then follows since ||(1 — Q% )ul|r2 (o) < [[(1 — In)ul[z2(q). The proof
of the second inequality is similar to Theorem 3.4 by Lemma 3.3. 0O

The above approach can not in general be extended to higher dimensions because of
the lack of the imbedding H*() — C(f), although a similar technique can be applied,
as is done in Section 4.2.1 below in some special circumstances when d = 2. The analysis
for more general cases, especially for d = 3, is more complicated and special techniques

are needed.



Proof. 1t follows from the inverse inequality, Lemma 3.2, and Lemma 3.3, that

|Qhu|12111(9) = Z|Qhu2

H(r)

TETh

< 23 {1Qnu — Qrulfp oy + 1Qruling )
€T,

< D {Qwu - QT‘U@%) + |u|12111(7)}

TETh
S D u— QT‘UH%%) + |u|%11(7)} + 27w — Qh’UH%2(9)

TETh
S |‘U|§11(Q)

The desired result then follows. O

(3.12) Remark. 3.1 Notice that our proof of (3.11) which uses @), is carried out
element by element. Such a “local” argument is crucial for us to establish the corre-
sponding stability for the weighted L? projection (with trivial modification).

Stmultaneous Approximation Properties. From the estimates we derived for (),
property (3.3) then becomes clear by Lemma 3.1. In fact such simultaneous approxi-
mation property holds for more general boundary conditions. For example, if I'y C 02
is measurable, then we have

PROPOSITION 3.5. For any u € H} (), there exists v, € Sy N Hf () such that
(3.3) holds.

4. Weighted L? Projection. This section, which is the core of the paper, is
devoted to the analysis of the weighted L? projections. Both the L? error estimates and
H?' stability will be investigated.

Assume the domain ) admits the following decomposition:

J
(4.1) o=
=1
where ; are mutually disjoint. Let I" denote the set of interfaces, namely
I'= Ul 00\ o9.

For simplicity, we assume that I' consists only of segments (d = 2) or plane polygons
(d = 3). In other words, no part of any 9€; is curved.
Given a set of positive constants {w;}7_,, we introduce the following weighted inner

products:

(4.2) (u,v) 12 sz (u,v) 120

and

(4.3) (u, )10 sz/ Vu - Voudz,
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It Q); is defined similarly, it is then straightforward to verify that
(3.7) Qru = Q.

These locally defined operators have the desired stability and approximation properties
as shown by
LEMMA 3.3. For any 7 € T},

(38) |QTU|H1(T) S |u|H1(T)7 Vue Hl(T)v
and
(3.9) v — Qrull2(ry S hlulgiy, Vue H'(7).

Proof. 1t follows from (3.7) that (3.8) is equivalent to

(3.10) Qi

H1(#) < |'&|H1(%)7 V&EHI@A’)
As all the norms on P;(7) are equivalent, we have

Qi z) S [ @+

U

r2(3) < a2y S Nl ),
which, since Q;¢ = ¢ for any ¢ € R!, implies that

|Q+

H(7) 5 giengl Hﬁ + éHHl(;—) S |'&|H1(%)-

This proves (3.10) and hence (3.8).
Now we turn to the proof of (3.9). By changing variables and using (3.7), we get

U — QTM

H(3) S hd/2|ﬁ|H1(+)

lu = Q-ul 2y S A

< Y% inf |6+ é
cemlt

L2(7)

< hd/th_d/2|u|H1(T) < h|'LL|H1(T).

This completes the proof. 0O
We are now in a position to state and prove our stability theorem.

THEOREM 3.4. For all u € H}(Q)

(5.11) |Qrulmie) < lulu ).



More specifically, we have

LEMMA 3.1. (3.1) and (3.2) both hold if and only if (3.3) is true.

The proof of the above result which uses triangle inequality and also the inverse
property is straightforward.

The inequality (3.3) has been assumed in some papers on finite elements but it
seems that little attention is paid to its proof. The stability of the L? projection in the
H' norm was perhaps first established by Bank and Dupont in [2]. Their proof however
requires the full elliptic regularity condition (which is unnecessary). A discussion of this
problem in two dimensions may also be found in Crouzeix and Thomée [6]. Recently
Scott and Zhang [8] have constructed a kind of interpolation operator for nonsmooth
functions that can also be used to give a proof of this result. As we pointed out earlier, it
can be directly obtained assuming the simultaneous approximation property (3.3) which
is actually the approach that Mandel, McCormick and Bank take in [7]. For avoiding a
logical circle, the question remains as to how the simultaneous approximation property
is justified. Our approach here is to establish the stability by a different argument and
obtain the simultaneous approximation property as a consequence.

L? FError Estimates. As we have assumed that d < 3, the Sobolev imbedding

H*(Q) — C(9) holds. Therefore the usual nodal value interpolant I, : C'(Q) ~— S, is
well-defined in H?. It is well-known that (cf. [5])

(3.4)  Jlu-— QhuHLz(Q) < ju— IhuHLz(Q) < h2|u|H2(Q), Yuc HQ(Q) N HOI(Q).
On the other hand
(3.5) I — Quullreg) < llullzz), ¥ u e L*HQ).

An application of the standard interpolation technique to above two estimates yields

THEOREM 3.2. For u € H;(f)

(3.6) lu = Quullr2(a) < hlulmig)-

H' Stability. The main ingredient in our analysis is a local L? projection @, :
L*(7) — Py(7), for any given 7 € Ty, defined by

(Qru, )2y = (U, @) 12(ry, Vu € L*(7), ¢ € Pi(7).

Let 7 be the standard reference element, for any 7 € 7, we have an affine diffeomor-
phism:

F,:7w— 7.

For any function v € L*(7), we adopt the following standard notation:

&>

o(3) = v(F(3)), & €7

[y



The most interesting part in Lemma 2.3 is perhaps for d = 2. That is just the
limiting case in which the Sobolev imbedding fails. The following is another such
example.

LEMMA 2.4. Assume Q is a polyhedral in R3, then

[ollz2ry S Nog hl2|lvllae) Vv e SHQ)

where ' is any edge of ().

Proof. By breaking the domain € into (possibly overlapping) subdomains that
have parallel faces in one direction, we may assume here, without loss of generality,
that @ = (0,1)® is the unit cube. Applying the inequality in Lemma 2.2 with the
domain D = (0,1)? and w = v(xy,xq, x3), we get

2 0
[v(0,0, z3)|* < |log ¢ /D('02 +>° |81:»|2)dx1d$2 + 62Hv|ﬁvlm(9), Vee (0,1).
=1 b

Integrating with respect to x3, we get
1
[ 1000,0, w9z 5 ogellielna) + llolmay Ve (0,1)

Taking € = h% and applying the inverse inequality yield
[vllz2ry S [log hlZ|[v][mi@) Vo€ S™(Q)

where I' = {(0,0,23) : 0 < 23 < 1}.
Similar arguments obviously apply to the other edges of ), the proof is then com-
plete. O

3. Ordinary L? Projections. In this section, we shall consider the usual L2
projection with respect to the ordinary L? inner product (namely without weights).

Associated with the finite element space Sy, the L* projection @, : L*(2) +— S}, is
defined by

(Qru,v) = (u,v), Yue€ L*N),veS,.

The aim of this section is to establish some estimates for ), on H' in both the L2

and H' norms, namely for all u € Hj(Q)

(3.1) lu — Qrullrz) S blulm (),
and
(3.2) |Qntelava) < lulmia)-

The above estimates are closely related to the so-called simultaneous approximation
property:
(3.3) nf (Ju = Xllzz@) + kllw = Xllm@) S Bllelaa), Vv e Hy(@).

4



LEMMA 2.2. Assume D is bounded domain in R? with 0D Lipschitz continuous.
Then

[wllzee(py < [og e|? ||lw]lgpy + el|wllwiepy, Vwe W (D), ee(0,1).

Next we introduce the finite element space. For 0 < h < 1, let 7}, be a triangulation
of  with simplices K of diameter less than or equal to h. We assume the family {7}
is quasiuniform, namely there are constants ¢y > 0 and ¢; > 0 such that

K maxge7,
max — < ¢y, ———
KeTy pr mMiNgeT,

<ca Vh,
where hg is the diameter of K and pg is the diameter of the largest ball contained
in K. Corresponding to each triangulation 73, we define a finite element subspace
Sn C H}(Q) that consists of continuous piecewise (with respect to the elements in 75 )
linear polynomials vanishing on 0f2.

For a given triangulation 7, we consider a finer quasiuniform mesh 7, with 2 < h
which is obtained by refining 75 in such a way that

ShCSQ

where S, C H} () is the corresponding finite element space defined on 7.
It is well-known that, for any function v € S},

(2.2) o]l < b 3 vi(z),
I‘ENh

where N}, is the set of vertices of the triangulation 75, and
(23) H'U”LOO(Q) = h_d/p”‘vHLp(Q)(l S P S OO)

The right hand side of (2.2) is often called the discrete L? norm. Inequality (2.3) is the
well-known inverse property of the finite element spaces (cf. [5]).

LEMMA 2.3. For all v € Sp(Q),

H’UHHl(xl)), ifd=1;
(2:4) [G[FETIRS |101gh|5H’UHH1(Q)7 if d=2;
h™2 o] a1, if d = 3.

Proof. The first inequality (for d = 1) follows from the usual Sobolev imbedding
(in (2.1)). The second one is well-known in the literature (cf. [3]) and it can be easily
obtained by using Lemma 2.2 together with the inverse inequality (2.3) with € = h.

The proof of the last case for d = 3 is also almost trivial and can be furnished by
using the inverse inequality (2.3) and Sobolev imbedding (2.1):

[ollzee@) S A= lvllze) S A2 ][0llm1@):
3



The remainder of the paper is organized as follows. In Section 2, some preliminary
materials, such as Sobolev space, finite element space etc., will be presented. Section 3
is devoted to the analysis of the usual L? projection. Main estimates for weighted L?
projections will be presented in Section 4.

2. Preliminaries. Let @ C B¢ (1 < d < 3) be a bounded domain. For simplicity,
we assume that ) is an interval for d = 1, a polygon for d = 2 and a polyhedron for
d=3. On Q, L?(Q) denotes the usual Banach space consisting of p—th power integrable
functions. The Sobolev space of index (m, p) is defined by

W) Y v e LP(Q) : D*v € LP(Q) if || < m},

with a norm

def . !
[v|lwme@) = (Z D ‘UHTEP(Q)) :

lo|<m
where o = (o, - -+, @q) is multi-integer and

o | Ed:
D = al =) o
Qg g (N
dzy* -+ xy i=1
For p = 2, by convention, we denote

H™(9Q) < wm2(q).

We will have occasion to use the following seminorms:

def @ !
[vlwmp) = (Z |D ’UHZEP(Q)) :

|a|=m

For m = 1, H} () denotes the subspace of H'({}) consisting of functions that vanish on
0% in an appropriete sense. Similarly, for a measurable I'y C 99, Hf (Q) is the space
consisting of functions in H' that vanish on I'y.

We quote the following well-known Sobolev continuous imbeddings ([1]):

L=(Q), if d=1;
(2.1) HY(Q) =< LP()(1 <p< oo, ifd=2
LE(9Y), if d=3.

LEMMA 2.1.
HuHLz(ag) 5 G_IH‘MHLz(Q) -+ GHUHHl(Q), YV u € HI(Q) and € € (0, 1).

For a proof of the above result, we refer to [10].
The following result is a special case of Theorem 2.1 in [10]. (cf. also [9].)
2



SOME ESTIMATES FOR A WEIGHTED L? PROJECTION *
JAMES H. BRAMBLE AND JINCHAO XU

Abstract. This paper is devoted to the error estimates for some weighted L? projections. Nearly
optimal estimates are obtained. These estimates can be applied to the analysis of the usual multigrid
method, multilevel preconditioner and domain decomposition method for solving elliptic boundary
problem whose coefficients have large jump discontinuities.

Key Words. Finite element space, weighted L? projections, multigrid, domain decomposition

AMS(MOS) subject classification. 65M60, 656N15, 65N30

1. Introduction. This work was motivated by the study of the numerical solution
of elliptic boundary value problems that has large discontinuity jumps in coefficients.
If these jumps become larger, the corresponding discretized (by finite element for ex-
ample) equations may be harder to solve. In some special cases, however, multigrid
or domain decomposition method can be properly designed so that the numerically
observed convergence rate is actually independent of these jumps. We find that the
theoretical justification of this phenomenon lies in certain approximation and stability
properties of some weighted L* projections with weights provided by the discontinuous
coefficients (cf. [10], [11] and [4]). The point is that we want to get estimates which
are uniform with respect to the weights. It is quite easy or difficult, depending how
you look at it, to be convinced that this kind of estimate is nontrivial based on known
theory in the finite element method.

A careful study of this type of weighted L? projection will be made in this paper.
We shall establish estimates that are nearly optimal under some special circumstances.
In a sequel of this paper, we shall present some negative results to demonstrate that
the expected estimates are not always possible in general and the results in the paper
are sharp in certain sense.

Related to the topic of this paper is the usual L? projection. Some error and
stability estimates for such a projection are also presented with complete proofs.

As is done in [10], we will use the following notation:

x<y, [fZg and uxvw

~s

which means that
x<Cy , f>cg and cv<u<Cv

where C' and ¢, are positive constants independent of the variables appearing in the
inequalities and any other parameters related to meshes, spaces etc.

* This paper was published in Mathematics of Computation, v.56, 194(1991), 463-476. This work
was supported in part under the National Science Foundation Grant Nos. DMS84-05352 and DMS-
8805311-04 also by the U.S. Army Research Office through the Mathematical Sciences Institute, Cornell
University.
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