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By well know approximation properties,

(Qr — Qr—1)Y, (Qr — Qk—1)¢)}€/2 <O |(Qr — Qr—1)¥|| < Chy v, -

Combining the above estimates gives

(6.5)

J
A(Qlu, Qlu Z Qk - Qk 1) (Qk - Qk—l)u)k

IN

C<A(Q1’U7 Qiu) +

IMH
(Y]
S

@k — Qo)

~

< CA(u,u).

The last inequality of (6.5) is (4.5) of [6] and also can be found in [21]. Combining
(6.4) and (6.5) proves (6.3) and hence completes the proof of the theorem.

10.

11.
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6. APPENDIX

We provide a proof of Theorem 5.3 in this appendix. We will apply the analysis
given in the proof of Theorem 3.2 of [6] Note that we cannot directly apply
Theorem 3.2 of [6] since the smoother Ry = A 2A; does not satisfy (C.1). We
note, however, that Theorem 5.3 will follow flom the proof of Theorem 3.2 of [6]
if we show that (C.2) holds as well as (3.5) and (3.6) of [6] with T} replaced by
Ty defined above. Clearly, (C.2) holds with # = 1. The remaining two inequalities
corresponding to (3.5) and (3.6) of [6] are

(6.1) A(Tkv,v) < (énk_l)zA(v,v) forallve M, I <k
and

J
(6.2) Z (Thv,v) for all v € M.

Here 7 is less than one and independent of k and [.
From the definition of Ag, we obviously have

— ~

A(Tkv,v) < /\,;1 (Akv,v) = A(Tkv,v).

As in [6], we have set T} = ;\Elflk Inequality (6.1) follows from Lemma 4.2 of [6].
Inequality (6.2) can be rewritten,
2
)

To prove this we proceed as follows. Let u € M; and Q9 = 0. Then

J
(6.3) fl(u, u) < C’(A(Plu, u) + Z ;\;2
k=2

N1/2
) (@i e

J 1/2
+ ) M ATQk — Qr—1)u, (Qk — Q—1)u )) :

(6.4) < (A(Plu, u)+ YA

Now, for k > 1,

(A1 (Qr — Qr—1)u, (Qr — Qr—1)u)x
(A,"(Qr — Quer)u, 9)3

= sup

o€ M, (¢, 0)k
B (Qr — Qr—1)u, (Qr — Qr—1))}
= sup 5 .
YE My (R
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Now by (5.8)

APl Em_1u, (I — P Em_1u) = A(PIEm_1u, (P — P™)Ep_1 )u)

(5.13) m
< Chi| [P Em—rull 4 ||5m—1u||1,9km .

Hence, combining (5.12) and (5.13), we have
1P Em—rul[’ < CTA(Em—1, Em—1u) = A(Emu, Enu)] + ChE | Emrull} gy -

Summing over m we conclude that

4 4
m 2
Y NP Em—rul} < Cllully + ChE Y | Em—rully g -
m=1

m=1

This together with (5.11) yields (5.10) when hy is small enough. Finally, we obtain
from (5.10) and (5.9) that for £ > 1,

1Zkll4 < Chi

The remainder of the proof of this theorem is the same as that of Theorem 5.2.

Remark 5.2. The same analysis could be used for successive overrelaxation type
iteration. In that case,

E1=(1—BP)I—BR")---(I-BP)
where § € (0,2) is the relaxation parameter.

Remark 5.9. Many extensions and generalizations of the techniques given above
are possible. These techniques lead to uniform estimates for multigrid iteration
methods for solving nonsymmetric and/or indefinite problems for the following
applications.

(1) Approximations using higher order nodal finite element spaces.

(2) Three dimensional problems.

(3) Problems with discontinuous coefficients as discussed in [6].

(4) More general boundary conditions.

(5) Problems with local mesh refinement as described in [11].

(6) Finite element approximation of problems on domains with nonpolygonal
boundaries as discussed in [6].

In addition, the perturbation analysis given above can be combined with results
for additive multilevel algorithms, for example, Theorem 3.1 of [6]. This leads to
new estimates for additive multilevel preconditioning iterations applied to indefinite
and nonsymmetric problems. Provided that the coarse grid is sufficiently fine, the

operator
J
P=>) T4
k=1

has a uniformly (independent of J) positive definite symmetric part with respect
to the inner product A(-,-) and has a uniformly bounded operator norm. These
results extend to all of the applications discussed in Remark 5.3.
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with & = I. As in (5.4),
Ei— & =(I—P) (it —Eia) — (Pl — P)E
Since the last two terms are orthogonal with respect to A(, -) we have that
(& = &l = 1T = BO(Eit — E)ull + 1B — POE -1l

Because of (5.8) and the fact that the operator norm of (I — ]5,2) is bounded by one,
it follows that

1€ = Eully < NI(Eimx = Ema)ully + ORI Eimull; g -

Summing over z, since & = & = I, we obtain

4
(5.9) 1€ = Eull’y < CR Y NIEi-1ully g -

=1

We shall show that

4
2
(5.10) > NEimrulligp < Cllull.

By the arithmetic—geometric mean inequality, the definition & and the limited
interaction property (see (3.10) and above) it follows that

4 4 4
2 ; 2 ; 2
> NEi—rullfgr <2 llulli g 42 llu— Eimrullf o

2

7

m—1U

< Cflull

1,98

4 4
Clllulll+ 3 S NP €l ;)

m=1 =1

4
Cllully + > P Em—rul}).
m=1

(5.11)

In order to estimate the last term on the right of (5.11) we write

( Em—1u, P{"Em_1u)

A((Em-1 = Em)tt, (Em—1 — EmJu)

L((Eme1 — Em)tt, (Em—1 + Em ) — 2A(P Er 1w, Eput)
AEm_1u, Em_1u) — A(Epu, Emu)

QAP Ep—yu, (I — P{)Em_1)u).

1P Em 1l =

(5.12)
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Theorem 5.5. Let Ry be defined by Example 5. Given € > 0, there exists an
ho > 0 such that for hy < hy,

A(Eu,Eu) < 52A(u,u) for allw € My,

for§ =16+ c(h1 +€). Here § is less than one (independently of J) and is given by
Theorem 5.1 applied to Ry, defined in Ezample 2.

Proof. For this case, the perturbation operator Zj is given by

l
Zy =7 (Pi—P}).

=1

As in (5.3),
A((Pf, = P{)u,v) = D((I = Pg)u, Ppv).

Applying (2.4), (3.6) and (4.2) gives

(5.8) AP = Ppu,v) < chi[lu], g |

'U||1,Q;'c

and hence

!
A(Zyu,v) < chy Z ||U||1,Q;'C

=1

'U”l,ﬂjc :

Using the limited overlap properties of the domains 0} gives
| Zx]| 4 < che.

The remainder of the proof of the theorem is exactly the same as that given in the
proof of Theorem 5.2.

We finally consider the case of Example 6. We use perturbation from the multi-
grid algorithm for A which uses the smoother Ry defined by Example 3. Theorem
5.1 provides a uniform estimate for the operator norm of E ;.

Theorem 5.6. Let Ry be defined by Ezample 6. Given € > 0, there exists an
ho > 0 such that for hy < hy,

A(Eu,Eu) < 52A(u,u) for all v € My,

for§ =16+ c(h1 +€). Here § is less than one (independently of J) and is given by
Theorem 5.1 applied with Ry, defined as in Ezample $.

Proof. The perturbation operator for this example is
Zi =Tk~ T =&~ &
where & is given by (3.8) and
Ei=I—P)I~P")(I-Pp)

15



Theorem 5.3. Let F; be given by (5.1) where Ty = R APy and Ry is defined by
(5.6). Then,

A(EJ'M,EJ'M) < 6% A(u,u) for allu € Mj.
Here & is less that one and independent of J.

We can now prove the convergence estimate for multigrid applied to (2.1) using
the smoother of Example 4.

Theorem 5.4. Let Ry be defined by Example 4. Given € > 0, there exists an
ho > 0 such that for hy < hy,

A(Eu,Eu) < 62A(u,u) for all v € My,

for§ =16+ c(h1 +€). Here § is less than one (independently of J) and is given by
Theorem 5.3.

Proof. For k > 1, we consider the perturbation operator

Zy =Ty — T = \{2(ALAL P, — AL Py).

Clearly,
As in (5.2),

A PA((AR Py — A Pr)u,v) = A\ ' D(u, Ay Pro)
from which it follows using (2.4) that
1A (AePe — AgPy)|| 4 < chy.
A similar argument shows that
IV (AL = Ao P4 < che

It is not difficult to show that

|4kl14 < C A
Combining the above estimates with (5.7) gives

1Zkl1 4 < 1A ARAIAL (ARPr — APyl 4
AT (AL = Ao Pell 4l Ak Prl] 4 < e
The remainder the proof is exactly the same as that of Theorem 5.2. This completes
the proof the theorem.

We next consider the case of Example 5. We use perturbation from the multigrid
algorithm for A which uses the smoother Ry defined by Example 2. Theorem 5.1
provides a uniform estimate for the operator norm of E ;.
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Applying (2.4), (2.9) and (2.8) to (5.3) gives
[A(Zyu,0)| < Ce||(1 = Pu)ull, floll, < Cellull, o, -

This means that the operator norm of Z; is bounded by Ce. Since the operator
norm of (I — ]51) is less than or equal to one, the triangle inequality implies that
the operator norm of (I — Py) = (I — P — Z1) is bounded by 1 + Ce.

For k > 1, applying (2.4), (C.3), Remark 3.1, and (3.2) to (5.2) gives

[A(Zku, )| < chy |lull, A(Tv, 0)'/?
< chglully lvll;

i.e., the operator norm of Zj is bounded by chy. Since, by (3.2), the operator norm
of (I — T}) is less than or equal to one, the triangle inequality implies that the
operator norm of (I —Ty) = (I — T}, — Zy) is less than or equal to 1 + chy. Hence,

1t follows that .

1Ee||4 < (1+Ce) [J(1+chi) < C.
1=2
It is immediate from the definitions that
(5.4) Ey —Ey=(Ep_y — Ey )T —Ty) — Ex_1 Zs.
By (3.2) and the above estimates, for k > 1,
1Bk = Exll 4 < [|1Bx—1 = Exal| 41T = Till 4 + 11 Ex—1l1 411 Zxll 4

(5.5) i
<||Ek-1 — Ex-1]| 4 + Chy.

Repetitively applying (5.5) and using
|Er — Exll 4 = ||Z1][ 4 < Ce

gives that
J

|E; —Ej||; < Cet+CY hi < c(hy+e).
k=2
The theorem follows from the triangle inequality and Theorem 5.1.

Remark 5.1. Note that € can be made arbitrarily small by taking h; small enough.
Consequently, Theorem 5.2 shows that the multigrid iteration converges with a rate
which is independent of J provided that the coarse grid is fine enough. The coarse
grid mesh size can also be taken to be independent of J.

We next consider the case of Example 4. For this example, we consider first the
multigrid algorithm for the symmetric problem which uses

(5.6) Ry = A\ 2 Ay

as a smoother. From the discussion in Section 2, the iteration (2.12) with Ry, (given
by (5.6)) and Ay, replacing, respectively, Ry and Ay in Definition MG, gives rise to
the error operator given by (5.1) where, as above, for k > 1, Te = RpAyPy. The
smoother (5.6) does not satisfy (C.1) and so the first step in the analysis of the
nonsymmetric and/or indefinite example is to provide a uniform estimate for E;
given by (5.1). Such an estimate is provided in the following theorem. Its proof is
given in the appendix.
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Theorem 5.1 [6]. For k > 1, let Ry, satisfy (C.1) and (C.2). Under the assump-
tions on the domain 0 and the coefficients of (2.1) given in Section 2, there exists
a positive constant 6 < 1 not depending on J such that

A(EJ'M,EJ'M) < (§2A(u,u) for all u € Mj.
To analyze the multigrid algorithms using the smoothers of Section 3, we use

the perturbation operator

Zr =Ty — Ty

We note that for any u,v € My, for k > 1,
(5.2) A(Zyu,v) = D(u, T} v).
Indeed, by definition,

A(Tku,'l}) = (Tku,Akka)k = (AkPkU,R;;AkPkU)k
= A(u, Tv) = Au, Tjv) + D(u, Tfv).

The equality (5.2) immediately follows.
To handle the case of £k = 1, we have

(5.3) A(Zyu,v) = D((I — Py)u, Pyv).
In fact, by definition,

A(Plu, v) = A(Plu, ]51'0)
A(u, ]51'0) — D(Pu, ]51'0)
A(Plu, v)+ D((I — Py)u, ]51'0).

The following theorem provides an estimate for the multigrid algorithm when the
smoothers of Section 3 are used.

Theorem 5.2. Let Ry = Ry and assume that (C.1)-(C.8) hold. Given e > 0,
there exists an hg > 0 such that for hy < hy,

A(Eu,Eu) < 62A(u,u) for all v € My,

for§ =16+ c(h1 +€). Here 5 is less than one (independently of J) and is given by
Theorem 5.1.

Proof. For an arbitrary operator O : Mj — Mj, let ||O]|; denote its operator
norm, 1.e.,

1Olla= sup =

A((’)u v)
u,vEM s ( )1

A(v,v)1/2’

12



We will assume that hs is sufficiently small so that
(4.1) Chi < ¢ /2.

This means that A(-,-) restricted to M, has a positive definite symmetric part.
Hence, the projector P} : M} — M satisfying

A(Plivv w) = A(v,w) for all w € 1\4,2
1s well defined and satisfies

(4.2) |1Pull, < C llully g

The second norm is taken only over the subdomain Q% which is the set of points of (2
where the functions in M} are nonzero. In addition, the operator Ay ; : M} — M}
defined by

(Ag,iv,w)p = A(v,w) for all v,w € Mj,

is invertible. We set Ry by

l
Ry =~ Z AL Qi
1=1
We choose v as in Example 2 so that the symmetric smoother defined by (3.7)
satisfies (C.2).

Ezample 6. Our final example is that of Gauss-Seidel directly applied to the non-
symmetric/indefinite equations. We assume that the subspaces {M:} satisfy the
conditions of the previous example. The block Gauss-Seidel algorithm (based on
Ay) is given as follows:

(1) Set vg =0 € M.

(2) Define v;, for e =1,...,1, by

v; = vi—1 + A;;ij,i(f — Agvi_q).
(3) Set ka = vi.

5. ANALYSIS OF THE MULTIGRID ITERATION (2.12).

We provide an analysis of the multigrid iteration (2.12) in this section. This
analysis is based on the product representation of the error operator (2.13). All of
the analysis of this section is based on perturbation from the uniform convergence
estimates for multigrid applied to symmetric problems.

We start by stating a result from [6] estimating the rate of convergence for the
multigrid algorithm applied to the symmetric problem. Specifically, we replace Ay
by Ak and Ry by Rk in Definition MG. Set Tl = ]51. From the earlier discussion,
the error operator associated with this iteration applied to finding solution of the
syminetric problem

Aju=Qsf
is given by F = E; where
(5.1) En=(I-T)I—-Ty)---(I—=Ty).

We then have the following theorem.

11



Because of the support properties of {¢¢}, the subspaces {M}} satisfy a limited
interaction property in that for every i, the number of subspaces j for which
(v',v7) # 0, with v* € M} and v/ € M] is bounded by a fixed constant ng not
depending on k or [. Lemma 3.1 of [5] implies that the double sum of (3.10) can
be bounded by ng times its diagonal, i.e.

l
(3.11) (Tku, Txu) < no ¥ (Pi€ioqu, Pi€i_yu).
i=1
Applying (3.6) gives

~ ~

(3.12) (Pi€i_qu, Pi&i_qu) < Ch2A(PLEi_ju,Ei_qu).

Combining (3.11) and (3.12) proves (3.9). This completes the proof of the lemma.

Remark $.2. The same analysis could be used for successive overrelaxation type
iteration. In that case,

& = (I~ pPOI - BT (I - Py
where § € (0,2) is the relaxation parameter.

4. SMOOTHERS BASED ON Ayg.

In this section, we consider smoothing operators Ry which are defined directly
in terms of the nonsymmetric and/or indefinite operator Ay. The first smoother is
one that was originally analyzed in [1] and subsequently studied in [10].

Ezample 4. For our first example of a smoother based on Ay, we consider Ry defined
by B
Ry = A\ 2AL.

Here, Al is the adjoint of Aj with respect to the inner product (-, ) and Ay is as
in Example 1. A possible motivation for such a choice is that, on M}, the iteration

’Ui — vi—l + X;ZAZ(JC . Akvi—l)

is stable in the norm (-, -)i/2 provided that A2 is greater than or equal to half the
largest eigenvalue of Af Aj.

Ezample 5. This example is closely related to the second example of the previous
section. As in that example, we define the line or point subspaces {M}} for i =
1,...,1. Note that the form A(:,-) satisfies a Garding inequality
clfl(u,u) —c ||u||2 < A(u,u) for all u € Hj (Q).
Consequently, by (3.6),
(c1 — Ch2)A(u,u) < A(u, u) for all u € M;.

10



Jacobi. When the subspaces M} are defined in terms of lines, (3.1) was proved in
[5]. The estimate (3.3) easily follows in the line case using the support properties
of the basis functions and (3.6). For this example, we take (-, ) = (+,-) for all k.

Ezample 3. We next consider the multiplicative smoother. Given f € My, we

define Ry by
(1) Set vg =0 € M.
(2) Define v;, for e =1,...,1, by

v; = vi—1 + A/:,%Qk,i(f — Apviy).

(3) Set ka = vj.
Conditions (C.1) and (C.2) are known for this operator (see, e.g., [5]). The next

lemma shows that (C.3) holds for this choice of Ry. For this case, we also take
(y )k = (+,-) for all k.

Lemma 3.1. (C.3) holds when Ry, is defined to be the multiplicative smoother of
Ezample 3.

Proof. The proof uses the techniques for analyzing smoothers presented in [5]. Fix
k> 1 and let

(3.8) E=(I-P)I—~P") (I P}

where P’ denotes the A( -) projection onto 1\1,2 and & = I. Note that (I—Tk) =&
and Sl 1 —5 +P Sl 1. Hence

To=T-&=Y Bié,

and for every u € My, (cf., [5])

A((ZI — Tk)u,Tku) = fl(u u) — A(élu élu)
ZA P i),
Since hi < c/\lzl, the proof of the lemma will be complete if we can show that
l .
(3.9) (Thu, Tru) < c Z i_lu).

Expanding the left hand side of (3.9) gives

o~

]
(3.10) Tku Tku ZZ Pk i 1U, P! 5] 1u).

=1 j=1

9



Remark 3.1. If Conditions (C.1)—(C.3) hold for a smoother Ry then they hold for
its adjoint R} with respect to the inner product (-, -);. This means that (C.1) holds
for Ry = (I — I;kfx;g)fllzl and that (C.2) and (C.3) hold with T,:‘ replacing 1.
In the case of (C.2) and (C.3), the corresponding inequalities hold with the same
constants as those appearing in the original inequalities.

Ezample 1. The first example of a smoother is the operator
I:ik = ;\;11

where I denotes the identity operator on M}, and A\, < A < CAi. In this case, (3.1)
holds with C' = A\¢/\g, (C.2) holds with § = 1 and (3.3) holds with C' = A\;./\y.
To avoid the inversion of L? Gram matrices in the multigrid algorithm, we use the
inner product

(3.4) (u,v)p = h? Z u(z)v(z;).

Here the sum is taken over all nodes z; of the subspace My. Note that (-,-)x is
uniformly (independent of k) equivalent to (-,-) on Mj.

The remaining smoothers correspond to Jacobi and Gauss-Seidel, point and line
iteration methods. We shall present these smoothers in terms of subspace decom-
positions. Specifically, we write

l
(3.5) My =) Mj
=1

where M, is the one dimensional subspace spanned by the nodal basis function ¢}
or the subspace spanned by the nodal basis functions along a line. The number
of such spaces [ = [(k) will often depend on k. These spaces satisfy the following
inequality.

(3.6) lv|| < Chy||v|l; for all v e lW,i.

Ezample 2. For the second example, we consider the additive smoother defined by
l

(3.7) Re=v) A;iQu:
=1

Here flk,i : j\l,i — jW,i is the defined by

(Ak’iv,x)k = A(v,y) for all y € M}
and Qy; : My — M] is the projection onto M} with respect to the inner product
(+,-)k. The constant v is a scaling factor which is chosen to ensure that (C.2) is

satisfied (see, e.g., [11],[5]). Note that Ry is symmetric with respect to the inner
product (-,-)g. In addition, (3.1) and (3.3) are shown to hold in [11] with point

8



3. SMOOTHERS BASED ON THE SYMMETRIC PROBLEM.

In this section, we consider smoothers which are based on the symmetric problem.
The symmetric smoother will be denoted by Ry. We state a number of abstract
conditions concerning these smoothing operators. We then give three examples of
smoothing procedures which satisfy these assumptions. In Section 5, we provide
convergence estimates for multigrid algorithms with Ry = Ry in Definition MG.

The first two conditions are standard assumptions used in earlier multigrid anal-
yses. For k > 1, let Ky = I — R A, (defined on Mj ) and T = RpA Py (defined
on Mj). We assume that:

(1) There is a constant C'g such that

(C.1) (u:\u)k < Cr(Ryu,u)g, forall u € My,
k

where Ry = (I — I&;I&k)filzl and A\ is the largest eigenvalue of Ay. Here
and in the remainder of this paper, * denotes the adjoint with respect to

the inner product A(, ).
(2) There is a constant § < 2 not depending on k satisfying

(C.2) A(Tkv,Tkv) < GA(Tkv,v) for all v € M;.
Provided that (C.2) holds, (C.1) is equivalent to

(3.1) (u:\u)k < C(Rpu,u)g, for all u € M.
k

When R}, is symmetric with respect to (-, )k, (C.2) states that the norm of Ty is less
than or equal to 6. Even in the case of non-symmetric Ry, (C.2) implies stability
of (I —Ty). In fact, for any w € My, (C.2) implies that

A((I = Ty)w, (I — Tr)w) = A(w,w) — 2A(Trw,w) + A(Trw, Trw)

(3.2) < A('w, w) — (2 — Q)A(Tkw, w) < A('w7 w).

The final condition is that for £ > 1, there exists a constant C' satisfying
(C.3) (Tyu, Tyu)r < CAZPA(Tru,u)  for all u € My,
A simple change of variable shows that (C.3) is the same as
(Rkv,f%kv)k < C/\Izl(f%kv,v)k for all v € M.
In the case when Ry is symmetric, this is equivalent to
(3.3) (Rk'v,'v)k < C/\,?l(‘l),‘l))k for all v € My,
and is the opposite inequality of (3.1). Note that both (C.2) and (C.3) hold on M.
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Definition MG. Set Mg, (v,w) = AT 'w. Let k > 1 and v,w be in My. Assuming
that Mg,_,(-,-) has been defined, we define Mg, (v,w) by:

(1) a2 = v+ Ri(w — Agv).

(2) Mgp(v,w) = xk + q, where q is defined by

q= Mgk—l(oa Plg—l(w - Akrk))

Here Ry : My — Mj is a linear smoothing operator. Note that in this V—cycle,
we smooth only as we proceed to coarser grids.

In Section 3, we define Ry in terms of smoothing operators defined for the form
/l(-, -). Specifically, the smoothing procedure for the symmetric problem will be
denoted ]%k : My, — M and we set Ry, = ]A%k In Section 4, we consider smoothers
which are directly defined in terms of the original operator Ay.

A straightforward mathematical induction argument shows that Mg ;(-,-) is a
linear map from M ; x M ; into M j. Moreover, the scheme is consistent in the sense
that v = Mg (v, Ayv) for all v € M;. It easily follows that the linear operator
E = Mg,(+,0) is the error reduction operator for (2.12), that is

u—uit1 = E(u — uy).

Let Ty, = Ry Ax Py for k > 1 and set T} = P;. Using the facts that P,?_lAk =
Ag_1Pr_1 and Py_1 Py = Px_; and Definition MG, a straightforward manipulation
gives that for £ > 1 and any v € M,

u— Mgp(0, Ax Pru) = (I — Ti)u — Mg _1(0, Ag—1 Pr—1(I — Tx)u).
Let Eru =u — Mg (0, Ax Pru). In terms of Ey, the above identity is the same as
Ey = Ex_1(I = Ty).
Moreover, by consistency, £ = E; and hence
(2.13) E=(I-TW)I-Ty)---(I-Ty).

The product representation of the error operator given above will be a fundamental
ingredient in the convergence analysis presented in Section 4. Similar represen-
tations in the case of multigrid algorithms for symmetric problems were given in
[9].

The above algorithm is a special case of more general multigrid algorithms in that
we only use pre-smoothing. Alternatively, we could define an algorithm with just
post-smoothing or both pre- and post-smoothing. The analysis of these algorithms
is similar to that above and will not be presented.

Often algorithms with more than one smoothing are considered [3], [17], [19].
This is not advised in the above algorithm since the smoothing iteration is generally
unstable.



then, it is well known (cf., [22]) that there exists a constant kg such that for hy < hy,
(2.5) holds and furthermore

(2.7) (I = Prjul] < chg|[(I = Pr)ulls.
and finally,
(2.8) [Prully < Cflull, -

Even if regularity estimates of the form of (2.6) are not known to hold, then (2.5)
is known from a recent result by Schatz and Wang [23].

Lemma 2.1 [23]. There exists an ho such that (2.5) holds for hy < hg. Moreover,
gien € > 0, there exists an ho(e) > 0 such that for all hy € (0, ho], (2.8) holds and

(2.9) (I = Prjul| < €f|(1 = Pr)ulls.
Remark 2.1. The above e will appear in our subsequent analysis. We note that €
can be taken arbitrarily small. However, L will be taken large enough so that (2.5),

(2.8) and (2.9) hold. Thus, the coarse grid size (i.e., L) for any estimate in which
e appears will depend on e.

In our analysis, we shall use the orthogonal projectors Py H}(Q) — My and
Qr : L*(Q) — My which, respectively, denote the elliptic projection corresponding
to A(-,-) and the L?(€) projection. These are defined by

A(]sku, v) = A(u, v) for all v € My,
and
(Qru,v) = (u,v) forall v e My.

The multigrid algorithms will be defined in terms of an additional inner product
(-, )k on My x Mj. Examples of this inner product in our applications will be given
in the next section. Additional operators are defined in terms of this inner product

as follows: For each k, define Ay : My — M; and Ak : My — My by
(Apu,v)r = A(u,v) for all v € Mj,
and X )
(Agu,v)r = A(u,v) for all v € M.
Finally, the restriction operator P _, : My — Mj._q is defined by
(P,?_lu,v)k_l = (u,v)k for all v € My _4.
We seek the solution of

(2.10) A(u,v) =(f,v), forallve M.
This can be rewritten in the above notation as
(2.11) Aju=Qf.

We describe the simplest V—cycle multigrid algorithm for iteratively computing
the solution v of (2.3). Given an initial iterate vy € M, we define a sequence
approximating u by

(2.12) i1 = Mg (ui, Qs f).
Here Mg;(-,-) is a map of My x My into M; and is defined as follows.
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The form D(-,-) satisfies the inequalities
(2.4) [ D(u, v)| < Cllully [[o]| and [D(u,v)] < Clull |lv]f; -

Here ||-||, and ||-|| denote the norms in H*(2) and L?(£2) respectively. The second
inequality above follows from integration by parts. Here and throughout the paper,
¢ or C, with or without subscript, will denote a generic positive constant. These
constants can take on different values in different occurrences but will always be
independent of the mesh size and the number of levels in multigrid algorithms.

By the assumptions on the coefficients appearing in the definition of fl(, -, it
follows that the norm A(v, v)/? for v € H'(Q) is equivalent to the norm on H'(Q).
Thus, we take

loll, = Ao, 0)2.

We develop a sequence of nested triangulations of 2 in the usual way. We assume
that a coarse triangulation {7} of Q is given. Successively finer triangulations {7¢ }
for m > 1 are defined by subdividing each triangle (in a coarser triangulation) into
four by connecting the midpoints of the edges. The mesh size of {7{} will be denoted
to be dj and can be taken to be the diameter of the largest triangle. By similarity,
the mesh size of {r! } is 2!=™d,.

For theoretical and practical purposes, the coarsest grid in the multilevel al-
gorithms must be sufficiently fine. In practice, however, the coarse grid is still
considerably coarser than the solution grid. Let L and J be greater than or equal
to one and set My, for k =1,...,J, to be the functions which are piecewise linear
with respect to the triangulation {T,i+L}, continuous on {2 and vanish on 9. Since
the triangulations are nested, it follows that

My C M, C...CMj.

The space My has a mesh size of hy = 2!7L=Fd, = 21=Fp,,
Fix kin {1,2,...}. Let us temporarily assume that for every u € M,

(2.5) A(u,v) =0 for all v € My implies u=0.

This assumption immediately implies the existence and uniqueness of solutions to
problems of the form: Given a linear functional F(-) defined on My, find u € M
satisfying

A(u,¢) = F(¢) for all ¢ € M.

In particular, the projection operator Py : H'(Q) — M satisfying
A(Pru,v) = A(u,v) for all v e My,

is well defined.
Clearly, if (2.2) has a positive definite symmetric part then (2.5) holds. More
generally, if solutions of (2.1) satisfy regularity estimates of the form

(2.6) [ulli+a < Cllfll-14a



based on the symmetric problem (and used in our nonsymmetric and/or indefinite
applications) are defined and the relevant properties which they satisfy are stated.
Section 4 develops smoothers based on the original problem. The main results of
the paper, which provide iterative convergence rates for the multigrid algorithms
with the smoothers of Sections 3 and 4, are given in Section 5.

2. THE PROBLEM AND MULTIGRID ALGORITHM.

We set up the model nonsymmetric problem and the simplest multigrid algo-
rithm in this section. We consider, for simplicity, the Dirichlet problem in two
spatial dimensions approximated by piecewise linear finite elements on a quasi-
uniform mesh. The multigrid convergence results hold for many extensions and
generalizations as discussed at the end of Section 5

We consider as our model problem the following second order elliptic equation
with homogeneous boundary conditions.

2
5
- 2 ‘I’ b ‘|‘ — 1 Q,
(2.1) ZZ] ax]‘”a Z au=F in

u=0 on 09,

where € is a polygonal domain (possibly nonconvex) in R? and {a;;(z)} is bounded
symmetric, and uniformly positive definite for x € 2. We assume that a;; is in the

Sobolev space W (1) for p > 2/~ (see, [16] for the definition of W7((2)). Further,

we assume that b; is continuously differentiable on € and that |a| is bounded.
Finally, we assume that the solution of (2.1) exists.

Let H'(Q) denote the Sobolev space of order one on € (cf., [16]) and let H} ()
denote those functions in H'(§)) whose trace vanish on 9. For v,w € H}(),
define

Ov Ow Ov
(2.2) (v,w) Z /a”ax (9$] dx—l—lz::/ axlwdaj—l—/gavwdaj.

i,7=1

The solution u of (2.1) satisfies
(2.3) A(u,v) = (f,v) for all v € Hy (),

where (-,-) denotes the inner product in L*(Q).
For the analysis, we introduce a symmetric positive definite form A(-,-) which

has same second order part as A(-,-). We define A(, -) by
Ou Ov
; d uv dx.
uv ;l/aja”car] ;v—l—/ﬂuv;v

The difference is denoted by

D(u,v) = A(u,v) — A(u v).

?
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a few consider nonsymmetric and/or indefinite problems. In particular, [1],[18], [10]
and [24] deal with such multigrid algorithms and are most closely related to the
subject of this paper. All of these papers share the requirement that the coarse
grid be sufficiently fine. We shall briefly describe their contents.

The paper of Bank [1] derives uniform convergence estimates for the W—cycle
multigrid iteration with both a standard Jacobi smoother and a smoother which
uses the operator times its adjoint. In each case, sufficiently many smoothings are
required and a sufficiently fine coarse grid depending on the number of smoothings
is needed. Some regularity for the elliptic partial differential equation was also
required.

Mandel studied the V—cycle iteration and showed that it was effective with only
one smoothing and a sufficiently fine coarse grid. His result requires that the un-
derlying partial differential equation satisfy the “full elliptic regularity” hypothesis
and generalizes the results of Braess and Hackbusch [2] for the symmetric positive
definite problem.

Bramble, Pasciak and Xu [10] studied the symmetric smoother introduced by
Bank and showed that the W—cycle and variable V—cycle worked without making
the undesirable requirement of “sufficiently many smoothings”. Somewhat more
than minimal regularity was needed.

In [24], Wang showed that, for the standard V-cycle with one smoothing, the
“reduction factor” for the iteration error was bounded by 1—C/J+C1hy where J is
the number of levels, hy is the size of the coarsest grid and €' and C; are constants.
This estimate deteriorates with the number of levels and will be less than one only
if the coarse grid is subsequently finer as the number of levels increase. Minimal
elliptic regularity was assumed.

In this paper uniform iterative convergence estimates for V-cycle multigrid meth-
ods applied to nonsymmetric and/or indefinite problems are proved under rather
weak assumptions (e.g., the domain need not be convex). Uniform estimates were
shown to hold in [6] and [8] for the V—cycle with one smoothing step in the sym-
metric positive definite case under such hypotheses. We show that these results
carry over to the nonsymmetric and/or indefinite case for a variety of smoothers.
The coarse grid must be fine enough but need not depend on the number of levels
J. Such a condition seems unavoidable since, in many cases, it is needed even for
the approximate problem to make sense.

In recent years, some other techniques have been proposed to handle the non-
symmetric indefinite case. One approach in [14], [4] and [7] is to precondition with a
symmetric operator and then solve certain normal equations by the conjugate gra-
dient method. One possible advantage of such a method is that some nonsymmetric
problems which are not “compact perturbations” of symmetric ones may be treated.
Of course, the usual normal equations may be formed and then preconditioned (cf.
[7] and [20]); this approach seems to be rather restrictive in that good precondition-
ers may be difficult to construct. Other recent approaches have included Schwarz
type methods [12] and two-level methods in which a “coarse space” is introduced
to reduce the problem to one with a positive definite symmetric part (cf. [4], [13]
and [25]).

The remainder of the paper is organized as follows: In Section 2, we describe
a model problem and introduce the multigrid method. In Section 3, smoothers
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ABSTRACT. In this paper, we present an analysis of a multigrid method for nonsym-
metric and/or indefinite elliptic problems. In this multigrid method various types
of smoothers may be used. One type of smoother which we consider is defined in
terms of an associated symmetric problem and includes point and line, Jacobi and
Gauss-Seidel iterations. We also study smoothers based entirely on the original op-
erator. One is based on the normal form, that is, the product of the operator and
its transpose. Other smoothers studied include point and line, Jacobi and Gauss-
Seidel. We show that the uniform estimates of [6] for symmetric positive definite
problems carry over to these algorithms. More precisely, the multigrid iteration for
the nonsymmetric and/or indefinite problem is shown to converge at a uniform rate
provided that the coarsest grid in the multilevel iteration is sufficiently fine (but not
depending on the number of multigrid levels).

1. INTRODUCTION.

The purpose of this paper is to study certain multigrid methods for second order
elliptic boundary value problems including problems which may be nonsymmetric
and/or indefinite. Multigrid methods are among the most efficient methods avail-
able for solving the discrete equations associated with approximate solutions of
elliptic partial differential equations. Since their introduction by Fedorenko [15],
there has been intensive research toward the mathematical understanding of such
methods. The reader is referred to [19], [17] and [3] and the bibliographies therein.
Most of these works concern symmetric, positive definite elliptic problems although
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