USING FINITE ELEMENT TOOLS IN PROVING SHIFT THEOREMS
FOR ELLIPTIC BOUNDARY VALUE PROBLEMS
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ABSTRACT. We consider the Laplace equation under mixed boundary conditions on
a polygonal domain 2. Regularity estimates in terms of Sobolev norms of fractional
order for this type of problem are proved. The analysis is based on new interpolation
results and multilevel representation of norms on the Sobolev spaces H*(2). The
Fourier transform and the construction of extension operators to Sobolev spaces on R?
are avoided in the proofs of the interpolation theorems.

1. INTRODUCTION

Regularity estimates of the solutions of elliptic boundary value problems in terms
of Sobolev norms of fractional order are known as shift theorems or shift estimates.
Applications of the shift theorems in the finite element theory can be found for example
in Nitsche’s duality argument, multigrid convergence theorems, convergence of “mortar”
finite element methods, etc..

The shift estimates for the Laplace operator with Dirichlet boundary conditions on
nonsmooth domains are well known (see, e.g, [21], [23],[27]). For the second order ellip-
tic boundary value problems with mixed boundary conditions on nonsmooth domains,
much less has been done. Even though the shift estimates concerning mixed boundary
conditions are often used in the finite element theory, a proof of the regularity estimates
is not given, to the best of our knowledge, in any publication. The paper provides a com-
plete proof for the case of polygonal domains. Some of the interpolation results needed
for the proof are new and of interest by themselves. The subspace interpolation theory
developed in Section 2 can be used for proving regularity estimates for other elliptic
boundary value problems for which the associated differential operators are Fredholm
operators. The interpolation method used in this paper is the real method of interpo-
lation of Lions and Peetre [2], [24] and [25]. The interpolation problems to which we
are led of the following type. If X and Y are Sobolev spaces of integer order and Xy is
a subspace of finite codimension of X then how can one characterize the interpolation
spaces between X and Y? The problem was studied by Kellogg, for certain particular
cases, in [21] when X was of codimension one.

The rest of the paper is organized as follows. In Section 2, after a short introduction
in interpolation between Hilbert spaces and subspaces, a formula connecting the norms
on the intermediate subspaces [X, Y]s and [X, Y], is given for the case when Xy is of
arbitrary finite codimension. The main result of Section 2 is a theorem which provides
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sufficient conditions (the conditions (A1) and (A2)) for concluding that the spaces
[Xk,Y]s and [X, Y], coincide.

In Section 3, we use multilevel representatations of the norms for the Sobolev spaces
on sector domains in order to prove subspace interpolation theorems. The multilevel
representations of norms (cf. [13], [15] and [28]) involved in Section 3 allows us to derive
a simplified version of the main result of Kellogg [21] concerning the subspace interpo-
lation problem when the subspace has codimension one. Using classical preconditioning
techniques ([8]-[14]), a proof of the fact that the multilevel norm on H'! is equivalent
to the standard norm on H! is presented in the Appendix. The reader familiar with
multilevel theory might skip Section 5.3.

Shift theorems for the Poisson equation (with mixed boundary conditions) on polyg-
onal domains are considered in Section 4.

2. INTERPOLATION RESULTS

In this section we give some basic definitions and results concerning interpolation
between Hilbert spaces and subspaces using the real method of interpolation of Lions
and Peetre (see [24]). The results presented in Section 2.2 are new.

2.1. Interpolation between Hilbert spaces. Let X,Y be separable Hilbert spaces
with inner products (-,-)x and (-,-)y , respectively, and satisfying for some positive
constant c,

(2.1)

X is a dense subset of Y and
|lully < c|lul|x  for all u € X,

where [Ju|% = (u,u)x and ||u||? = (u,u)y.
Let D(S) denote the subset of X consisting of all elements u such that the antilinear
form

(2.2) v— (u,v)x, veX

is continuous in the topology induced by Y.

For any u in D(S) the antilinear form (2.2) can be extended to a continuous antilinear
form on Y. Then by Riesz representation theorem , there exists an element Su in Y
such that

(2.3) (u,v)x = (Su,v)y forallve X.

In this way S is a well defined operator in Y, with domain D(S). The next result
illustrates the properties of S' .

Proposition 2.1. The domain D(S) of the operator S is dense in X and consequently
D(S) is dense in Y. The operator S : D(S) CY — Y is a bijective, self-adjoint and
positive definite operator. The inverse operator S™' :' Y — D(S) C Y s a bounded
symmetric positive definite operator and

(2.4) (S'z,u)x = (z,u)y forallz€vy, ueX.
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The interpolating space [ X, Y] for s € (0,1) is defined using the K function, where
forueY andt >0,

K(t,u) == inf ([Juollx” + t*]|u — uolly*)"/?.
upg€X
Then [X, Y], consists of all uw € Y such that
/ VK (tu)? dt < oo.
0
The norm on [X, Y], is defined by

||u||[2X7Y]S = c§/0 VK (¢, u)? dt,

oo 4(1-25) 1\ TH/2 9
Cs 1= / dt =4/ —sin(ms)
o t?+1 T

By definition we take
(X, Y]p:=X and [X,Y]; =Y.

The next lemma provides the relation between K(t,u) and the operator S. A proof of
the lemma can be found in [24]-Chaper 1.15.

where

Lemma 2.1. Fforallu €Y andt > 0,
K(t,u)? =6 ((I+t257) u,u), .

Remark 2.1. Lemma 2.1 gives another expression for the norm on [X,Y s, namely
(2.5) ||u||2[ny}s = Ci/o (I + 6287w, u),, dt.

In addition, using this new expression for the norm (see Definition 2.1 and Theorem
15.1 in [24]), it follows that the intermediate space [X,Y]s coincides topologically with
the domain of the unbounded operator SY*1=%) equipped with the norm of the graph of the
same operator . As a consequence we have that X is dense in [X,Y|s for any s € [0, 1].

2.2. Interpolation between subspaces of a Hilbert space.

Let K = span{p, ..., ¢, } be an n-dimensional subspace of X and let X be the orthog-
onal complement of IC in X in the (-, -)x inner product. We are interested in determining
the interpolation spaces of X and Y, where on Xy we consider again the (-,-)x inner
product. For certain spaces X and Y and n = 1, this problem was studied in [21].
To apply the interpolation results from the previous section we need to check that the
density part of the condition (2.1) is satisfied for the pair (Xx,Y).

For ¢ € K, define the linear functional A, : X — C, by

Apju = (u,9)x, ue X.
Lemma 2.2. The space X is dense in Y if and only if the following condition is

satisfied:

(2.6) { A, is not bounded in the topology of Y

forall p € I, ¢ # 0.
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Proof. First let us assume that the condition (2.6) does not hold. Then for some nonzero
¢ € K the functional L, is a bounded functional in the topology induced by Y. Thus,
the kernel of L, is a closed subspace of X in the topology induced by Y. Since X is
contained in Ker(L,) it follows that

X C Ker(Ly) = Ker(Ly).
Hence X fails to be dense in Y.

Conversely, assume that X is not dense in Y, then Y, = X—;CY is a proper closed
subspace of Y. Let yy € Y be in the orthogonal complement of Y, and define the linear
functional ¥ : Y — C', by

Vu = (u,y)y, u €Y.

V¥ is a continuous functional on Y. Let ¢ be the restriction of ¥ to the space X. Then
1 is a continuous functional on X. By Riesz Representation Theorem, there is vy € X
such that

(2.7) (u,v0)x = (u, yo)y, for all u € X.

Let P be the X orthogonal projection onto K and take v = (I — P)vp in (2.7). Since
(I — Px)vy € Xy we have ((I — Px)vo,yo)y = 0 and

O = ((I — PIC)UOaUO)X = (([ — PK)U(), ([ — PK)U())X.

It follows that vy = Pxvy € K and, via (2.7), that ¢ = A,, is continuous in the topology
of Y. This is exactly the opposite of (2.6) and the proof is complete. O

Remark 2.2. The result still holds if we replace the finite dimensional subspace K with
any closed subspace of X.

For the next part of this section we assume that the condition (2.6) holds. By the
above lemma, the condition (2.1) is satisfied. It follows from the previous section that
the operator Sk : D(Sk) C Y — Y defined by

(2.8) (u,v)x = (Sku,v)y for all v e X,

has the same properties as S. Consequently, the norm on the intermediate space [ X, Y]
is given by:

(2.9) il g, = € /0 2 (14 285 u, )., dt.

Let [X,Y]sx denote the closure of Xx in [X,Y],. Our aim in this section is to
determine sufficient conditions on the functions ¢; such that

(2.10) [(Xi,Y]s = [X,Y]sx.
First, we note that the operators Sx and S are related by the following identity:
(2.11) St =(I-Qx)S™,

where Qx : X — K is the orthogonal projection onto K. The proof of (2.11) follows
easily from the definitions of the operators involved.

Next, (2.11) leads to a formula relating the norms on [Xi,Y]s and [X,Y]s. Before
deriving this formula in Theorem 2.1 , we introduce some notation. Let

(2.12) (u,v)x, == (I +2S™1) M, U)X for all u,v € X.
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and denote by M, the Gram matrix associated with the set of vectors {¢1,...,p,} in
the (+,-)x+ inner product,i.e.,

(My)ij = (@5, 0i)x6, &7 €{1,...,n}.
Theorem 2.1. Let u be arbitrary in Xx. Then,

(2.13) ||u||[2X,C,Y]S = ||u||[2)(,y]s + Cg/ st <Mt_1dtadt> dt,
0

where < -, - > is the inner product on C™ and d; is the n-dimensional vector in C™ whose
components are

(dt>z = (ua (pi)X,ta 1= 1: cees N
Proof. Let u be fixed in X and denote

(2.14) w= (I +25™)u and wy = (I + 254 .
Then the norms on [Xi, Y], and [X, Y], are given by
(215) fulfn, =<2 [ 3wy a
and
(2.16) Julfer, =2 [ #2 wwy dt
0

respectively. For v in Y, using (2.11), we have
(217) S}EI’UJ;C = S_lw;c — QK(S_IU)K) = S_I’UJ;C — Z (671}
i=1

where a; = (S wi, ;) x. From (2.14) it follows that
(2.18) (I +t*SHwi = u.
Combining (2.17) and (2.18) we obtain

(I + S Hwg = u+t? Z Qi Pi-

i=1

Equivalently, applying (I + t257')~" to both sides,we have

(2.19) we =w+2 Y o1 +1257) ;.

i=1
We calculate the coefficients o, by taking the (-, -)x inner product with ¢; on both sides
of (2.19) for j =1,....n. From (2.18) one sees that wi € Xx. Hence

n

Z ((I+ tQS_l)_lwi,goj)Xai = —t_Q(w,wj)X j=1,....n.

i=1
With the notation adopted in (2.14) and (2.12) the system becomes

n

Z(%‘, 0 xi i = —t2(u,0)xt J=1,...,m .
i=1
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Let a be the n-dimensional vector from C™ whose components are ;. Then
MtOé = —t_2dt.
Since the vectors ¢, ..., ¢, are linearly independent, the matrix M; is invertible and
o = —t_th_ldt.
Now, going back to (2.19), we get
n
(wie, w)y = (w,w)y + Y a;(t(I+1257) oy, u)y

i=1

= (w,u)y + > o (BPSTH I + 257 i u)x
i=1

= (w.w)y + Y ai((piu)x — (T +157) " pru)x

= (w,u)y — Z a;(dy);.

Thus
(2.20) (i, w)y = (w,w)y +t72(M; " d;. dy) .

Combining (2.15) , (2.16) and (2.20) completes the proof.
O

For n =1, let K = span{¢} and denote Xx by X,. Then, for u € X, the formula
(2.13) becomes

00 2
2.21 ul|? = ||u|? +c§/ st [ P)xa”
(2.21) ull"ix, v = lullxon, i )

Next theorem gives sufficient conditions for (2.10) to be satisfied. Before we state the
result, we introduce the following conditions:

(A1) [X,,,Y]s =[X,Y]sy, fori=1,...,n

(A.2) There exist 6 > 0 and v > 0 such that

Z lail® (i, i) xe <7 (Mya,@)  for all = (ay,...,an)t € C", t € (8,00).

=1

Theorem 2.2. Assume that, for some s € (0,1), the conditions (A.1) and (A.2) hold.
Then

[X/Cv Y]s = [X7 Y]S,IC-

Proof. Let s be fixed in (0,1). Since X is dense in both these spaces, in order to prove
(2.10) it is enough to find, for a fixed s, positive constants ¢; and ¢y such that

(2.22) erlullprt, < Jullxey, < eollullxy, forall u € Xx.
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The function under the integral sign in (2.13) is nonnegative, so the lower inequality of
(2.22) is satisfied with ¢; = 1. For the upper part, we notice that, for v € X and wi
as defined in the proof of Theorem 2.1,

(wic,u)y = (I + 2S¢ uw), = (w,u)y — 2 (S (T + 25 ", u),

2
< (w,u)y < c(s)lullixy,

Then, using (2.16), (2.20) and the above estimate, we have that for any positive number
o

?

2 2 e —9s
lulPyr, < e )lully, + / 24 (e, w2 di

(0, s)||u||[2X7Y]S +/5 t=25H (w,u)} dt+/6 (M, dy) dt.

Hence the upper inequality of (2.22) is satisfied if one can find a positive § and ¢ = ¢(6)
such that

(2.23) / t2 (M Ny, dy) dE < c||u||[2X’Y]s for all u € Xk.
5

From (A.2), there exist 6 > 0 and v > 0 such that
<Mt_104> a> < ’YZ |O‘i|2 (i, Soi))_(,lt
i=1
for all @ = (aq,...,a,)t € C™, t € (§,00). In particular, for o; = (u, ;)x i =1,...,n,

we obtain

M dy, dy) < [t ) el for all t € (8,00),u € X.
< ! t ’Y; (@zv@l)Xt ( ) *

Thus, using the above estimate, (2.21) and (A.1) we have

R M ) dE <Y / el 2l
/5‘ < ! > zz—l: 4 szv(pz)

(
(
gfyi/()oot_zs“LJEu %)Xt| dt

Pi, QDZ)X t
< 703_2 Z ||u||[2xwi,y]s < 7052”||u||[2x,y]s
i=1
Finally, (2.23) holds, and the result is proved. O

Remark 2.3. By Lemma 2.2, the space Xx is dense in [ X, Y], if and only if the func-
tionals Ly, p € IC, ¢ # 0 are not bounded in the topology induced by [X,Y]s.
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2.3. A subspace interpolation lemma. Let Q C Q be domains in R? and V(€),

V1(£2) be subspaces of H'(Q), H*(Q), respectively. On V1(Q), V(Q) we consider in-
ner products such that the induced norms are equivalent with the standard norms on

H'(Q), HY(Q), respectively. In addition, we assume that V1(Q), V1(Q) are dense in

L2(2), L3(9), respectively. Let’s denote the duals of V1(Q), V1(Q) by VL), V7L(Q),
respectively. We suppose that there are linear operators £/ and R such that

(2.24) E: Q) — L*Q), E:VY(Q) — V(Q) are bounded operators,
(2.25) R:L*(Q) — L*(Q), R:VYQ) — Vi), are bounded operators,
(2.26) REu=wu  forallu e L*().

Let 1 € L2(Q) , ¥ = By € L2(€) and 0 € (0, 1) be such that

(2.27) L*(Q)y = {u € L*(Q) : (u,¥) = 0} is dense in [L*(Q), V1(Q)]s,
(2.28) L2(Q); = {u € L*(Q) : (u,9) = 0} is dense in V"(Q),
(2.29) (LX) Vo = [L2(Q), V).

Lemma 2.3. Using the above setting, assume that (2.24)-(2.29) are satisfied. Then,
(2.30) [L2(2), V7H) g = [L2(2), VTH(Q)]s.

The proof of the above lemma is given in Appendix 5.1.

3. SUBSPACE INTERPOLATION BY MULTILEVEL NORMS

Let Q be a domain in R? with boundary 992 = (9Q)p U (092) x5, where (9Q)p is not
of measure zero, and (9Q)p and (99Q)y are essentially disjoint. Let H}(2) denote the
space of all functions in H*(£2) which vanish on (9)p. Assume that

M1CM2C,...7CM]€C...

is a sequence of finite dimensional subspaces of HJ(£2) whose union is dense in Hj(2),
and assume that an equivalent norm on H7,(€) is given by

(3.1) lall? = > Al (@r — Qua)ull®
k=1
where @y, denotes the L?(€2) orthogonal projection onto My, ||-|| = ||-|lr2(), Qo = 0, and

A, = 48~ We will prove in the Appendix that for a certain type of polygonal domain €2
and { My} the standard sequence of piecewise linear functions associated with a sequence
of nested meshes, (3.1) holds. Proofs for the multilevel representation of the norm on
H' can be found in [28] and [15] also. The goal of this chapter is to solve a codimension
one subspace interpolation problem by means of multilevel geometry and topology.
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3.1. Scales of multilevel norms. On H}(Q) take the norm given by (3.1) and define
H;'(2) to be the dual of HA(Q). The elements of L2(2) can be viewed as continuous
linear functionals on H},(€) and we have the natural continuous and dense embeddings

HEL(Q) C L*(Q2) € H Q).

One can easily check that

(3.2) lully =YX @k — Quon)ul®  for all u € L*(Q),
k=1
where || - ||_; denotes the norm on Hp'(Q2). Further, we have that the inner product on
Hy(Q) is
(,0)a = > M (Qr — Qe-1)u,v)r2)  for all u,v € HR(Q) N LX(Q), a € [—1,1].
k=1

Then the pairs (H1 (), L*(Q2)) and (L*(Q), Hp'(2)) satisfy the condition (2.1) and the
operator S associated with each of these pairs is given (in both cases) by

(3.3) Su=Y Me(Qx — Quer)u,  for all u € D(S).
k=1

For any 0 € [0, 1], let
HH(Q) = [Hp(Q), L* (D),  HR'(Q) = [L2(), H5 ()]s,

and let || - || be the norm on H2(2) for a € [—1,1]. By using (2.5), one can easily check
that

(3.4) |ul|? = Z MN(Qr — Qr_r)ul)®,  for all w € HY(2) N L* ().
k=1

Consequently, H,?(Q) is the dual of H%(S2) for € [0, 1].

Remark 3.1. For any o € (0, 1], the norm on H3(2) is given by (3.4). On the other
hand, for uw € H(S2),

J J—1
D AN@Qk = Quovull® = ul® + (47 = 1)) AN = Quull® = AT = Qu)ul?
k=1 k=1

and
T X7 - Qul® = 0.

Thus, we obtain that an equivalent norm on H%(S2), for a € (0,1], is given by

llll2 o= lall® + Y AR — Qi)
k=1
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3.2. Sufficient conditions for (A1). Let X = L*(Q) and Y = H;'(2). For a fixed
0o in the interval (0,1), let ¢ € L?(Q) satisfy the following conditions:

(C.0) ¢ & HP(Q).
(C.1) There exist ¢; > 0 and § > 0 such that

Z A + t2 — Qu1)ol> = et ™, for t > 6.

(C.2) There exist ¢ > 0 such that

1@k — Qr-1)Bl* < g™, k=1,2,....
Our goal in this section is to characterize the space [ Xy, Y]y for 6 in (0, 1), 6 # 6,.
Remark 3.2. From (C.2) it follows that ¢ € H%(Y) for 0 < 0y. Thus, from (C.0) and

(C.2), by applying Lemma 2.2 (see the proof of (3.6)), we have that X, is dense in'Y .
Consequently, the space [Xy,Y|s is well defined.

Theorem 3.1. Let ¢ € L*(Q2) and satisfy (C.0)-(C.2). Then

(3.5) [L2()g, H3 ()], = [L*(), HBI(Q)}M, 0<0<1, 00,
Furthermore, if 0y < 0 <1 then
(3.6) [L*()g, Hp ()], = [L*(Q), Hp' ()] -

Proof. Let 6 # 0, be fixed. Following the proof of Theorem 2.2 until (2.23), we see that
in order to prove (3.5), it is enough to show that, for § given by (C.1), there is a positive
constant ¢ = ¢(0, 6, ¢, co) satisfying

(3.7) I:= / =20+ 1w O)xal = dt < cl|ul|?,  for all u € X
5 (¢, 0) x4

Let u € X = L?(Q) be fixed. Denote Qp, — Qx—1 by qx, with Qo = 0, and for u € L*(Q)
denote uy := )\,;9/2||qk.u|| and @ := {ug}. Then we have
[l -0 = [lal]:,-

Here (-,-)x is simply the L?(€) inner product (-,-). Then, we have

(u,@)xe = (I + 1257w, ¢) = ZL(%U»CII@)-

— A+ 12
Using the Cauchy-Schwarz inequality and the estimate given by (C.2) we obtain
0 1—-60/2
3.8 * < k :
(38) [(w.0)x4] < 2 Z S el

For u € X, we have (u,¢) = 0. Then

E (qru, @) = 0.
k=1
Thus,

Qku Qk¢)

(U¢Xt—— Z
k=
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and hence we also have the estimate

(3.9) (1, ) x4| < cot? Z

—90/2

sl

Now we are prepared to estimate the 1ntegral 1. The constant ¢, to be used next, may
have different values at different places in which it appears but depends only on the
constants 6, d, ¢; and ¢y . First we will treat the case 0 < 0 < 0y. Let 0; = 6y — 6. Then,
by (C.1) and the estimate (3.8), we have

00 )\1 00/2 2
I< 6/5 (i <Z A +t2||QkU||> dt

o = A )1 ~%/2
< t_1+201 ( msn m n dt
<cf > el

mn=1
e 3 O gl [
e s (Am )\, +12)
Next, we use the formula
%0 43-20 1a pl-o
(3.10) /0 (a+t2)(b+t2)dt:c_§ﬁ’ 0<O0<2, 0+#1, a,b>0.

The integral can be calculated by elementary calculus methods. If @ = b, then the right
side of the above identity is replaced by 10_—2961’9. Thus,
(7

oo t 142601 00 t—1+201 0 1)\1—91 _ )\1 01
dt < At = c2(A N )10 T
/5 O + 200, 12 5 /0 Oum + 2) 00, + 2) o’ (Amn) . — A,

Combining the above inequalities, we get

—61 A1—91

A= _ ,
r<eY () Yo 01 P PR

m,n=1

Let

)\1—01 _ )\1—91
lon = ()‘m/\n)el/2 %

Then, the above estimate becomes

o0
I<c Z Lyl B -

m,n=1
An elementary calculation gives
2(mfn)(1791) o 27(m7n)(1791)

< —|m—n|61 _
20m—n) — o—(m—n) < 2 , mn=12....

mn —
Now we can apply Lemma 5.1 and obtain
I < cllallf, = cl| ul|Z,,

which proves (3.7) in this case.
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For the remaining part, i.e., §y < 6 < 1, we set 0; := 0 —60,. The estimate (3.7) can be
made in the same manner. The only difference here is that we use the inequality (3.9)
instead of (3.8). This completes the proof of (3.6).

Now let 6y < # < 1 be fixed. By the previous part, it is enough to show that L?(£2),
is dense in H;?(Q2). Using Lemma 2.2, this is equivalent to proving that the functional

(3.11) u— (u,¢), u€ L*(),

is not continuous in the topology induced by H;?(Q). To see that, let {u,} be the
sequence in L?(2) defined by

Uy = E )\ZO qub
k=1
From (C.0) we have that

(i, 8) = Y X llgw | — oo,
k=1
as n — 00. On the other hand, using (C.2)
(s un) -0 = Y A" |gr||?
k=1

is uniformly bounded. Therefore, the functional defined in (3.11) is not continuous and
(3.6) is proved. O

4. APPLICATIONS TO SHIFT THEOREM FOR THE LAPLACE OPERATOR ON
POLYGONAL DOMAINS.

Let 2 be a polygonal domain in R? with boundary 92 = (9Q)p U(9Q)n, where (9Q)p
is not of measure zero, and (092)p and (0€2)y are essentially disjoint and consist of a
finite number of closed line segments. Let 0€) be the polygonal arc P, P, --- P,,P;. Here
we consider that the set {P;, P,, ..., P, } consists of all vertices of 92 and all the points
of (02)p N (02)n. We will also call the points of (0€2)p N (0Q2) N vertices of O€2. At
each point P;, we denote the measure of ZP;_1P;P;;; (measured from inside §2) by wj,
where P,y = P and Py = P,,. For j = 1,2,...,m, let us define v; := max{w;/7, 1}
if both edges [P;, Pj_1] and [P;, Pj1+1] belong to the same set (0Q)p or (0)y, and
7v; == max{2w;/m, 1} if one edge belongs to (02) p and the other edge belongs to (0€2) .
Let v := max{y; : j = 1,2,...,m}. We consider the boundary value problem for the
Poisson equation on €. Given f € L?(Q2), find u such that

—Au=f in
(4.1) u=0 on (09Q)p,
9u =0 on ().

The variational formulation of (4.1) is : Find u € H}(€) such that

(4.2) / Vu - Vv de = / fvdx forall v € Hp ().
Q Q
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It is well known that for f € L?(Q2) the variational problem has a unique solution
u € HyH(Q) and

(4.3) lull i< cllflg=rq  forall f € LA(Q),

where Hp'(Q2) is the dual of Hp ().
Let u be the solution of (4.2). By taking v in D(2), the space of all infinitely differ-
entiable functions with compact support in €2, one has

—Au=f

in the sense of distributions in €2, so the equality is satisfied pointwise, almost everywhere
in Q. Also, the solution u of (4.2) satisfies the boundary conditions of (4.1) (see [20],
Chapter 2 therein). In addition, if v = 1 then u belongs to H*(Q) N HL(Q) (see,e.g.,
[19]), and

If we define T : Hy'(Q) — HAL(Q) by T'f := u , where u is the solution of (4.2), then
T is a bounded operator. Moreover, if v = 1, T is a bounded operator from L*(2) to
H?2($2). Thus, by interpolation, we have for any s € [0, 1],

(4.5) lull e < ellflg=riey  for all f € HpH(9).

Here, H'**(Q) := [H*(Q), H*(Q)]1_s and Hp'™(Q) := [L*(Q), H5'(2)]1_s. The main
result of this section is given by the following theorem.

Theorem 4.1. Let u be variational solution of (4.1) and v be the number defined above
depending only on the largest angle of 02 and the type of the boundary conditions. Then
for any s < 1/~ there exist a constant ¢ such tat,

lullzres@ < ell fllaryr+s@)  for all f € Hp ™ (9).

4.1. Reduction to sector domains. For j = 1,2,...,m, let U; be an open disk
centered at P; such that U; contains no vertices other than P;. Next we add more disks
with centers in 0€2, say U; , centered at P;, j=m+1,...M, such that U; contains
no vertices other than P;, and

M
o c|u;,
j=1
By increasing the number M of disks, we can assume that for some positive numbers r
and € we have
UjﬂQ:{(rj,Qj):0<rj <To, O<0j<w]'}
C {(7"]',9]'):0<7"j < (1+€)7"0./ 0<0j <w]'} = Qj c , j:1,2,...M,
where (7;,0;) are the polar coordinates with origin at Pj, w; = 7w for j =m+1,...M

and Py is not in €25, for & # j. Let Uy and €2y be two domains with smooth boundaries
such that Uy C Qg and Qo C Q and such that

M

aclJu.

J=0
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M

M
i=o subordinate to the covering U Uj. Let us

Jj=0

denote the restriction of ¢; to ; by n; (j =0,1,...,M). Further, we define (0€2;)p
and (09;)n to be

(an)N = (89)]\] N 89] s (89])[) = 8Qj\(8Qj)N,

and denote the space of functions in H*(§2;) which vanish on (99;)p by HE(L;), for
j = 1,2, .. .,M. Also (890)1) = 890

We reduce the proof of (4.5) to the case in which € is a sector domain. Let us assume
for the moment that the following holds.

Then, there is a partition of unity {¢,

Theorem 4.2. The variational solution u; of (4.2) relative to$2;, j =1,..., M, satisfies
(4.6) |1 [| 1450, < c||f||H51+5(Qj) forall f € L*(Q;), 0<s< ”yj_l,
where we take v; =1 for j =m+1,..., M.

Given this result, we can prove that (4.5) holds for v > 1 and s < 1/7.
Indeed , let f € L?*(€2;) and let u be the solution of (4.2). For j = 0,1,..., M, let
u; :=n; w. Then, in the sense of distributions in €2;, we obtain

—Au; = fn; —uln; —2Vu - Vn;.

Since the boundary conditions of (4.1) are satisfied on (0€2;)p and (09;)n for u = u;,
we have (see [20], Theorem 2.1.1 therein) that u; is the unique variational solution of
the problem : Find u; € H}(€;) such that

(4.7) Aj(u;,v) = / fivdz  for all v e Hp (),
Q;
where f; = fn; — uAn; —2Vu - Vn; and

Ai(uj,v) = /Q Vu; - Vo dz.

J

Now, f; is a function in L?(€;) and by Theorem 4.2, we get
(48) lasllsssio < el fillymrony + 3= 120, M.

For j = 0 the estimate (4.8) holds for any s € [0, 1], because the boundary of € is
smooth and we can apply the regularity result for domains with smooth boundaries.
From the way we have defined the domains €2; one can find » > 0 such that

dist(Q\Q,supp u;) >r  j=0,1,..., M.
Thus

[wjll s ) < ellugllmes @) -

M

Here ¢ is independent of f and j. Since u = ) u;, using the triangle inequality, the
j=0

estimate (4.8) and the above observation, we obtain

M
(4.9) lullasvs) < e Y I illagieeay)-
j=0
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The estimate of || f;|| Hy'to(o,) 18 a8 follows. First, L*(€2;) is continuously embedded in
Hp'"™(€2;), and multiplication by a smooth function is continuous on Hy,'**(€);) . Thus,
1 Fill s ) < 1l ies ) + € ulng +2Vu- V|2 ;)

< e llyorvs(ay + Nl

Second, the extension by zero operator E : H}(2;) — Hp(Q) is continuous. It follows
that

||f||H51(Qj)§ C||f||H51(Q) for all f e H,'(Q).
Also,
1 fllz20y) < I fllz2)  forall f € L2(€).
By interpolation, we get

||f||H51+5(Qj)§ c||f||HB1+S(Q) for all f € H,'™5(Q).
Third, we have
el o) < Il < el fllaioy < el for all £ € Hp ().
Finally, from these inequalities we deduce
(4.10) ||fj||H51+S(Qj)§ c||f||H51+S(Q) for all f € H5'™5(0Q).
Thus, from (4.9) and (4.10), since L?(2) is dense in H;,**%(€2), we obtain that
|w|| sy < c||f||H51+S(Q) for all f € H,'5(Q).
Therefore we obtain that (4.5) holds for v > 1 and all s < 1/7.
4.2. Solving the problem on sector domains. Let ) = S, be the sector domain
defined by
(4.11) So:={(r0):0<r<ry, 0<0<w},

and let (0€2)y be in one of the posiblities listed below ( Case 1, Case 2 or Case 3). We
assume, without loss of generality, that 1o = 1. Let V*(Q) := H?*(Q) N H5 (). Then,
(see e.g., Theorem 2.2.3 in [20]) the Laplace operator A : V() — L*(Q) is a Fredholm
operator. Consequently,

(4.12) ||u||H2(Q)§ C||Au||L2(Q) fOI‘ all u € V2(Q),

and the range of the operator has finite codimension. Grisvard characterized the or-
thogonal complement N of the range of the Laplace operator for the case of a polygonal
domain in [19] and [20] . In particular, for our sector domain 2 = S, the subspace N is
described as follows:

e Case 1. 'Dirichlet corner’ ; (992)y = 0.
(i) 0 <w<m; N={0}
(i) 7 < w < 27 ; N = span{t¢ }, where

_z x, . T
U(r,0) = (r~ —Tw)smae,

e Case 2. 'Neuman corner’ ; (0Q)y = {(r,0) € 0Q2:0 =0 or § = w}.
(i) 0 <w <7 ; N ={0}.
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(i) 7 <w < 27 ; N = span{¢}, where
Y(r,0) = (r~s —ro)cos Ty
w

e Case 3. 'Mixed corner’ ; (0Q)y = {(r,0) € 0Q : 0 = w}.
() 0<w<7/2; N =(0).
(i) 7/2 < w < 37w/2 ; N = span{¢, }.
(iii) 37/2 < w < 27 ; N = span{t1, 12}, where

Ur(r,0) = (r™* —r")sin(h), vy = (k —1/2)—, k=1,2.

T
w

For the (i)-cases, the estimate (4.6) holds for any s € [0,1]. For the remaining cases
we will use the interpolation results of in Section 2.

According to previous notation, L?(Q)x denotes the orthogonal complement of the
subspace A in L*(Q2). The Laplace operator, from V() to L*(2), is a bounded
operator with a bounded inverse. Thus, the operator 7' : H;,'(Q2) — H*'(£2) defined at the
beginning of Section 4 is a bounded operator from L?*(Q)x to H?(Q2) . By interpolation,
we obtain

(4.13)  Nullgrz,m@n < el iz mztioy,  forall f € [LA(Q)w, Hp ()]s

Since [H2(Q), HY(Q)]1_, = H**(Q) and [L*(Q), Hp,' (V)]1_s = Hp'"(9), the only thing
which remains to be proved in order to obtain the estimate (4.5) for s < 1/ (Theorem
4.2 and Theorem 4.1 as well) is that

(4.14) [L2(Q)ar, Hy' ()] 1—s = [L2(Q), H'(Q)]1-s for s < 1/7,

where v = w/m in Case 1 and Case 2, and v = 2w /7 in Case 3.
Let ¢ = (r Y — r”)g(f) be one of the functions which defines the subspace A. (Note
that v € (0,1)). The next result is of crucial importance in proving (4.14).

Theorem 4.3. If 0 <s < v, then
(4.15) [L2(Q)g. Hp (Q)ioy = [LAQ), H3' ()1,

We will give the proof of this theorem later.

When dim(N) = 1 we are in one of the (ii) cases listed above. In this case (4.14)
follows directly from Theorem 4.3. Let us consider now the case in which dim(N') = 2,
i.e., Case 3 (iii). In order to prove (4.14) we apply Theorem 2.2. The condition (A.1)
of Theorem 2.2 follows easily from the Theorem 4.3. To verify (A.2) for X = L?(Q)
, Y = Hy'(Q) and K = N = span{¢;, 1y}, we start by deriving an eigenfunction
representation of the norm on H%(2). To do this, we consider the following eigenvalue
problem.

Find real numbers A and functions v € H*(€2), u # 0 such that

—Au= M in
(4.16) u=0 on (09Q)p,
% =0 on (89)]\[

Let J, be the Bessel’s function of the first kind, of index v. Forn =1,2,..., let
Up = (n — 1/2)z and ¢, (0) == +/2/wsin(v,0), 6 € (0,w).
w
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For each fixed n and k = 1,2, . let Br.n be the k-th positive zero of J,, (r) = 0, and let
Jrm(r) == cendu, (Brnt), WheIe ck is the positive constant given by

1
c,;i ::/ rJ,,n(ﬂk,nr)z dr
0

Using separation of variables and polar coordinates for the Laplace operator, we find
the following set of eigenvalue, eigenvector pairs:

(Mbgs Prn) = (Br s Som(r) €n(0)), kin=1,2,... .

Since {¢,}n>1 is an orthonormal basis for L?([0,w]) and for each fixed n, {fr,}r>1 is
an orthonormal basis for L?([0, 1]) with respect to the inner product with the weight
function w(r) = r (see,e.g., [29]), we obtain that {¢y ,}kn,>1 is an orthonormal basis for
L*(€2). Furthermore, each pair (Mg ., @k.n) i a solution of (4.16), and by Green’s formula
we have that

/Vgok,n Vv = )\kyn/gok,n v forallve H}D(Q).
Q
Thus, if H},(€) is provided with the inner product

(u,v); = /Vu - Vv = A(u,v),

then {)\;L/ ? Ok ben>1 is an orthonormal basis for Hp (€2). Therefore, the norm on H}(£2)
is given by

oo
Jull; = Z Ak (U, Sok,n)Q'
k,n=1

Next, the norm on H3(Q2) for a € [—1,1] is given by

(4.17) ul? = Z AL (U, opn)?  for all w e HE(Q) N LA(9Q),

kn=1

With the notation adopted in Section 2.2, taking X = L?(Q) and Y = H;'(Q2) we have

o0

Akn
(4.18) (u,v)x: = Z )\ I:_ " Uy Prn) (U, Qrn) for all u,v € X.
k,n

Theorem 4.4. If dim(N') =2 and s < 1/, then (4.14) holds.

Proof. Let s < 1/y = v be fixed. First, we verify the conditions (A.1) and (A.2) of
the Theorem 2.2 for n = 2, X = L*(Q), Y = H (Q) and K = N . Since ¢y ¢ Hp, ™,
by Remark 2.3, we have that L?(Q),, is dense in [L*(Q), H;'(Q)]1_s, for k = 1, 2. Thus,
(A1) is

(4.19) [L2(Q)y,, Ho ()15 = [L*(Q), Hp ()]s, for k=1,2

which follows from Theorem 4.3.
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Checking the condition (A.2) is easy in this case. From (4.18) we have

Ak‘,n
Ak + t2

o0

(1. a)xe= >

k,n=1

Since (¢Y1,¢,) = 0 for n # 1 and (Yo2,prn) = 0 for n # 2, we obtain that
(Y1,9%2)xt = 0 for all ¢ > 0. Thus, (A.2) is trivially satisfied. By Theorem 2.2 we
obtain that

(V1, Orn) (Y2, Prn)-

(L2, Hp ()15 = [L*(2), Hp (D15,

Using again Remark 2.3, one sees that L2(2), is dense in [L2(€2), H5'(Q2)]1_s. It follows
that

[L2(Q), Hp (Q))1—s v = [L*(), H5' (Q))1—s.
Therefore (4.14) holds, and the proof is complete.

It remains to prove Theorem 4.3.

4.3. The proof of Theorem 4.3. Our proof of Theorem 4.3 involves reduction of the
problem , via the interpolation result of Section 2.3, to a similar interpolation problem
where the domain 2 = S, is replaced by a polygonal-sector domain (defined below)
containing 2. We say that ), is a polygonal-sector domain (see Figure 1) if

i=1
where, for ¢ = 1,...,n, 7; is a triangular domain with vertices S;, O, S;;; and O is
taken to be the origin of a Cartesian system of coordinates in the plane.

Sz

Sn+1
Sn

F1GURE 1. Polygonal-sector domain

We assume, without loss of generality, that S; lies on the positive semi-axis. For
i=1,...,n+1, let I'; denote the segment [O,S;], and for i =1,...,n+ 1, let o; be
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the measure of the angle between I'; and I';,1, and define the angle w of §2 by

For our results concerning interpolation, it is enough to consider only the cases (0€2)y =
0, (0Q)n =Tpp1or (0)y =T1 U, 41. Let 73 = {m,...,7,} be the initial triangula-
tion of £2,. We define multilevel triangulations recursively. For & > 1, the triangulation
Ty is obtained from 7;_; by splitting each triangle in 7;_; into four triangles by connect-
ing the midpoints of the edges. The space M}, is defined to be the space of all functions
which are piecewise linear with respect to 7y, vanish on (0€2)p and are continuous on
Q. Let @y denote the L?(€2,) orthogonal projection onto M.

Now let S, be a sector domain defined by (4.11) and consider a polygonal-sector
domain §2, with the same angle w and such that

S, CH{(r,0):0<r<2ry, 0<0<w} C.

Note that €2, is not necessary contained in the original polygonal domain. For €2, we
use the notation given in Figure 1 and for simplicity we take ro = 1.
Assume that the free part (0€2;)n of 02 is defined as follows:
(0Q)ny =0 if S, is in Case 1,
(0Q)y =T U, if S, isin Case 2 and
(092)y =Ty if S, is in Case 3,
where Case 1-Case 3 are defined in Section 4.2. Let { € D(€)) be a cut-off function
which depends only on the distance r to the origin and satisfies

C(r,@)=1 for 0< r<1/2 and 0<60 <w,

C(r,6) =0 for r>1 and (r,0) € (.
Let ¢ be one of the functions which defines the subspace N (deﬁned in Section 4.2
for S,) and let ¢ be the extension by zero of ¥ to Q,. Then ¢ = ¢ + u® where

o(r,0) = ¢ r=7g(0) and uf* € HL(S). The next result is a version of Theorem 4.3 for
polygonal-sector domains.

Theorem 4.5. Let ), be a polygonal-sector domain as defined above. If 0 < s < v,
then
[L%(2) g, Hp' ()15 = [L*(Qs), Hp' (Q)]1-s,

for any function V) = ¢+ u® with ¢(r,0) = ¢ r~g(0) and uf being arbitrary function in
HL(Q).

Proof. From the results of the Appendix 5.3 and Appendix 5.4, we have that an equiva-
lent norm on H$(€2) is given by the multilevel norm (3.4). By Theorem 3.1, it is enough
to verify that the function ¢ satisfies the conditions (C.0)-(C.2) defined in Section 3.2
with p=1—vand 0 =1 —s.

To begin with, we will prove that the function ¢ satisfies (C.0)-(C.2). Let M be
the space of piecewise linear functions with respect to 7; defined on €, and let @, be
the L?(Q,) orthogonal projection onto M. First step in verifying (C.0) and (C.1) is
to prove that there exists a positive constant ¢ such that

(4.20) (1= Q0> > e\ k=1,2,....
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We define 7F to be the triangle in 7; which is the the image of 7, € 7; via the map
& — hy2. Here, without loss of generality, we assume that h? = A\;' = 471, Then

I = @)l Z ) = I = Q)8 N7ty = N6N7ac) = 1@udll7a ey

The projection Q,¢ can be estimated on 7F in terms of the three nodal functions

o, b, of associated with the three vertices of 7F. If M* is the 3 x 3 Gram matrix
associated with the set {¢F, o5, b}, and S* := (Sk), i,7 = 1,2,3 is the inverse of M*,

then
9122006, — Q@120 /¢m—z /¢%M/wwx

4,j=1
Further, by making the change of variable x = h;Z in the above integrals, a simple
computation shows that

wm@n%m%M%U&m 3 /Mw/wwﬁ

i,7=1

=" (18122 = @161, )

Since ¢ is not linear on 77, the constant ||¢||%2(Tl) — ||@1¢||%2(T1) is strictly positive.
Combining the above estimates, we have proven that (4.20) holds.

The second step is to use (4.20) and the fact that M, is a subspace of My, in order
to obtain

(4.21) (T = Qo> > e, k=1,2,... .

From (4.21) we see that [||@||lg,, defined in Remark 3.1, is not finite. Hence ¢ ¢ H®(€,).
Using again (4.21) and the identity

1(Qk = @r—v)ull® = (I = Qu-r)ull* = (I = Qu)ull* . v € L* (),

we have

~ Mllel® s A1 — Ak )
(¢7¢)X,t A T2 +1 Z (/\k+1 +t2)()\ —|—t2) ”([ - Qk>¢||

00 k\1—60 00 1k /42\1—6p
S P il MU Sl G L
£ (4F + 2)2 s (45 /12 +1)2
Finally, the last sum can be bounded below by a positive constant independent of ¢ as
follows. Let us fix ¢ > 4 and let ko be the integer such that 4% < ¢? < 4%+l Then

(4]“/752)1790 (4k0 /t2)1—90 xl—eo
inf ——
L (4F[12 4 1) 7 (4Ro/2 + 1)~ vell/an) (z + 1)2

Thus, (C.0) and (C.1) hold for the function ¢.
To verify (C.2) we first observe that

1(Qk — Qr-1)ol” < I(1 — Qr-1)9lI”.

Hence, it is enough to prove that there exists a positive constant ¢ such that
(4.22) (I —Qu)ol> < e k=1,2,....

> 0.
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Let 1, be a cut off function which depends only on r and satisfies
me(r) =0 for r < hg, np(r) =1 for r > 2hy,
17,.(7)| < ¢/hi, (1) < e/hi for all hy <r <2h,, k=1,2,...,

for some positive constant c. For example, we can take
n(r) =172+ 1/25in (= 300/2) 7 ) on [1n, 20,
k

Then, ¢ = (1 —n)¢+ e and md € H?(S),). Let 11, : H*(Q,) — M be the interpolant
associated with 7. By applying standard approximation properties and (4.12) we obtain

I = @r)oll < I(1 = Qi) (X = mi)oll + (T = Qr)meodll < N[ =)ol + [T = )i

< (1 = m)gll + chillmol 2.y < (1 =)ol + chi| A(me) [ 2o.)-

Using a simple computation in polar coordinates, and the estimates for the derivative
of ny, we get
(1 —m)ol? < chi®  forall k=1,2,...
and
RN A(®) |2y < chite  forallk=1,2,....

Combining the above inequalities, we conclude that (4.22) is valid. Thus,(C.3) holds
for the function ¢.

Verifying (C.0)-(C.3) for the function ¢ is mainly based on finding some positive con-
stants c¢1, ¢y such that

(4.23) a XN < T = Qu)ol? < ca\™, k=1,2,....
Since the function ug belongs to Hj(£2,), we have
(I —Qr)ugll®> <At k=1,2,....

Therefore, the function ¢ satisfies an estimate of type (4.23) and (C.0)-(C.3) hold for
the function ¥ too. The result is now a direct consequence of Theorem 3.1. O

Proof of Theorem 4.3 Let E : L?(S,,) — L*(€), be the extension by zero operator,
and let R : L*(€,) — L*(S,,) be defined as follows: First, we introduce a cut-off function
n € D(§2) which depends only on the distance 7 to the origin and satisfies

n(r,0)=1 for 0< r<1 and 0<60<uw,
n(r,0) =0 for r>2 and (r,0)¢€ Q.
Then, for a function v € L?(€2,) we define Rv € L*(S,,) by
(Rv)(r,0) :=v1(r,0) —v1(2 —=1,0), (r,0)€S,,

where,

U1 (T, 9) = n(Ta Q)U(Ta 0)7 (Ta 0) € Q
Let {/; denote the function Fv. According to Theorem 4.5
[LQ(QS)@ Hgl(QS)]l—s = [LQ(QS)v HBI(QS)}I—&
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It follows that the function v and the operators F, R satisfy the hypotheses of Lemma

23 with 0 =1—s, VI(Q) = HL(S.) and V'(Q) = H} (). Thus, (4.15) holds for the

sector domain S, and the proof is complete.

5. APPENDIX

5.1. The proof of Lemma 2.3. Using the duality , from (2.24)-(2.26) we obtain linear
operators E*, R* such that

(5.1) E*: L*(Q) — L*(Q), E*:V7Y(Q) — V~YQ), are bounded operators,

(5.2) R*: [2(Q) — L*(Q), R*:VXQ)— V~Q) are bounded operators,

(5.3) E*R'u=u  for all u € L*(1),
(5.4) E* maps LQ(KNZ){E to L*(Q)y,
(5.5) R* maps L*(), to LZ(Q)J.

From (5.1) and (5.4), by interpolation, we obtain

For u € L*(Q)y, let v := R*u. Then, using (5.5), we have that v € L*(Q);. Taking
v := R*u in (5.6) and using (5.3), we get

(5.7) [ulliz2@, v—1@, < C||R*u||[L2(§)$,V—1(§)]9 for all u € L*(2)y.
Also, from the hypothesis (2.29), we deduce that

(5.8) 1B ull 2@y v @ < B U@ v @,  forall we L*(Q)y.
From (5.2), again by interpolation, we have in particular

(5.9) IR ull 2@y v-r@, < cllulliezev-1@),  forall ue L*(Q).
Combining (5.7)-(5.9), it follows that

(5.10) ulliz2@)yv-—r@pp < cllullipe@y @), for all uwe L*(Q)y.

The reverse inequality of (5.10) holds because L*(Q2), is a closed subspace of L*().
Thus, the two norms in (5.10) are equivalent for u € L?(2),. From the assumption
(2.27), L*(Q2) is dense in both spaces appearing in (2.30). Therefore, we obtain (2.30).

Remark 5.1. The proof does not change if we consider €2 C Q to be domains in R™ and
H?' is replaced by any other Sobolev space of positive integer order k.
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5.2. Some results from the multilevel theory. In this section we present some useful
lemmas. (See, e.g., [15] and [28] for a more complete presentation of results concerning
multilevel theory.)

Lemma 5.1. Let p € (0,1) and let {l,,,} be a double sequence of nonnegative real
numbers satisfying
Lon < o770 forallm,n=1,2, ... .

Then for any a = {a,},b = {b,} € lo with nonnegative entries, we have

Z Lin @ by, < 1 _p||a||l2||b”lz )

m,n=1
where || - ||, denotes the norm on ly.
The proof is based on the Cauchy-Schwarz inequality.

Lemma 5.2. Let M be a Hilbert space with inner product (-,-), and let {My} be a
sequence of nested subspaces of M (M, C My ). Denote by Qy the orthogonal projection
onto My, and for any positive integer J let By : My — My, By := Zl{:l Q. (A > 0).
Then By is a symmetric positive definite operator and le 18 characterized by

J J
(B7'v,v) = min {Z Melloell?, v =" vk, v € Mk} :

k=1 k=1
where || - || is the norm induced by the inner product (-,-).

A proof of the above lemma can be found in [15]. An easy consequence of the above
two lemmas is the following.

Lemma 5.3. Assume that the hypotheses of Lemma 5.2 are satisfied and that A\, < pApi1
for some number p in(0,1). Then, there is a constant ¢ independent of J such that

J
(5.11) (B7'v,v) < Z/\kH(Qk — Qr_1)v|)? < e(Bj'v,v),  forall ve M,.

k=1

5.3. Norm equivalences on H' by multilevel subspace decomposition. To start
with, let Q be a polygonal domain in R? with boundary 9Q = (9Q)p U (99Q)y, where
(092)p is not of measure zero , and (092)p and (0€2)y are essentially disjoint. Let (7)
be a quasi-uniform sequence of nested triangulations of {2 such that the parameter hy
associated to (7y) is hg2*. For k > 1 the space My is defined to be the space of
all functions which are piecewise linear with respect to 7, vanish on (0Q)p and are
continuous on 2. We denote the space H},(2) by M. Assume that

M,CM,C..CM;C..CM,

is a nested sequence of finite dimensional approximation subspaces of M defined using a
sequence of nested meshes in a way similar to that described at the beginning of Section
4.3. Let (-, -) denote the L?*(€2) inner product and let |- || be the norm on L?(€2) induced
by (-,+). For k = 1,2,..., we define the operator P, : M — Mj to be the orthogonal
projection with respect to the inner product A(-,-), where

A(u,v) := / Vu - Vo dz for all u,v € M,
Q
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and Ay : M — My is defined by
(Aru,v) = A(u,v) for all u,v € M.
Let p, be the largest eigenvalue of Ay. The sequence {uy} is equivalent to {4*71} i.e.,
there exist positive constants aq, as such that
(5.12) ad® < <ad®, k=1,2,...
We denote 41 by \y.
The goal of this section is to show that we have the following.

)

(ML.0) There exist some positive constants ¢; and ¢y such that

c1A(u,u) < M@k — Qr-r)ull® < 2 A(u,u)  for all u e M.
k=1
All the considerations of this section remain valid if we replace {A;} by an equivalent
sequence, for example ;. In order to study the above norm equivalence we start by
introducing the following conditions:

(ML.1) There is a positive constant ¢ independent of j and k and a number p € (0, 1)
such that

|Aug, u)| < ep I Aug, up) 2 A(uz, uy)'/? for all u € M.

where uy, 1= qru == (Qr — Qr—1)u.
(ML.2) There exists ¢ independent of J such that

J
Z e ll(Qr — Qr—1)ul|® < cA(u, u) for all u € M.
k=1

3 ere exists ¢ independent of k£ an such that
ML.3) Th i ind d f k and J such th
(I — P 1)u||< c)\,zl/zA(u, w)/?, for all u € M,.

Remark 5.2. Condition (ML.1) is known as a strengthened Cauchy-Schwarz inequality
and is satisfied for our sequence of finite dimensional approzimation subspaces { My} (cf.

[15]).

Next, we give some connection between the above conditions. The results are known in
the multigrid theory (cf. [14], [15]).

Proposition 5.1. The norm equivalence (ML.O) holds whenever Condition (ML.1)
and Condition (ML.2) are satisfied.

Remark 5.3. It is well known (cf. [8]) that condition (ML.2) holds whenever Condi-
tion (ML.3) holds. The proof is an easy consequence of Lemma 5.2 and Lemma 5.5.
Moreover, it is also known that if the domain ) is nice enough (for example ) is convex
and 02 = (0Q)p), then the reqularity condition (ML.3) holds.

In order to prove Condition (ML.2), when 2 is an arbitrary polygonal domain, we
introduce an overlapping domain decomposition of €2 such that on each subdomain
Condition (ML.2) is satisfied. By the above remark it is enough to verify Condition
(ML.3) relative to each subdomain. To get the result on the whole domain, one can
use additive Schwarz preconditioning type arguments. We now make this outline more
precise.
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n
Let M; = Y M be a splitting of M associated with an overlapping domain decom-
i=0

n
position Q = [J Q;.i.e.,
i=1

(5.13) MY = {u € My :supp(u) C Q;}.
Let @i : L*(QY) — Mj, P} : M — M; be the orthogonal projections with respect to (-, )

and A(-,-), respectively. We define here a stable decomposition condition with respect
to the splitting of Mj:

(ML.4) For each u € M there exists a partltlon

U= Zul, with u; € MY, satisfying ZA(uZ,uZ) < cA(u, u),
=0 =0
where ¢ is independent of J and u € M J-

Lemma 5.4. Assume that Condition (ML.4) is satisfied and that Condition (ML.2)
holds on each subdomain, i.e.,

J
(5.14) Z Mell(Q — Qi Dui)® < cA(ug, uy) forallu; € M, i=1,..,n.
k=1

for some constant ¢ independent of J and i. Then Condition (ML.2) relative to the
whole domain 2 is also satisfied with constant which may depend on n. Consequently,
(ML.O) holds.

n .
Proof. For any v € M; we consider the decomposition u = ) u;, with u; € M} given by

i=0
Condition (ML.4) . Then,

ZMH Qr — Qr—1)ulf? <nz>\kZ” Qr — Qr—1)ui|?

k=1 =1

0SS @ Qe ul

i=1 k=1
Next, for each fixed i and u; € M C M; we have that
J

U; = Z(Q;C - szl)uh

k=1

where (Q% — Qi )u; € M} C M. Thus, by applying Lemma 5.2 , Lemma 5.3 and
(5.14), we obtain that

J J
Y M@ = Qr-n)uilP< e Y- M@ — Qi )uwill*< eA(ui, ).

k=1 k=1

Combining the above estimates with Condition(ML.4), we have

J
D Mll(Qk — Qi 1)ull* < enA(u, ),

k=1



26 C. BACUTA, J.H. BRAMBLE, AND J.E. PASCIAK

with ¢ independent on J. Therefore Condition (ML.2) is satisfied. Finally, from Propo-
sition 5.1, Remark 5.2 and the validity of (ML.2) we have that (ML.0) holds. O

5.4. Norm equivalences on /' by multilevel subspace decomposition for polygonal-
sector domains. We restrict our study from the previous section to a simple case when

(2 is the polygonal-sector domain introduced in Section 4.3 and the free part of 0f is
02y =0, Tppo or Ty UL, 42 (see Figure 1). Let {Mj} be the sequence of approx-
imating subspaces defined in Section 4.3. In addition, for ¢ = 1,...,n, we define the
subdomain €; of € to be the domain made up by 7; and 7,41 ( Q=7 UTi ), and
define the subspaces M of M to be

M} = {u € My, :supp(u) C 4}, k=1,2,....

Lemma 5.5. Let ) be a polygonal-sector domain as defined above and assume that

(ONNn = 0 or (02)x = Tpya. Then the splitting My = > MY satisfies Condition
i=0
(ML.4).

Proof. For i =2,...,n+ 1, let Q' be the polygonal-sector domain such that
!
o =7
j=1

Then T; is a part of 9Q (see Figure 1). We fix J, and for u € M, we define v;u to be
the restriction of u to I';. By standard results about traces of functions in H', we have

yiu € Hy)*(T;)
and
(5.15) ||%“||H;g2(ri)§ cllull g i< cA(u,u)  for all uwe M.

Throughout the whole proof of this lemma, ¢ is a constant independent on J, i, and it
might be different at different occurrences. For i = 2,...,n, we extend by zero v;u to
the rest of d7; and consider an extension of the new function to 7;, denoted by w; and
satisfying

@ € My = {ul, v e MY,
(5.16)
%371 () < c”%uHH&{Q(ri) for all u e Mj.

For example, we can take @; to be the discrete harmonic extension of v;u to 7; .
Define u; € M, by
u(z) ifr emn
u(z) == ¢ Uo(z) ifx €m

0 if z€ O\,

(z) ifz e
1(1’) lf.l' S Ti+1
0 if xeO\,

|
N
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fort=2,....,n—1 and
u(z) —u,(x) ifzx €,
up(z) == u(z) itr €141
0 it e Q\Q,.

Clearly, u = u3 + ug + - - - + u,,. Using (5.15),(5.16) and the Cauchy-Schwarz inequality
we obtain that

A(ug,uy) < cA(u, u) forallue My, i=1,...,n.

Therefore,

ZA(ui, ;)< enA(u,u)  for all u € My,
i=1

which verifies Condition (ML.4) . O

Theorem 5.1. Let Q) be a polygonal-sector domain. Assume that (0Q)y = 0 or (0Q)y =
Fpio or (0Q)ny = 'y UT,40. Assume that the angles of the polygon 02, excluding the
angle at the origin, are not greater than m for those angles contained in (0S2)p, and not
greater than w/2 for the angles with one edge in (02)p and the other edge in (0Q)n. Let
the sequence (My) of subspaces of HE(2) be as described in Section 4.3. Then Condition
(ML.O) holds.

Proof. First we consider the case when (0Q)y = 0 or (09Q)y = I'hy2. In this case, by
using the assumptions about the angles of 02, and eventually by increasing the number
n of subdomains, we have full regularity for the Laplace operator on each subdomain
(2; (defined at the beginning of the section). Thus, Condition (ML.3) is satisfied on
each §2; (see e.g., Theorem 2.3.7 in [20], [15]). On the other hand, from Lemma 5.5 the

splitting My = > M} satisfies Condition (ML.4). Thus, by Lemma 5.4 and Remark 5.3
Condition (ML.0) holds.

Next, we study the case (0Q2)y = I'; UT,42. If w is not greater than 7, Condition
(ML.3) is again fulfilled. Consequently, (ML.2) holds. According to Proposition 5.1
we obtain that Condition (ML.0) holds. Let w be greater than . Define Q to be the
polygonal domain int(ﬁ U Tpio), Where 7,40 1= [Sp42,0,S1]. Let 0 be the boundary
of 2, and define (89) ~ =0 and (8(2) p = 0. Assume, without loss of generality, that
Q is a convex domain. Consider

T, = {70y coos Tt 1s Tna2 }-

Then we define the multilevel triangulation (’f}g) recursively in the same manner we
defined (7;) . For k = 1,2,..., the space My is defined to be the space of all functions
which are piecewise linear Wlth respect to 7; vanish on (89) p and are continuous on ).

The L? (Q) orthogonal projection onto Mj is denoted by Qk We fix J and for u € My,
we denote by yyu the restriction of u to (092) . Thus, we have

yvu € Hyf*((09)w)
and

(5.17) ||*yNu||Hééz(FN)§ cllull < cA(u,u)  for all u e M,
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where c is a constant independent of .J, which might be different at different occurrences.
The set (092)y is part of the boundary of 7,,,5. We extend yyu by zero to the rest of
0Ty 42 and consider an extension of the new function to 7,5 denoted 1,5 and satisfying

lpyg € MI2 = {v],,., v € My},
(5.18)
|un+2|§{1(%+2)§ c||7Nu||Héég(FN) for all u e M.

For example, we can take 4,2 to be the discrete harmonic extension of yyu to 7,2 .
Define u € M; by

i(z) == { u(z) ifz €Q

Upio(z) ifx € Thyo,
Using (5.17), (5.18) and the Cauchy-Schwarz inequality we obtain that
A, 1)< cA(u, u) for all w e Mj.

From Lemma 5.2 and Lemma 5.3, we obtain that

J J
(5.19) D> M@k = @ro)ul’< e Nellugl®  for all u e M; and
k=1 k=1
for any partition of u,
J
U = Zuk with ug € M.
k=1

On the other hand, we have 4| = u and

>
I
(]~
—~
O
Ea
|
O
=
&
>

B
Il

1

The restrictions to § of functions in M, are in M,. Hence, we can take u; := ((Qk —
Qk—1)1)|q in (5.19). In addition, since 2 is a convex domain and (99)y := ), Condition
(ML.3) is fulfilled for 2. Hence, we obtain that Condition (ML.2) holds on 2. Then

J J J
Do Mll@k = Qe-)ullP< ) M@ = Qr- 1)l 7o)< ¢ D Mill(@n = Qr1)t] 3oy,

k=1 k=1 k=1

< cA(u, 1)< cA(u, u),

for all uw in M ;. Therefore we have proved that Condition (ML.2) also holds in this case
and, by Proposition 5.1, the proof of the theorem is complete. O

The conclusion of this section is that for polygonal-sector domains, as we described
above, an equivalent norm on H} () is given by (3.1).
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