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Abstract. The purpose of this paper is twofold. The first is to describe some simple and
robust iterative schemes for non-symmetric and indefinite elliptic boundary value problems.
The schemes are based in the Sobolev space H'(2) and require minimal hypotheses. The
second is to develop algorithms utilizing a coarse grid approximation. This leads to iteration
matrices whose eigenvalues lie in the right half of the complex plane. In fact, for symmetric
indefinite problems, the iteration is reduced to a well conditioned symmetric positive definite
system which can be solved by conjugate gradient iteration. Application of the general theory
as well as numerical examples are given.

1. INTRODUCTION.

In the first part of this paper, we shall describe methods based on the normal equations
with respect to the Sobolev space H(Q). Methods of this kind have been suggested in [8]
and in [3]. In [3], a theorem providing bounds for iterative convergence rate was given.
Here, we give a somewhat more general version of the above mentioned result and elaborate
on its applicability and implementation. These methods are particularly robust in that
preconditioners can often be developed from problems with different boundary conditions
and only limited regularity is required on the solutions of the underlying partial differential
equation.

In contrast, iterative schemes for non-symmetric and indefinite systems have been stud-
ied which are based on the normal equations in discrete L2. The analysis of the resulting
iterative schemes seems to require full elliptic regularity. In addition, rapid convergence of
the L2 based algorithms requires more stringent restrictions on the boundary conditions
of the problem from which the preconditioner is derived [12].

The H'(Q) based schemes which we shall describe are simple to analyze and robust.
Alternative schemes based on generalizations of conjugate gradient and conjugate residual
methods have been proposed. Theoretically, none of the generalized schemes can be shown
to be asymptotically faster than the H' () normal equation method which we shall de-
scribe. Extensive comparisons of these methods have been made [8]. These experiments
suggest that the methods exhibit similar performance when they converge. However, the
generalized approaches may fail to converge in certain applications.

In the second part of this paper, we introduce a technique for reducing certain indefinite
or non-symmetric problems to ones whose spectrum is contained in the right half of the
complex plane. We then show how this may be utilized to define an easily computable

This manuscript has been authored under contract number DE-AC02-76CH00016 with the U.S. Depart-
ment of Energy. Accordingly, the U.S. Government retains a non-exclusive, royalty-free license to publish or
reproduce the published form of this contribution, or allow others to do so, for U.S. Government purposes.
This work was also supported in part under the National Science Foundation Grant No. DMS84-05352
and by the U.S. Army Research Office through the Mathematical Sciences Institute, Cornell University.

Typeset by ApS-TEX



iterative procedure for solving the resulting reduced problem. In the symmetric indefinite
case, the reduced problem is symmetric positive definite and hence, for example, the con-
jugate gradient method may be applied. In the nonsymmetric case, the reduced problem
may be solved using, for example, the GMRES algorithm (cf. [16]).

We shall develop the iterative schemes in an abstract way. To do this, we assume that
we are given a Hilbert space S with norm and inner product respectively denoted by ||-|| g
and /i(-, -). The space S is compactly and densely contained in a larger space L? with
norm and inner product denoted ||-|| and (-,-). We shall be interested in approximating
the solution v € S of the problem

(1.1) A(u,0) = (f,0) forall 6 € S,

for a given function f. The quadratic form A may be non-symmetric or indefinite but is
assumed to be bounded in the norm on S.

We shall describe the iterative schemes applied to a family of approximations to (1.1).
To this end, we assume that we are given finite dimensional approximation spaces S, C &
indexed by h € (0,1]. The parameter h corresponds roughly to an approximation grid size
and problems with larger A have fewer unknowns. The approximation u; € Sy is defined
to be the Galerkin projection, i.e.

(1.2) A(un, @) = (f, d) for all ¢ € Sp.

We shall always assume that (1.1) and (1.2) are uniquely solvable. In applications, this is
often the case with only minor restriction on the size of h, e.g. h < hg for a fixed constant
ho. We shall develop various preconditioned iterative schemes for computing the solution
of (1.2) in the remainder of the paper.

In Section 2, we describe the preconditioned iterative schemes based in H! for (1.2).
These schemes have appeared in earlier literature [3],[8]. We state a couple of simple
theorems which provide bounds for their convergence.

In Section 3, we describe iterative schemes in a reduced subspace utilizing a coarse grid
approximation. Alternative ways of using a coarse grid approximation in these types of
problems have appeared, for example, in [5], [6] as well as in the multigrid literature (see
[4],[11] and the extended bibliography in [13]. Our approach is unique in that it leads to
a problem with lesser rank and a well conditioned symmetric positive definite system in
some applications.

We present applications in 4. There we consider second order equations with first order
terms, oblique boundary derivative terms, as well as zero’th order terms of the Helmholz
type. Finally, the results of numerical experiments illustrating the convergence of the
proposed iterative schemes are given in Section 5.

2. A GENERAL ITERATIVE METHOD WITH PRECONDITIONER BASED IN H!.

In this section, we provide iterative schemes for (1.2). These schemes will be defined in
terms of a symmetric positive definite quadratic form Bj on S, x Sp. We suppose that
there are constants Cy and C satisfying

(2.1) Cod($,9) < Bi($,9) < CrA(¢,)  for all § € Sy,
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The form By, will provide the preconditioner for A. For the subsequently described iterative
methods to be effective, the ratio Cy/Cy should remain relatively small even as h becomes
small.

To describe the iterative methods, we first consider computer representation of the finite
element problem (1.2). The computer realization of (1.2) assumes a given basis {¢¢}1*;
for Sp. The function uy solving (1.2) is expanded in this basis as

nh
un =Y Updh.
i=1
The unknown coefficients satisfy the matrix equation

(2.2) AUy = F,

where Ay, is the “stiffness matrix” with entries (Ap)i; = A( 2,¢i) and the Fj, is the
vector with entries (Fj); = (f, ¢%). The preconditioning matrix (By)ij = Br(¢%, #7) is
analogously defined. Finally, the preconditioner M}, is defined to be the inverse of By,.

The iterative schemes are based on the following simple observation. The solution Uy,
of (2.2) satisfies

(2.3) AU = Np AL N ApUp = Ny AL NI F.
The matrix A = M, hAZM WAy is symmetric on R™" equipped with the inner product
(2.4) [V, W]y = V'B,W.

It is immediate that

(2:5) [AV, W = (AV) My(AuW) = [V, AW .

Solvability of (1.2) and (2.1) imply that A is positive definite with respect to this inner
product. The preconditioned H! based iterative scheme for solving (2.2) is nothing more
than the conjugate gradient method applied to (2.3) in the inner product (2.5). This leads
to the following algorithm.
ALGORITHM 2.1.

(1) Let an initial approximation Vg to Uy, be given (e.g., Vo =0).

(2) Set RO = Ath(Fh - Ah%) and PO = MhRO-

(3) For i > 0 define:

RYP;

(ARPy)t My (AnP;)’

Vili=Vi+ o B,

Rit1 = R; — ;AL My AL P,

i = (Mh~Ri+1)tf~12J\;{h/~1hPi
(ApP;)t My (AnF;)

Pip1 = MyRiq — Bi P
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REMARK 2.1: Note that the inner product (2.4) does not appear in the above algorithm.
Thus, it is possible to use a preconditioner M}, without explicitly knowing the correspond-
ing form Bp(-,-) as long as an algorithm for computing the action of M, is available. In
addition, the above algorithm can be coded so that exactly two evaluations of M, and one

evaluation of A, and /I’;l are required per iterative step.

REMARK 2.2: The above algorithm is not new. Equivalent versions have appeared in the
literature (e.g., Algorithm IT of [3] and Algorithm 9.3 of [8]).

To bound the rate of convergence of the above conjugate gradient algorithm [15], it
suffices to estimate constants satisfying inequalities of the form

(2.6) ColV, V] < [AV, V] < C3[V, Vi,

for all vectors V € R"". In fact, it is well know that 7 steps of the above algorithm reduces
the initial error by a factor which is less than or equal to

(27) N o

in an appropriate norm.
For the purposes of analysis, it is more convenient to deal with operators defined on

~

spaces. We start with the case where By(+,-) = A(:,-). Let V, W be vectors and set

np Np
v = ZV’@S% and w = ZW’QS}L
=1 =1

Note that Mhzzi}k provides a matrix representation of an operator on the subspace Sp.
Indeed, if W = M}, A,V then

(2.8) A(w, ¢) = A(v, ¢) for all ¢ € Sp,.

We note, in addition, that

A

[V, W], = A(v, w).

Let w € Sy, solve (2.8). We can write w = Rpv where Ry : S, — Sy, is defined by
Rpv = x where x is the unique function in S, satisfying

(2.9) Alx,¢) = A(v,¢)  for all ¢ € Sp.

Note that Ry = A;lAh where Ay, : S, — S, is defined by
(Apv,0) = A(v, ) for all § € S,

and Aj, is defined analogously. It immediately follows that

[.AV, V]h == A(th, th).
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Thus, (2.6) can be rewritten
(2.10) Cy |lol3n < [|Rwv||2n < Cs|v]|3: for all v € Sp.

Of course, (2.6) is not the same as (2.10) when By(-,-) # A(-,-). In that case, (2.1) and
(2.10) can be combined to show that

(2.11) CoCT 2V, V] < [AV, V] < C3C 2 [V, V],

Thus, in either case, estimates for the rate of convergence of the above conjugate gradient
algorithm will follow from estimates of the form of (2.10) provided that Bj is a good
preconditioner for A on Sy

REMARK 2.3: As we have seen above, in the case when By(-,-) = A(-,-), MpAy is a
matrix representation of the operator Rj. Similarly, Mhﬁz is a matrix representation
of the adjoint of the operator Rj; with respect to the inner product A(, -). Thus, the
reformulation (2.3) is developed by first preconditioning the system (i.e. applying Mj)
and subsequently multiplying by the A(-,-) adjoint of the preconditioned system. In many
applications, fl(-, -) corresponds to the inner product in H((Q).

Let the operator R : S — S be defined by Rv = x where x is the unique function in &
satisfying
(2.12) A(x,0) = A(v,0)  forallf € S.

The following theorem provides some hypotheses for proving the lower estimate in (2.10).
Note that the upper estimate follows immediately from the boundedness assumption on
the form A(-,-). For the purposes of this theorem and elsewhere in the remainder of this
manuscript, the character C will be used to denote a generic positive constant which may
take on different values in different places. The constant C will always be independent of
the mesh parameter h.

THEOREM 2.1. Let Ry and R be defined respectively by (2.9) and (2.12). Assume that
the following estimates hold:

(2.13) 10l g2 < C{lIBaOli g + 116]]}  for all 6 € Sp.
There exists a fixed positive number v with
(2.14) (R — Rp)8|| < ChY||0]| g for allf € S.
For any € > 0 there exists a constant C, such that
(2.15) 10]] < Cel|ROIl + €ll0llfr  for allf € S.
Then there exists a constant hg > 0 such that for h < hy,

10]| g1 < C || RpO|| g for all 0 € Sy,.

This theorem was essentially given in [3]. Its proof is obvious. Applications of the
theorem are given in detail in Section 4.



3. A COARSE GRID REDUCTION TECHNIQUE.

We develop a method which utilizes a “coarse grid solve” in this section. This results in
a system with a reduced number of unknowns which is either positive definite in the case
when A is symmetric indefinite or has a positive definite symmetric part in the general
case.

To describe this technique, we assume that along with our approximation space Sy, we
are given a “coarser” subspace Sy C Sp, with mesh parameter H > h. We are interested
in solving (1.2).

The algorithm is developed in terms of the projector Py : & — Sy which is defined by
Pyv = w where w € Sy is the solution of

(3.1) A(w, ¢) = A(v, ¢) for all ¢ € Sy.

Subsequently, we shall impose sufficient conditions such that the solvability of (3.1) is
guaranteed provided that H is sufficiently small. Throughout this development, we shall
assume that the solution of the coarse grid problems, e.g. (3.1) is relatively inexpensive.
We then write the solution of (1.2) as

(3.2) up, = Pgup + (I — PH)Uh.

We next provide a technique for computing (I — Py )up,. Let Qg denote the L? projection
onto Sy, i.e. Qv is the unique function in Sy satisfying

(Quv,w) = (v,w) for all w € Sy.
Note that (I — Pg)uy, satisfies the equation
(3-3) A((I = P)un, ¢) = (f, ¢) — A(Prun,¢)  for all ¢ € Sp.

Let S,f be defined as the image of S, under the operator I — Q. Then it is easy to see
that (I — Pg)up = (I — Pg)v for any function v € S}, satisfying

(3.4) A(I = Pua)v,¢) = (f,6) — A(Prun,¢)  forall ¢ € Sy

We will later impose conditions which guarantee the existence of a unique function v € S,f
satisfying (3.4). The algorithm for the reduced equations is, essentially, a scheme for
solving (3.4).

Before stating the reduced algorithm, we provide a theorem which guarantees existence
and uniqueness of solutions to (3.1) and (3.4).

THEOREM 3.1. Assume that the form A satisfies a Garding inequality of the form
(3.5) C4A(v,v) — Cs ||v]|> < A(v,v)  forallv e S.
Assume that there is a fixed y > 0, such that functions w € Sy satisfying (3.1) also satisfy

(3.6) lv —w|| < CH" ||v — w|| g for allv € S.
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Then there exists a positive constant hg such that for H < hg, (3.1) is uniquely solvable
and (3.4) is uniquely solvable in S,-IL. Moreover, there exists a positive constant C' such
that

A

(3.7) CsA((I — Pr)v, (I — Pg)v) < A((I — Pu)v, (I — Pg)v),

for all v € S;,.

PROOF: The unique solvability of (3.1) under the above assumptions follows applying an
argument given in [17]. Inequality (3.7) follows combining (3.5) and (3.6).

We need only show the unique solvability of (3.4) on S;-. Inequality (3.7) implies that
the quadratic form on the left hand side of (3.4) has a non-negative symmetric part which
vanishes only on functions v with (I — Py)v = 0. For v € Si-,

loll = I = Qu)I = Pr)v|l < [|(I — Pu)v,

This completes the proof of the theorem.

Theorem 3.1 justifies the following three step algorithm for computing the solution wuy,
of (1.2).
ALGORITHM 3.1.

(1) Compute Pyuy and the data on right hand side of (3.3).
(2) Find the unique function v € Sj- satisfying (3.4).
(3) Compute (I — Pgr)v and set up, = Pgup + (I — Pg)v.

We propose to solve problem (3.4) by preconditioned iteration where the preconditioner
is defined in all of §,. We shall illustrate this by first considering the case when the form
A is symmetric (but indefinite). To this end, we note that the function v € S,f satisfying
(3.4) is the solution of the operator equation

(38) Ah(I — PH)’U = th - AhPHuh

where @, is the L? projection onto S,. By (3.7), Ay = An(I — Pg) is a (symmetric)
positive definite operator on S;- under the symmetry assumption on A. As in Section 2,
let By, be a symmetric positive definite preconditioning form and define the corresponding
preconditioning operator My, : Sy — Sy, by

By (Mpx,0) = (x,0) for all 6 € Sj,.

Then, MhL = (I — Qu)My, is a symmetric positive definite operator on ShL
A conjugate gradient algorithm for solving the equation
M#Aﬁ’l} = M#(th — AhPHuh)

(3.9) i
=My (I-Qu)Qnf — AnPrup)

with inner product ((M;-)~!-,-) follows. It is assumed that an initial iterate vg is provided.
For example, one could take vy = 0.



ALGORITHM 3.2.
(1) Let vy be given.
(2) Set rq = (th — ApPgup, — Afb"l)o) and py = Mero.
(3) For i > 0 define:

_ (74, p3)
(Aitpiypi)’

Vi1 = Vi + Q4Pi,

Q;

riv1 =i — G Ay pi,
_ (riga, My Agpi)
 (Agpi,pi)
pit1 = Mjrit1 — Bipi.

Bi

REMARK 3.1: We note some of the computational properties of the above algorithm.
Notice that the inner product ((M;-)~!-,-) never enters into the computation. Thus, it
is possible to use a preconditioner M}, without explicitly knowing (M, hL)_1 as long as an
algorithm for computing the action of M} is available. In addition, the above algorithm
can be coded so that exactly one evaluation of M hL and A,f is required per iterative step.
Also, the algorithm can be implemented using the basis for S; explicitly avoiding the
use of a computational basis for S,f. Finally, the algorithm requires the evaluation of
(I — Py) and (I — Qp) each time A;j- and M;- are evaluated. An algorithm which avoids
the (I —Qm) evaluations will be described later. First, we consider the rate of convergence
of the algorithm just described.

To analyze the rate of convergence for the above, we must provide some estimates for the
eigenvalues of the operator M- A;- (see (2.7)). To this end, we let g = (M=t )1/2
and prove the following lemma.

LEMMA 3.1. Assume that (2.1) and (3.7) hold. Then for any u,v € Sit,

(3.10) [A((I = Pr)u,v)| < Cu |lullps (o]l g2
and
(3.11) Cy ||u||2B# < A((I - Py)u, u).

PRrROOF: Let Pg: Sy, — Sy be defined by
By (Ppv,0) = Bp(v,0) for all 0 € Sp.
It is easy to check that
(Mi5) ™ w, w) = By ((I — Pg)w,w) for all w € Si-.
First we prove (3.10). By the boundedness of A,
|A((I = Pr)u,v)| = [A((I — Pg)u, (I — Pp)v)|
< C7 (T = Pr)ull g |(1 = PB)oll g1 -
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Using (3.7), we get

(I = Pe)ul? < CA((I = Pyr)u, (I — Py)u) = CA((I — P )u, (I — Pg)u)
< C(I = Pa)ullgn (I = Po)ullg -

Dividing by |[({ — Pgr)u|| g1, using (2.1) and the identity
A((I — Pg)u,v) = A((I — Pg)u, (I — Pp)v)

proves inequality (3.10).
We next prove (3.11). By (2.1), (3.7) and obvious properties of Pg,

lullpe < Bu(( = Pr)u, (I — Pr)u)
< CA((I — Pgy)u,u).

This completes the proof of the lemma.
In the case when Ay is symmetric, Theorem 3.1 and Lemma 3.1 give

Cr (M) tu,u) < (Aju,u) < Cy((MiH) ™ u, u) for all u € Sj-.

Hence, the condition number of the operator M hLA,f is bounded by Cy/CyL.

We note that in Algorithm 3.1, it suffices to compute any function o which differs from
v by something in Sy since only (I — Py )v is required in Step 3. This observation can be
used to develop a more efficient algorithm which avoids the computation of (I — Qg).

We shall describe this algorithm in terms of the computational basis for Sy already in-
troduced in Section 2 as well as a computational basis {¢%,} for Sg. Let Ay denote the
stiffness matrix for the form A with respect to this basis and Iy denote the matrix oper-
ator which takes coefficients corresponding to a function in Sy into the coefficients which
represent the function in the basis for Sj,. We note that I Hfl;[lfqulh is the matrix repre-
sentation for the operator Py. Similarly, M, Ap, is the matrix representation of the product
My Ay,. For convenience, we shall denote by ]5}# the matrix operator I — I Hfll}lfqulh and
by F}, the vector with entries {(f, ¢¢)}. We consider the following algorithm.

ALGORITHM 3.3.
(1) Let Wy be given. o .
(2) Set Ry = Fy, — AplgAg' I Fy, — A PgWy and Py = My R,.
(3) For i > 0 define:
R!P;

 PIALPEP]
Wit =W+ o B,

Rit1 = R; — ;AL P P,
(MyR; 1)t Ap P P;
P! A, PP,

P11 = MyRiy1 — BiP;.

Q;

Bi =



REMARK 3.2: The vectors generated in Algorithm 3.3 are related to the functions gener-
ated in Algorithm 3.2. Let w; denote the function in & corresponding to the coefficient
vector W; and set vg = (I — Qu)wo. In general, w; is not in Si- however the above algo-
rithm is constructed so that (I — Qg)w; = v; where v; is generated by Algorithm 3.2, i.e.
w; differs from v; by a function in Sy. Thus, after i steps of Algorithm 3.3, P}#WZ will
be equal to the coefficients of the function (I — Pg)v;. Thus, PxW; need be computed
only after a practical convergence criterion is met. Note that Algorithm 3.3 avoids explicit
computation of the action of the operator (I — Qp).

REMARK 3.3: Algorithm 3.3 can be programmed in such a way as to only require one
evaluation of each of the operators flh, Pff, and M, per iterative step.

In the general nonsymmetric case, inequality (3.7) only guarantees that the operator A;-
has a positive definite symmetric part. It is then possible to use, for example, GMRES
[16] to develop an algorithm for computing a function v such that (I — Pg)up = (I —
Py)v. Specifically, we apply GMRES to the preconditioned equation (3.9) in the inner
product ((MhL)_l-, -).  We subsequently provide a modification of this algorithm which
avoids evaluation of (M;-)~! as well as Qg.

Mathematically, GMRES provides an algorithm for computing a best approximation in a
certain Krylov space. In our application, one assumes an initial approximation vy € ShL and
defines the Krylov space K,,, to be the span of the vectors ro, Mi-Airro, ... , (M- A;-)™ trg
where rg = M, hl(Qh f — ApPgup — Apvp). The improved approximation v, is equal to
vg + x where x is the unique function in S,f which minimizes the residual error

Iro — M3 45,0 5.

over all functions 0 € KC,,.

Arguments analogous to those used to develop Algorithm 3.3 lead to the following GM-
RES like algorithm for computing for a vector of coefficients W,,, corresponding to a func-
tion 9,, which differs from v,, by a function in Sg.

ALGORITHM 3.4.
(1) Let Wy be given. o ) )
(2) Set Ry = Fy, — Aplg Az I Fy, — A PgWy and Vi = My, Ro/ (R My Ro)/2.
(3) For j =1,2,...,m define:
fort1=1,2,...,7 define
hi; = VEARPgVj;
J
Vi1 = MpApPgV; — > hisVi;
=1
hjy1,; = (V;+1AhPIJij)1/2§
Vitr=Vjs1/hjq1;.
(4) Define Wy, = Wy + x where

m
=1
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and the coefficients y,,; are chosen to minimize the quantity

(Ro — AP x) My (Ro — AnPiX)-

REMARK 3.4: Steps (2) and (3) above are essentially the Arnoldi algorithm for imple-
menting a Gram-Schmidt orthorgonalization of the Krylov space K,,. In general, the use
such an orthogonal basis results in a more stable numerical algorithm.

REMARK 3.5: A particularly efficient technique for implementing the minimization process
in Step (4) is given in [16].

REMARK 3.6: The above algorithm becomes somewhat inefficient if m becomes too large.
Let n denote the number of unknowns. Then implementation of the above algorithm

requires storage on the order of mn and operations on the order of nm?2. Accordingly, it
is often convenient to fix m and repetitively restart the algorithm.

It is known (see [gmres|) that the rate of convergence of GMRES when applied to a
problem with a positive definite symmetric part can be bounded in terms of the smallest
eigenvalue of the symmetric part and the norm of the original operator. Let e, = (I —
Py)(v — 9y,). Applying the above mentioned analysis shows that

(M,f‘A,J;em,A,JL‘em) <(1- a2/,82)m/2(M,f‘A,JL‘eO, A,J;eo).

The constant « above is the smallest eigenvalue of the symmetric part of the operator
MhLA,f By Theorem 3.1 and Lemma 3.1, « > C. The constant 8 above is the norm of
the operator MhLA,f By Theorem 3.1 and Lemma 3.1, g < Cy.

4. APPLICATIONS.

In this section, we consider applications of the results of the previous to second order
elliptic boundary value problems. Let €2 be a domain in d dimensional Euclidean space
and consider the problem

(4.1) Lu=f  inQ,
(4.2) u = onT'p
(4.3) g—z + B(z)u=0 on I'y.

Here 09 =T'pUl'y and % denotes the outward co-normal derivative on 0€2. The operator
L is given by
d

) du & du
Lu=— 1 8—a:iaij (x)a—x] + ; bi(z) oz, + c(z)u.

5,J=

We assume that the matrix {a;;(z)} is symmetric for each z and uniformly positive definite
and bounded. We also assume that § is in L*°(01).
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We shall also consider oblique derivative problems when d = 2. In this case, we require
that 02 be piecewise smooth and let ¢ denote the (positively oriented) tangential direction
along 0€). (4.3) is replaced by

(4.4) Qu + B(x)u + a(x)g—? =

0 on I'y.
We assume that o is in the Sobolev space W1 (9Q) (c.f. [1],[10]).

To develop and analyze this example, we shall need to use Sobolev spaces on €2 and 0f).
For non-negative [, the Sobolev space of order [ on  will be denoted H'(Q2) with norm
|]l;- On the boundary, the space of order [ will be denoted H'(0Q2) with norm |-,.

We next provide the weak formulation of (7). Define S to be the functions in H(£2)
whose trace vanish on I'p. Let (-,-) denote the L?(Q2) inner product and < -,- > denote
the L2(0€) inner product. The weak formulation of (4.1)-(4.4) is: Find u € S such that

A(u,9) = (f,9)  forally € S.

Here, the form A is defined by

d oy 90 . . 9
A00= 3 0,2 2 S0
(4_5) i,j=1 J i=1
oY
+ (C’lp,9)+ < ,31,0-1—05,9 > .

By convention, we take 0 = 0 when d # 2. Clearly, A is a bounded bilinear form with
respect to the norm in H!(Q).
To prove the hypotheses of the theorems in the previous section, we shall use the equiv-

alent inner product
d

. oy 00
A 0) = 9o ' 3 0
3,j=1
on H'(Q).

We note that the Garding inequality (3.5) holds for the form A. In fact, the term
associated with the tangential derivative results in no difficulty since

oY . oo oY
<0§’¢ >=—< E¢’¢> <g¢’§ >

and hence

oY

4. —
(4.6) <o

do
Y >=-1/2< Ezﬁ,zﬁ > .

The remaining terms are handled by standard perturbation arguments.

REMARK 4.1: Many approaches for providing estimates for non-symmetric and indefinite
problems require that the form differs from a “nice” form (e.g., A(-,-) ) by a lower order
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perturbation. Our theory only requires that the symmetric part of the form differs from
a nice form by a lower order perturbation. Note that the oblique derivative term in (4.4)
is the same strength as the second order derivative terms in (4.1). However, (4.6) shows
that term < 0%—15, 1 > is weaker than A(w, ).

We shall assume that (?) and its adjoint have unique solutions. In addition, we assume
that solutions of adjoint problem satisfy a modest amount of elliptic regularity. Specifically,
given g € L?(Q), let v solve

A(p,v) = (6,9) for all ¢ € S.

We assume that for some v € (0, 1], there is a constant C' not depending on g € L?(2)
such that

(4.7) [olli1, < Cllgll-

Such estimates for problems with boundary conditions (4.3) can be found in [9],[14]. In
the case of (4.4), we refer to [18].

We approximate the solution of (?) by using the finite element method. This involves
the use of a sequence of approximations spaces {Sp} which are subspaces of S and indexed
by h € (0,1]. Many examples of such constructions can be found in [2],[7]. We put very
little restriction on these spaces other than the requirement that they satisfy standard
approximation properties. In particular, we allow mesh refinement in all of our applica-
tions. In this case, the parameter h corresponds to the size of the largest triangle or finite
element.

For the purposes of developing iterative algorithms, we only require that the subspaces
satisfy

: i — |, < :
(4.4) Ao lv—¢lly < Chijvlly

The inequality (?) holds with fixed C and for all v € H?>(2) N'S. This does not exclude
the use of higher order spaces and refinement in order to obtain better solution accuracy.

The Galerkin approximation up € Sp to the solution u of (?) is defined by (1.2). In-
equality (3.6) follows applying the standard finite element duality technique [2],[7], (4.7)
and (7). Thus we have shown that the hypotheses of Theorem 3.1 hold for this applica-
tion. The following theorem show that the hypothesis of Theorem 2.1 also hold for this
application.

THEOREM 4.1. Under the above assumptions and definitions of S, S, Ah, and A, (7)-
(2.15) hold, i.e., the hypotheses of Theorem 2.1 hold.

We shall use the following lemma in the proof of Theorem 4.1. Its proof will be given
in the appendix.

LEMMA 4.1. Let 0 < € < 1/2 be fixed. For all $ € S and v € H*T¢(Q) N S,

(4.8) Ad,9) < Cllblly—c 191l -
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PROOF OF THEOREM 3: We first prove (2.13). By (3.5), for 6 € Sy,
A(0,0) < C;H(C4A(0,0) - Cs ||0]* + Cs [|0]1%)
(4.9) < CTH(A(0,0) + Cs [191P)
= C;7H(A(Rn,0) + Cs ||0]]%).

Inequality (2.13) follows from (4.9) and obvious manipulations.

We next prove (2.14). Let Pj, denote the elliptic projection onto the space Sp, i.e.
Py, : § — S be defined analogously to Py in (3.1). From the definition, it is immediate
that Rp, = PpR. Inequality (3.6) with h replacing H gives

I(R— Rp)¢ll < CRY R4, -
Note that R is defined by the relation
A(Rv,¢) = A(v,¢)  forall ¢ € S.
Taking ¢ = Rv and using the boundedness of A(-,-) gives
(4.10) [1Bo]l, < Cllolly -

Inequality (2.14) follows.
Before proving (2.15), we first define some additional notation. Let S~! denote the dual
of S, i.e., S~ is the set of distributions on Q for which the norm

o we)
el 2= S92,

is finite. In addition, we define the following operators:

(1) A: S+ 87! by Aw = v where v is the unique function in S~ satisfying
(v,¢) = A(w, @) for all ¢ € S.

(2) A:8— 8! by Aw = v where v is the unique function in S~! satisfying
(v,¢) = A(w,¢)  for all ¢ € S.

(3) T:8 '+~ 8 by Tw = v where v is the unique function in S satisfying
A(v, ¢) = (w, @) for all ¢ € S.

(4) T* : S~ +— 8 by T*w = v where v is the unique function in S satisfying
A(p,v) = (w, @) for all ¢ € S.

(5) T: 81+ S by Tw = v where v is the unique function in S satisfying

A

A(v, ¢) = (w, @) for all ¢ € S.
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Note that R = T'A.
We now prove (2.15). For u € S,

ul|? = A(u, T*u) = (Au, T*u) = A(T Au, T*w).
Applying Lemma 4.1 gives

[l < © |[PAu| Tl

Inequality (4.7) and convexity give

lull < ClIRull,_, < C|[Rull*||Rull;™

(4.11)
< Cs || Rull + 6 || Rull, -

Inequality (2.15) follows immediately follows combining (4.10) and (4.11). This completes

the proof of the theorem.

5. NUMERICAL EXPERIMENTS.

In this section, we provide the results of numerical examples illustrating the theory
developed in earlier sections. We shall consider a model problem in two dimensional space.
Specifically, we consider problem (4.1)-(4.4) where

Q=10,1] x [0,1]
Lu = —Au + aug + bu, — du.

The constants a, b, d are parameters in the examples to be presented later. Examples will
be given when I'y = () and when I'; # () and o # 0 on I';. Here A denotes the Laplacian.

The sequence of subspaces are the usual finite element approximation spaces. Specif-
ically, the domain €2 is first partitioned into N x N square subdomains of side length
1/N. Each smaller square is then divided into two triangles by one of the diagonals. The
approximation space Sp, is defined to be the set of functions which are continuous on €2,
piecewise linear with respect to the triangulation, and vanish on I'y.

We seek the Galerkin solution up € Sy, satisfying (1.2) where A(-,-) is defined by (4.5).

A preconditioning form for the equation (1.2) is as follows

For our first example, we consider I'y = () and a = 0, b = 0. By ite we denote the
number of iterative steps for an iterative method to get the relative accuracy 1078, i.e.
|W:]| < 10~8||Wy]|, where W; is the approximation of Uy, in i*! iterative step. Let s denote
the condition number of the system (2.3) and Ny be the partition parameter of “coarse
mesh” analogous to N.
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Table 5.1

Test results for Algorithm 2.1

Consider Algorithm 2.1. Table 5.1 gives us the condition numbers of the system (2.3)

N o K ite
32 115 1136.8 61
64 115 1030.0 62
32 150 1953.7 75
64 150 2234.8 7
Table 5.2
Test results for Algorithm 3.3
N N() g K ite
32 8 115 <0 no convergence
32 16 115 1.84 11
64 16 115 2.21 12
32 16 150 2.26 11
64 16 150 2.79 13
Table 5.3
Test results for Algorithm 3.4
N NO g K ite
32 8 115 77 77
32 16 115 77 7?7
64 16 115 77 7?7
32 16 150 77 77
64 16 150 77 77

and the number of iterative steps for different values of N, Ny and o.

We compare these results with the results given by Algorithm 3.3 (see Table 5.2) and

Algorithm 3.4 (see Table 5.2)

It is evident that Algorithms 3.3 and 3.4 outperform Algorithm 2.1. The Algorithm 3.4
is more robust than Algorithm 3.3, since it can perform computations for any parameter

No.

We next consider the following parameters

(5.1)

and @ = 1, b = 2. Since the problem is not symmetric we compare only Algorithms 2.1 and

]:‘1:{(377y)x:()70§y§1}
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3.4 (for nonsymmetric problems we do not compute the condition number). The results
are given in Table 5.4 and Table 5.5.
the code is not ready yet

Table 5.4
Test results for Algorithm 2.1
N o k(7) ite
32 115 ?7? 7?7
32 115 ?7? 7?7
64 115 7?7 77
32 150 7?7 77
64 150 77 77
Table 5.5
Test results for Algorithm 3.4
N Ny o ite
32 8 115 77
32 16 115 7?7
64 16 115 7?7
32 16 150 7?7
64 16 150 77
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