East-VéstJ. Numer Math,, Vol. 0, No. 0, pp.1-20(2001)
c VSP2001 Prepaedusingjnm.sty [Version: 06.06.2001v1.1]

New interpolation results and applications to finite element
methods for elliptic boundary value problems

C.BACUTAS J.H. BRAMBLE®*, and J.E. PASCIAK*

Received. August,2001 Communicatedy R. Lazaiov
Receivedn revisedform 1 Septembe2001

Abstract — We considerthe theinterpolationproblembetweerH2(W)\ H3 (W) andHA (W), where
Wis apolygonaldomainin R andH3 (W) is the subspacef functionsin H1(W) whichvanishonthe
Dirichlet part (W) of the boundaryof W. The mainresultis thattheinterpolationspacegH 2(W\

H3(W); H3(W)]s andH* S(W) \ HA(W) coincide.An applicationof this resultto a nonconforming
nite elementproblemis presented.
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1. INTRODUCTION

Let Q be a two dimensional domain with boundary 7Q = (1Q)p U (7Q)y, Where
(71Q)p is not of measure zero and (7Q) and (7Q), are essentially disjoint, and let

:= H3(Q) be the subspace of functions in H1(Q) which vanish on the Dirichlet
part (7Q)p of the boundary of Q. Let u € H3(Q) be the variational solution of an
elliptic boundary value problem and u,, €V, be an approximation of u, where V,
is a finite dimensional approximation space which might not be a subspace of V.
Further, let us assume that, for a norm ||-||,, defined on V +\{, and a constant c one
can prove that

lu=Uylly < cllullys gy forall uec H3(Q); (1.1

and
lu=unlly < chllullz ) forallue H?(Q)NH3(Q): (1.2)

By interpolation, from (1.1) and (1.2), we obtain that for a fixed s € [0;1]:

forall ue [H3(Q)NH3(Q);H3(Q)],_¢

1s

lu—u,lly < ChSHUH[HZ(Q)mHé(Q);Hé(Q)]
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If we assume that the variational solution u belongs to an intermediate space
HM*S(Q)NHA(Q), s€ (0;1) and uis not in H?(Q), then it is natural to ask:

Does [H?(Q) NHA(Q);H3(Q)],_ coincide with HS(Q) N HA(Q) ? This type of
question arose in [4] and [5]. The paper will give a positive answer to this question
for the special case when Q is a polygonal domain in R?.

The remaining part of the paper is organized as follows. In Section 2 general
interpolation results and some notation are presented. The proof of the fact that
[H2(Q) NH(Q);H3(Q)],_ coincides with H1S(Q) NH3(Q) when Q is a polyg-
onal domain is given in Section 3. In Section 5, an application of the interpolation
result of Section 3 to a nonconforming finite element problem is given.

2. ABSTRACT INTERPOLATION RESULTS

In this section we give some basic definitions and results concerning interpolation

between Hilbert spaces and subspaces using the real method of interpolation of
Lions and Peetre (see [11] and [12].

Let (X;Y) be a pair of separable Hilbert spaces with inner products (-;-)y and

(+;-)y respectively, and satisfying, for some positive constant c,

{ X is a dense subset of Y and 2.1)

lluly< cljullxy forallueX; '

where [u]3 = (U;u)y and [lulf? = (u;u)y.
Let D(S) denote the subset of X consisting of all elements u such that the anti-
linear form

V— (UV)y; Ve X (2.2)

is continuous in the topology induced by Y. For any u in D(S), the antilinear form
(2.2) can be extended to a continuous antilinear form on Y. Then by the Riesz rep-
resentation theorem , there exists an element Suin Y such that

(uv)y = (Suv)y forallve X: (2.3)

In this way, Sis a well defined operator in Y, with domain D(S). The next result
gives some of the properties of S

Proposition 2.1. ThedomainD(S) of the opertor Sis densein X and con-
sequentlyD(S) is densein Y. Theopemtor S: D(S) C Y — Y is a bijective self-
adjoint and positivede nite opeator. Theinverseopemator S1:Y — D(S) C Y is
a boundedsymmetrigositivede nite opemator and

(S'zu)y = (zu), forallzey, ucX (2.4)
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The interpolating space [X;Y]s for s (0;1) is defined using the K function,
where forueY andt> 0,

Kt uX;Y) = K(tu) == inf ([[ugll +t3[lu—ug|[$) "

e
Then [X;Y]s consists of all u € Y such that
/owt(szrl)K(t; u)? dt < oo;
The norm on [X;Y]s is defined by
Ui, =& [t K @02 o

where we have chosen the normalization

oot(l—ZS) —1= 2 .
Cs:= /0 mdt = Esm(ps).

By definition we take
X;Y]p:=X and [X;Y]; :=Y:

The next lemma provides the relation between K(t;u) and the connecting operator
S

Lemma?2.l. ForallueY andt> 0,
Ktw? =t ((1 +t°s ) tuu),
For the proof of this lemma see, for example, [1].

Remark 2.1. Lemma 2.1 gives an alternative expression for the norm on [X;Y]s,
namely:

ull? ), == cg/o 21 (1 + 257 g0, di: 2.5)

In addition, by this expression for the norm (see Definition 2.1 and Theorem 15.1 in
[11]), it follows that the intermediate space [X;Y]s coincides topologically with the
domain of the unbounded operator S¥2(1-9) equipped with the norm of the graph
of the same operator . As a consequence we have that X is dense in [X;Y]s for any
se [0;1].
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LemmaZ22. LetX,, beaclosedsubspacef X andletY,, bea closedsubspace
of Y. Let X, and Y, be equippedwith the topolggy and the geometryinducedby
X andY respectivelyand assumethat the pair (X,;Y,) satis es (2.1). Then,for
se[0;1],

X Yols € [X:Y]sNYy:

Proof. Forany u € Y, we have
K(t;u; X;Y) < K(tu; Xg; Yp):

Thus,
||u||[X;Y]S < HUH[XO;YO]S forall ue [XyYylss se€[0;1]; (2.6)

which proves the lemma. d
Lemma2.3. LetH';H',i = 1;2, besepaableHilbert spacesud thatH?Z is a

subspacef H! andthe pair (H?; Hl) satis es(2.1). We assumdurther that there
are linear opemators E andR sud that

E:H — H' isaboundedpertor for i = 1;2; (2.7)
R:H' — H' isaboundedpemtor fori = 1;2; (2.8)
REu=u forallueH?: (2.9)

Then,the pair (H2;H1) satis es (2.1) and for s € [0;1], an equivalentnorm on
[H?;H1s is givenby || E(-) i.e., there are positiveconstants:; andc, sud
that

”[|:|2;|_”|1]S1
cl\|u||[H2;H1]S < ”EUH[HZ;Hl]S < cz||u||[H2;H1]S forallue [H2;|-|1]s: (2.10)

Proof. First, we prove that the pair (H?; Hl) satisfies (2.1). Letu c H and let
{wn} be a sequence in H2 convergent to Eu in the norm of H™. Then {Rwn} is a
sequence in HZ which converges to u in the norm of HL. Thus, H? is dense in HZ.
For the estimate part of (2.1), from our hypothesis, we have

[ully: = IREU]l 2 < cl|Eullq, < cl|Eullg, < cllull.  forallue HZ
where cis a generic constant which is not be the same at different occurrences.
For the second part of the lemma let s € [0;1] be fixed. From the hypothesis
(2.7), by interpolation, we have that

IEUll o0, < Collull oy, Forallue [HZHYs;

for some positive constant c,.
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Next, from (2.8), by interpolation, we obtain that for some positive constant ¢,
CllRMlzy, < IVl oy, Forall ve [A%HYs:
Finally, for u € [HZ;H1s
Ul g, = IREU oy, < S HIE o

This completes the proof of the lemma. O

3. INTERPOLATION BETWEEN H2(Q) NH3(Q) AND H3(Q).

Let Q be a polygonal domain in R? with boundary 7Q = (1Q)p U (1Q)y, where
(7Q)p is not of measure zero, and (Q), and (7Q), are essentially disjoint and
consist of a finite number of line segments. Let H3(Q) denote the space of all func-
tions in H1(Q) which vanish on (1Q)p. Let 7Q be the polygonal line P,P,- - - PmP;.

the points of (7Q)pN(7Q)y- We will also call the points of (7Q), N (TQ), vertices
of Q. The main result of this section is:

Theorem 3.1. Letsc [0;1] be xed andlet Q  R? bea polygonaldomainwith
Lipscitz boundary Then

[H2(Q) NHE(Q);H3(Q)]s = [HX(Q); HY(Q)]s NHA(Q): (3.1)

In order to prove Theorem 3.1 we introduce first some further notation. For
j=1;2;00m, let U; be an open disk centered at P; such that U; contains no vertices
other than PJ-. Next we add more disks, say Uj; centered at PJ-; j=m+1;:::M;

such that P, € 1Q orUj cQ,and
M
QcC U u;:
j=1

By increasing the number M of disks and modifying the radii of the disks, we can
assume that B, is not in Uj, for k £ j and the radii of the disks are equal to some

positive number r,. Then, there is a partition of unity {fj}'}":1 subordinate to the

.M .
covering 'UoUJ" e,
J:

M
supp(f ;) CU;; Z)fj(x)zl forall x € Q: (3.2)
J:
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Let us denote U;nQ by Q;, j =1;:::;M. We note here that one can find r; > 0
such that
dist(Q\Qj;suppfj)>r0 j=1:0M: (3.3)

Further, for j = 1;2;:::;M, we define (1€ )p and (1Q;)y to be
(TQj)n = (TN Q5 (TQ))p = TQ\(TQ))n;

and denote the space of functions in H'(Q;) which vanish on (1Q;), by H5(Q)).
Also we introduce the spaces

u

H2(Q)) :={ue H¥(Q;) NH5(Q)) : n =0 on TQ;\(1Q)}:

To prove Theorem 3.1 we assume for the moment the following result.

Theorem 3.2. LetQj be oneof the domainsde ned above Thenther exist a
positiveconstantc sud that

1ull 42 (3.4)

@ S Sl e, e
forallue [Hf(Qj);HD(Qj)]sm M;(r), whee
M;(r) := {ue H}(Q,) : dist Q\Q;;suppu) > r}:
In addition, we need also the following lemma.

Lemma3.l. LetQ, C Q bedomainsin RN with Lipscitz boundary Let m be
anonngativeinteger, 0 < s< 1 andr,> 0. De ne

M(ro) := {uc [H™Q);H™Q)]s : dist(Q\Qq; suppu) > rg}:
Thenthere is a positiveconstantc = c(s;r) sud that

Ul s @ypimays < SlUlpmaapiniay,  fOrallue Mrg): — (35)
Proof. Since Q has Lipschitz boundary (see, e.g., [3], [6]), an equivalent norm

on
[H™1(Q);H™(Q)],_=H™S(Q) is the double integral norm

D2u( u(y)|?
o = IVl + / /' o y|N+25( I i ay:

A similar statement holds for Q. Let u€ M(r,). Then,

HuHHm(Q) = HuHHm(QO)
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and for a fixed multi index a with |a| = mwe have

D u( 2u(y)l?
// ‘X y|N+2$ dxdy =1, +21, =

ID2u(x) — D2u(y D2 y(
—// \x y|N+25 dxdy+2/ /‘ |N+2$ dx dy.

Q\Q, Q

Next, let K —{XEQ dlst(x Q\Q) > r,}. It follows that

|D2u( 2
//| |N+2$d dy = // |N+25dy\Dau(x)] dx

0\Q, K

¢ [ DU dx < ¢l ufinq,)

Summing up these estimates we obtain that (3.5) holds. d
Now we can prove Theorem 3.1.

Proof. The space H?(Q)NHZ(Q) is dense in H3(Q) (see for example Theorem
1.6.1 in [10]). Applying Lemma 2.2 with X = H2(Q), Y = H}(Q), X, = H%(Q) n
H3(Q) and Y, = H3(Q), we obtain that

[H3(Q)NHA(Q);HA(Q)]s € [HA(Q);HY(Q)lsNH5(Q): (3.6)

In order to prove the other inclusion of (3.1), we need to show that for a positive
constant c,

12 @) mg@mai@e < AHUlle@ (@ (37)

for all u € [H2(Q);HA(Q)]sNHA(Q). We let ¢ denote a generic positive constant.
Let u e [H%(Q);H3(Q)]sNHB(Q). For j = 0;1;:::;M, let u; :=f; u. Then, u=

M
> U and by applying Lemma 2.2, and Theorem 3.2 we obtain
j=1

HUH[HZ(Q)mHg(Q);Hg(Q)] Hu ”[H2 Q)NHL(Q)H(Q)]s

WMz WMz

M
illpeca gy < €2 1M lwe@pwia)

Next, using the fact that multiplication by a smooth function is continuous on
[H2(Q);H(Q)]s, we have

Huj”[Hz(Qj);Hl(Qj)]s < CHujH[HZ CHUH

Q):HY(Q)s Q)H(Q)s
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Combining the above estimates we see that (3.7) follows. Finally, from (3.6) and
(3.7) we conclude the result. O
3.1. Proving Theorem 3.2

To begin with, we consider the case when Q; =U;, i.e., Q; is a disk. We assume,
without loss of generality, that Q; is the unit disk U centered at the origin of a
Cartesian system of coordinates. In this case we have (1Q;)p := (1Q;) and

H5(Q;) = Ha(U); HZ(Q)) = H3(U):

Let E : H}(U) — HY(R?), be the extension by zero operator (for r > 1), and let
R:H(R?) — H3(U) defined as follows.

First, we introduce a smooth cutoff function h which depends only on the distance
r to the origin and satisfies

h(ry=1 for 0< r<1 and h(r)=0 forr>2:

Then, for a function v € H1(IR?) we define Rve H(U) by

(RV(r;q) :=vy(r;q) —3vy(1=r,q) +-2vy(1=r%q); (rq) €U

where
vi(r;q) == v(rg)h(r); (rq) e R*:
Note that R: H'(R?) — H{(U) for i = 1;2, and we can apply Lemma 2.3 with
H2 =H2(U), H? = H3(R?) and H! = H}(U), H! = H(R?). Thus,
||u||[Hg( HIU)ls c||Eu|\[Hz R2)H1(RY)s forall ue [Hg(U);H&(U)]S;
for some positive constant c. On the other hand, by Lemma 3.1 we have
IEUll o 2yt g2y, < CSlUllpz iy, forall ue [H3(U); H3(U)]sNM(ry);
where
M(ro) := {u€ HY(U) : dist(TU;supp u) > ry}:

Using the above two estimates proves Theorem 3.2 in this special case.

Before we consider the remaining cases, let us introduce some new notation.
Let a; b be real numbers such that a < b and b — a < 2p. Using polar coordinates
(r; q) we define the sector domain

S, =1(rng):0<r<l;a<qg<b}

and the following spaces:

A~

HY(S,.,) :={ueHYS,,):u=0 for r=1}
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u .
%_O forr=11}

Hy(S,.,) :={ueH'(S,,,) :u=0 for g=g};

H?(S,.,) :={ueH*S,,) :u=

Hyp(S,p) i={ucH(S,,):u=0 for g=aand g=b};

where i =1;2, g=a or g= b and the functions are zero on line segments or arcs
in the trace sense.

All the remaining cases of Theorem 3.2 can be reduced to the following standard
ones:
The domain Q; coincides with &,,, for some real number w € (0;2p) and

e Case 1. “Free-Free”: H3(Q;) = HX(S,,) and HX(Q;) = H*(S,,,) or

e Case 2. “Dirichlet-Free”: H3(Q,) = H}(S,,) and HZ(Q;) = HZ(S,,,) or
e Case 3. “Dirichlet-Dirichlet”: H3(Q;) = H},,(S,,,) and H2(Q;) =HZ ,(S;.,,)-

Next, we prove Theorem 3.2 in Case 1.
We define the infinite sector domainS,., by

Swi=1{ng) :r>0,0< g< wh

The operators E : HY(S,,,) — HY(&,,) and R: HY(&,,) — HY(S,,,) defined in

the case of the disk, satisfy the hypotheses of Lemma 2.3 with H' = Hi(SO;W), and
H' = H(K,,), i=1,2. Thus, H(S,,,) is dense in H(S,,,) and similar arguments
used in the case of the disk can be used now to show that

IWllz(s, s, s S A2 s, im0 0 (38)

forallue [I:|2(St);w); Fll(%;w)]sm M(r,), where c is a positive constant and

M(rg) '={ue Ifll(%;w) - dist(U;supp u) > rg}:

Therefore, the proof for Case 1 is complete .

For the Case 2 and Case 3 we will use again Lemma 2.3, but we need to construct
operators E and R with stronger properties.

In order to prove Theorem 3.2 in Case 2, let us assume for the moment that the
following existence result holds.

Theorem 3.3. Leta < 0 besudthatw — a < 2p. Thenther are linear oper
ators E andR sud that

E:H'(S,,) — H'(Saw) isaboundedpentor; i = 1;2; (3.9)
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R:H(Sy.) — H)(Sy,,) is aboundedpentor; i = 1;2; (3.10)

REu=u forall ue H}(S,,): (3.11)

First, we observe that from (3.9), we get in particular that
E : Hy(S.w) — H'(Saiw) is @ bounded operator; i = 1;2:

From the previous case we have that HZ(Sa;W) is dense in H™(Ss.v). Thus, we can
apply Lemma 2.3 with H' = Hy(S,,), and H' = H/(S,.), i=1,2 and obtain that for
a positive c,

< ClEU g, s (.12

lul M3 (S.0):H3 (S.0)] )HY(S0)]s”
S

for all u € [HE(Sy) H3(Sou)ls
From (3.9), by interpolation, we have that for another constant c,

1Bl o, i ss S U oy 0 (3.13)
for all u € [H%(Sy,,); HX(S)s:
Combining (3.12) and (3.13) we obtain
102 (5,3 S0 S U2 (S, 05,01 (3.14)

for all u € [A2(Sy,): Fd (S)ls

Now we can use the proof of Case 1 to finish the proof of Case 2. More precisely,
from (3.8) and (3.14), we see that

1l 3 5 s S ClU 12 500 (315

for all u € [H3(Sy.,); H3 (S )]s MM (rg). Here,
M(rg) '={ue I:I&(%;W) - dist(U;supp u) > rg}:

Therefore, we have proved Theorem 3.2 in this case too.
For the Case 3 we assume that we have the following result.

Theorem 3.4. Leta < 0 besudthatw— a < 2p. Thenther are linear oper
ators E andR sudh that

E :Hy(Sy) — Hi(Saw) isaboundedopentor; i = 1;2; (3.16)
R:Hiy(Saiw) — How(Sp) is @ boundedopentor; i = 1;2; (3.17)
REu=u forall ue Hg,(S.,): (3.18)

We can reduce the proof of Case 3 to an estimate which follows from the previ-
ous case. The arguments are similar to those of Case 2.
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4. PROVING THE EXISTENCE OF THE OPERATORSE AND R

The proofs of Theorem 3.3 and Theorem 3.4 are based on the following extension
result.

Lemma4.1. LetQ beatriangular domainin R? with boundaryfQ = (1Q)p U
(71Q)y, whee (1Q)y =T is oneof the edgesof 1Q (I is an openinterval in R)
and (1Q), consistsof the union of the othertwo edges. Then,there exist a linear
opentor P sudt that

P:H () — HL(Q) and is a boundecbpestor; i = 1;2: (4.1)

Here,

Hoo? (M) = [Ha(M);LA(M)]ypi HEA(T) = [HE(M)iHo (M) 1oy

and

H3(Q) = {ueH?Q):u= % =0 on (1Q)p }:

Proof. Forve Hégz(r) let V denote the extension by zero of v to the rest of 7Q.
Then, for some positive constant ¢ we have
Il

< c|vi forall ve HE2(M): (4.2)

H=2(1Q Ho2 (M)

For ve Cg (") we define Pvto be the solution of the problem:
Find b € H?(Q) such that

A%b=0 in Q:
b=V on 7Q; (4.3)
g—ﬁ =0 on 7Q:

It is known that (see, e.g., Proposition 1.3 in [8]) Problem (4.3) has exactly one
solution b € H3(Q) c H3(Q) and

IPll2(q) < CMlpaeqry < ClMlyg2 ) Forall veCo(r); (4.4)

where c is a positive constant. In addition, since v € C§(I"), we have b € H3(Q)
(see, e.g., Section 3.4.2 in [10]).

Next, in order to estimate ||b||H1(Q) we consider the following fourth order prob-
lem. Find w such that

20— AR in O

{ Nw=—Ab in Q; 45)

we H2(Q):
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The (weak) solution w of the above problem satisfies w € H3(Q)NHZ(Q) (see, e.g.,
Corollary 3.4.2 in [10]). Then, using Green’s first and second identities, we get

T(Aw)
n

where (-;-) and (-;-) are the inner products on L?(Q) and L2(1Q), respectively.
Since w € H3(Q) and Ab is harmonic it follows from Green’s identity that (Aw; Ab) =
0. Consequently,

(Ob; Ob) = (—Ab; b) = (A%w;b) = (——=;b) + (Aw; Ab);

T(Aw) iy
HbHH1 <c M |y 20 I[b]] -2 (19) forallve Cg(IN); (4.6)
where c is a positive constant. Next, we have
T(Aw) . -
A “qn
H M(aw = sup o) ; (4.7
H 1=22(1Q) j eH=2(1Q) HI ||H1 2(1Q)

Denoting the harmonic extension of j € H¥(Q) to Q by the same symbol j , and
applying again Green’s identity, we obtain

T(Aw) . T
N
In order to estimate the right hand side of (4.8), on the one hand we have

(@b )] = 1(00; 01 )] < 16l 1 Nyingay < ClBl e g i Ihyocegys (49)
and on the other hand we can prove that
7j

;Aw) — (Ab;j ): (4.8)

(8w 201 < bl )l g (4.10)
Indeed, using trace inequalities we have
[(Aw, ] )| < cf[aw]| 1) =1 < cf|Aw]| 1) =1
% X H12(1Q) ] = H 2(1Q) H1(Q) ] = H 12(7Q)
where i
‘ 1 _ o m®
n |y 2(1Q)  geH=2(1Q) HQHle ﬁQ)

Let us denote the harmonic extension of g € H2(Q) to Q by the same symbol g.
By applying Green’s identity and the fact that j is a harmonic function, we obtain

]

‘i

10) = (0 300) < I lhys e 19ss(y < i gy 19 gy
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Next, since Q is convex, the operator A? defines an isomorphism from H3(Q) N
H3(Q) onto H~1(Q) (Corollary 3.4.2 in [10]). Thus, we get
)< cl|abfl, 1)

”AWH|_|1(Q) < CHWHH3(Q) < CHAZWHH l(Q

From Green’s identity and the definition of the negative norm we see that
181y 5y < IBll1 )’

Finally, from the above estimates we conclude that (4.10) is proved.
Combining (4.6)-(4.10) we deduce that

||b||H1(Q) < c||b|]H1=2(ﬂQ) forallve C3(IN); (4.11)

where c is a constant independent of the function v e C7'(I"). From (4.2), (4.3) and
(4.11) we have

||b||H1(Q) < c||v||H1=2(r) forallve Cy(l); (4.12)

00

Using (4.4), (4.12) and the density of CF(I") in both HZ"2(") and H32(T"), we can
extend the definition of P so that (4.1) is satisfied. O

Proofof Theoem3.3. Let O denote the origin of a polar coordinate system used
to describe the sector domain S;.,. Let e> 0 be fixed, and let A, B, C, D denote
the points with polar coordinates (1;0), (1;w), (1;a) and (e;p), respectively (see
Figure 1). Let | :== (O;A) = (0;1), |, := (D;A) = (—e;1) and denote by T, T, the
triangular domains O, A, C and D, A, C, respectively.

We introduce here two new spaces:

HE2(1) = {u e H2(1) /01% dx< o}

and
Hooa (1) := {ue H32(1) 1 u(1) = 0; /Olul/(fx)xz dx < w}:

Forue I:|1(§);W), define gu to be the trace of u to the interval |. Thus,

”g“”Hgon(l) < cHuHHi(%W) forallue H'(S,,,); i =1,2: (4.13)

Next, we construct an extension operator E; which takes functions defined on I into

functions defined on the whole interval |, and are zero on the interval (—e; —e=2).
We require that E, to satisfy:

[[E,ul

) < clul forallue Hl *(1); i=1;2; (4.14)

i 1=2 i 1=2
Hoo (Iy Hoo;1 )
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Figure 1. Sectordomain.

where c is a positive constant. One way to construct E, is the following:
By Theorem 1.4.3.1 [9], one can find an extension operator E, which takes
functions defined on I into functions defined on the interval J := (—1;1) such that
|E,u| <cllully soy: forallue Hooq -(1); 1 =1;2:

i 1=2
H (J) 00;1

00;1
Next, let h be a smooth function on J which is equal 0 on the interval (—1;—e=2)
and is equal 1 on the interval (0;1). The operator E; which multiplies a function
defined on J with h and then takes the restriction of the new function to the interval
1, is continuous from H} 1=(J) to H_*%(1,). Thus we can define E, by

E,(u) 1= E5(Ex(u):

By Lemma 4.1, we can extend E,(gu) to a function b = P(E,(gu)) defined on
the whole triangular domain T; and such that (4.1) is satisfied for Q=T and I' = |,.
Next, we consider the restriction of b to the triangular domain T and the extension
by zero of the new function to the sector domain S, .. Let b be the function obtained
by this process. Then, define an extension operator denoted E, mapping functions
defined on §,, into functions defined on .,y by

EO®={ b it e o

Combining (4.13) and (4.14) with the fact that the operators involved in definingB
are continuous, we get that

|Epu

)chu

HAi(Sor;O Hi(%;w): for a" uec HI(%;W): (415)
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Now we introduce another extension operator denoted Ee, which coincides with the
classical even extension operator when w = —a, mapping functions defined on §,,
into functions defined on §.,, by

ur,q); if (nq) €Sy,

u(r, 2q); if (ng) €S,

‘a

(Eeu)(riq) = {

Finally, we define the required operators E and R, by
a a
(Eu)(rig) == —(Eeu)(rg) + (1~ —)Ep(1iq); (1q) € Saywi

and

(RV(Eq) i= ——— (V(5,@) ~V(T: 0)); (1) € Sy

Simple computations show that E and R have the desired properties.
The proof of Theorem 3.4 is similar. The operators E and R from Theorem 3.4
are defined in the same manner as in the above proof.

5. ANAPPLICATIONTO A NONCONFORMINGFINITEELEMENT PROB-
LEM

In this section, we apply the results of the previous to a modified Crouzeix-Raviart
nonconforming finite element approximation. Let Q be a polygonal domain in R2
with boundary Q. The L?(Q)-inner product and the L?(Q)-norm are denoted by
(+;-) and ||-||, respectively. We consider the Dirichlet problem

{ —Au=f in Q; 5.1)

u=0 on 7Q:
We consider the simple boundary condition above for convenience of notation. All
of the results to be given extend to Dirichlet problems with mixed boundary condi-
tions.
The variational formulation of (5.1) is the following:
Find u e V := H}(Q) such that
a(u;v) =F(v) forallve H3}(Q); (5.2)
where F(v) = (f;v) and
a(u;v) :/ Ou-Ovdx  forall u;ve H3(Q):
Q

Let 7, be a quasi-uniform triangulation of Q and let h = ma_; diam(t).
ted,
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Next, we consider the Crouzeix-Raviart finite element nonconforming space

V,,:=={Vv|vislinearonall t € .7;
v is continuous at the midpoints of the edges
v=_0 at the midpoints situated on 7Q};

and define on 'V -+, the bilinear form

a,(u;v) = z D¢ (u;v); where D¢ (u; V) :/Du-Dvdx
tes, t

and the associated norm
[ully, = y/an(u;u):

It is easy to show that the form &, (-;-) is positive definite on \{. The Crouzeix-
Raviart approximation is: Find u,, € V,, such that

a,(u,;v)=F(v) forallveV,: (5.3)
The next statement is a version of Strang’s Lemma [2, 6, 7].

Proposition 5.1. LetucV andw €V, bearbitrary. Then

. u—wVv
lu—w|, < inf|ju—vl|, +sup i i) (5.4)
VeV vev, (V] h

Proof. Let U €V, satisfy
a,(G;v) =a,(uv)  forallveV,:
Then, a, (G—u;v) = 0 for all v V, and consequently,
Ju= i, = inf Ju—vily
Thus,

- ~ . (G—w,v)
lu—w, < lu— i+ [d—wi, = Ju—, +sup nE 1Y
VEV, HVHh

Moreover,
8y (0 —WV) = 30— U+ U—wV) = 8,(u—w):

Combining the above estimate and equalities we obtain (5.4). O
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In particular, when u is the solution of (5.2) and w = u,, is the solution of (5.3),
we obtain the estimate

ah(ulr_ i (5.5)

u—u.l,. <infllu—v su
I h”h\vevh” [, +sup VI,

VeV,

If ue H2(Q)NHZ(Q), the first term of the right-hand side of (5.5) can be estimated
by chju| ,, using standard approximation properties. For the second term, we can
use the %Ilowing result (see, e.g., [2], [7]).

Lemmab5.1. Letu e H3(Q) NH(Q) be the solution of (5.2) and u,, be the
solutionof thediscreteproblem(5.3). Then,for somepositiveconstanic

u—u.,;Vv
ah(THhh) <chuf,,; forall veV;ue H?(Q)NH(Q): (5.6)
Consequently
lu—uyll, < chjul,, forall ue H*(Q)NHG(Q): (5.7)

The method given by the discretized problem (5.3) has the disadvantage of not
being stable when F is only in V/ = H=1(Q). A modified method, which is stable
on H~1(Q), can be defined as follows.

First, we define .7, to be the triangulation obtained from .7, by joining the

midpoints of the edgeszof the triangles in 7. Let S; be the standard conforming

2
finite element space of all functions in H}(Q) which are linear on each triangle
t € 7, NotethatS, CV.

Nezxt, we definezthe operator T @\, — S, by Tv=w, where
2
1. w(x) = v(x) when x is a midpoint of an edge in .7},

2. w(x) = 0 when x s a vertex of 7Q,

the midpoints of those edges in .7, that are adjacent to x.

Clearly, ny is bounded above by a fixed natural number. Let M, be the set of all
midpoints of the edges in .7;. Let E,, be the set of all line segments connecting in
each triangles in .7, the mid points of the edges. Finally, let E, _, be the set of all

edges in .7,. Then,
2
V]| ~ h? ZA VA(Y,); VEV,;
Yi €My
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VIR ~ > (vy) —V(yj))z; vev;
s ;yJ‘)EEh
and
Wik () ~ (W(x) —w(x;))% We S
(4:%))€Bp=,
From the way we defined T and by using the above equivalences, it is easy to verify

that
TV[Zaq) Scan(vv);  forallvev, (5.8)

and
[Tv—v|?<ch?a (vv);, forallveV; (5.9)
for some positive constant c.
Consider the following modified version of Problem 5.3: Find (, € V,, such that
a,(G,v)=F(Tv);, forallveV,, (5.10)

Note that since Tv is in V, (5.10) is well defined for F € V. We will use the in-
terpolation results from the previous two sections to prove an error estimate for the
modified method.

Theorem 5.1. Letu bethesolutionof (5.2) andlet G, bethesolutionof (5.10).
Then,for s € [0;1], we havethefollowing error estimate:

lu= Gyl < ch®llull yresqy; Torallue HS(Q)NHH(Q): (5.11)

)l

Proof. Forue H3(Q), we set F(v) = (—Au; V) and define Ru= G, where (G, is
the solution to (5.10). By taking v = G, in (5.10) and by using (5.8), we easily get
that

IPaulln = [1Gy[ln < cflulljyzq):

This immediately implies that

I =Pyully < cllullys gy forallue H3(Q): (5.12)
Next, for u € H2(Q) NH&(Q), from Proposition 5.1, we obtain

ap(u—Gy;v) |
| '

u—"=0.l,. < infllv—=u su
| hHh\vevhH [+ sup VI,

VEV,

Using standard approximation properties gives

i Ju vl < i Ju vl < hlul g
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To estimate the second term in the right-hand side of the above inequality, we note
that

8, (U—Up;v) = 8, (U— Uy V) + 8, (U, — Gpsv); Ve V!
From Lemma 5.1,

(U~ U V) < chlUl o g V]

On the other hand, with the help of (5.9),
a,(u, — G v) = a, (U, v) — ay Gy v) = (f;v) = (£, Tv)
<1 v =TV < chlul, o g V]
Combining the above estimates gives
(I =PB)ull, < chHuHHz(Q); forall ue H?(Q) NH(Q): (5.13)

Finally, from (5.12) and (5.13), by using interpolation and the result of Chapter 3,
we obtain
I(1 = Pull, < ch®| = ch’|

|u||[H2r1H(};Hg]1 s |u||Hl+s(Q);

for all u € HS(Q) NHZ(Q). This completes the proof of the theorem. a
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