REGULARITY ESTIMATES FOR ELLIPTIC BOUNDARY VALUE
PROBLEMS IN BESOV SPACES
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ABSTRACT. We consider the Poisson equation under Dirichlet boundary conditions
on a non-convex plane polygonal domain . Regularity estimates in terms of Besov
norms and Sobolev norms of fractional order for this type of problem are studied. The
analysis is based on new interpolation results and multilevel representations of norms
on the Sobolev and Besov spaces. The results can be extended to a large class of elliptic
boundary value problems. Some new sharp finite element error estimates are deduced.

1. INTRODUCTION

Regularity estimates of the solutions of elliptic boundary value problems in terms
of Sobolev norms of fractional order are known as shift theorems or shift estimates.
The shift estimates for the Laplace operator with Dirichlet boundary conditions on
non-smooth domains are well known (see, e.g, [17], [19],[23]). The classical regularity
estimate for the case when 2 is a polygonal non-convex domain in R?, with boundary
092, and the largest re-entrant corner of measure w is as follows:

If w is the variational solution of

(1.1) { _AZ

then, for 0 < s < sg = 7/w, we have
(1.2) [ullies < CO)f14s  forall fe T Q).

Here the norms involved are the standard Sobolev fractional norms. We will prove that
the estimate (1.2) holds for the case s = sy provided the fractional Sobolev norm on
the left hand side of (1.2) is replaced by a related Besov norm, and the norm on the
right hand side of (1.2) is replaced by another closely related norm. The new shift result
leads to new finite element convergence estimates. The method presented here can be
extended to other boundary conditions such as Neumann or mixed Neumann-Dirichlet
conditions.

In this paper, the technique involved in proving shift results is the real method of
interpolation of Lions and Peetre ([3], [20] and [21]), the cases p = 2 and p = oo (where
p is the second Besov index), combined with the subspace interpolation theory. We
are led to the following type of interpolation problem. If X and Y are Sobolev spaces
of integer order and Xy is a subspace of codimension one of X, then how can one
characterize the interpolation spaces between Xz and Y for p = co? The problem was
studied in [17] and [2] for p = 2 and particular spaces X and Xg. In those papers the
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intermediate spaces are the standard Sobolev (Hilbert) spaces, while in this paper, we
will focus on the non-Hilbert space case p = oo and the critical value s = sg.

The interpolation results presented in Section 2 give a natural formula connecting the
norms on the intermediate subspaces [Xg, Y s o and [X, Y] o when X is of codimen-
sion one. Our approach in proving subspace interpolation problems is to use multilevel
representations of the norms for the Sobolev spaces of integer order. The Besov norms
obtained by interpolation (the case p = co) between Sobolev spaces of integer order have
good multilevel representations. (For multilevel representations of norms see, e.g., [§],
[10] and [24].) In Section 3 the main result concerning the codimension-one subspace
interpolation problem is presented. Shift theorems for the Poisson equation on polygonal
domains are considered in Section 4. In the last section, a straightforward application of
the above interpolation results is shown to lead to some new estimates for finite element
approximations.

2. INTERPOLATION RESULTS

In this section we give some basic definitions and results concerning Besov spaces
and Hilbert spaces as interpolation between Hilbert spaces using the real method of
interpolation of Lions and Peetre (see [3], [4]), [20]).

2.1. Interpolation between Hilbert spaces. Let X,Y be separable Hilbert spaces
with inner products (-,-)x and (-, )y, respectively, and satisfying for some positive con-
stant c,

(2.1) { X is a dense subset of Y and

lully< cllul|x  for all u € X,

where ||ul|% = (u,u)x and ||ul|? = (u,u)y.
Let D(S) denote the subset of X consisting of all elements u such that

(2.2) v— (u,v)x, vE€X

is continuous in the topology induced by Y.

For any u in D(S) the anti-linear form (2.2) can be uniquely extended to a continuous
anti-linear form on Y. Then by Riesz representation theorem, there exists an element
Swu in Y such that

(2.3) (u,v)x = (Su,v)y forallve X.

In this way S is a well defined operator with domain D(S) in Y. The next result
illustrates the properties of S (see [20]).

Proposition 2.1. The domain D(S) of the operator S is dense in X and consequently
D(S) is dense in Y. The operator S : D(S) CY — Y is a bijective, self-adjoint and
positive definite operator. The inverse operator S™' 1Y — D(S) C Y is a bounded
symmetric positive definite operator and

(2.4) (S7'z,u)x = (z,u)y forallzcvy, ucX.
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The interpolation spaces [X,Y]s2 and [X, Y] o for s € (0,1) are defined using the K
function, where for v € Y and t > 0,

K(t,u) = inf (Jluoll% + ¢*[lu — uo[l3) .
ug€eX

Then the space [X, Y] o consists of all u € Y such that
sup t"* K (t,u)? < oo,
>0

and [ X, Y], consists of all u € Y such that

/ VK (8 u)? dt < oo.
0
The norm on [X, Y] is defined by

[ cﬁ/0 =Rt u)? dt,

o0 t1—2s —1/2 2 )
Cs 1= (/0 o 1dt) =\ sin(7s).

Similarly, the norm on [X, Y], o is defined by

where

lullix vy, o = sup Kt u).
By definition we take
[(X. Y] =X, [X.Y]12:=Y,

and
(2.5) [(X.Y]poo =X, [X,Y]j: =Y.
The next lemma provides the relation between K (t,u) and the connecting operator S.
Lemma 2.1. Forallu €Y andt > 0,

K(t,u)? =t* (I + ¢S u,u)
Proof. Using the density of D(S) in X, we have

v

2 .
Kt = inf (ol + = woll})

Let v = Sug. Then
(2.6) K(t, u)2 = inf ((S™'v,v)y + |lu— S™"|3).

veY

Solving the minimization problem (2.6) we obtain that the element v which gives the
optimum satisfies
(I +t2S™ 1w = t?u,
and
(S vy +Plu—S |y = (T +£°S) tu,u), .
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Remark 2.1. Lemma 2.1 yields other expressions for the norms on [X,Y |52 and [X, Y] c-
Namely,

(2.7) ||u||2[X7Y]S2 = c?/ {2t ((I + tQS_l)_lu,u)Ydt,
’ 0
and
(2.8) ||u||2[X’Y]Soo — sup 2= (([ + tQS_l)_lu,u)Y.
: >0

2.2. Interpolation between subspaces of a Hilbert space. Let K = span{¢} be
a one-dimensional subspace of X and let Xx be the orthogonal complement of K in X
in the (-,-)x inner product. We are interested in determining the Besov interpolation
spaces of X and Y, where on Xy we consider again the (-, -)x inner product. To apply
the interpolation results from the previous section we need to check that the density
part of the condition (2.1) is satisfied for the pair (X, Y).

For ¢ € K, define the linear functional A, : X — C, by

Aju = (u,9)x, ue X.

The following result is an extension of Kellogg’s lemma [17]. The proof can be found
in [2]. For completness we include the proof also.

Lemma 2.2. Let K be a closed subspace of X and let Xy be the orthogonal complement
of K in X in the (-,-)x inner product. The space Xy is dense in'Y if and only if the
following condition is satisfied:

A, is not bounded in the topology of Y
forall p € IC, ¢ # 0.

Proof. First let us assume that the condition (2.9) does not hold. Then for some nonzero
¢ € K the functional A, is a bounded functional in the topology induced by Y. Thus,
the kernel of A, is a closed subspace of X in the topology induced by Y. Since X is
contained in Ker(A,) it follows that

Xc C Ker(A(p)Y = Ker(Ay).

Hence X fails to be dense in Y.

Conversely, assume that X is not dense in Y, then Y, = X—,CY is a proper closed
subspace of Y. Let yg € Y be in the orthogonal complement of Y, and define the linear
functional ¥ : Y — C', by

(2.9)

Yy = (uvyO)Ya uey.

¥ is a continuous functional on Y. Let 1 be the restriction of ¥ to the space X. Then
1 is a continuous functional on X. By Riesz Representation Theorem, there is vy € X
such that

(2.10) (u,v9)x = (u, Yoy, for all u € X.

Let Pc be the X orthogonal projection onto K and take u = (I — Pc)vg in (2.10). Since
(I — Pc)vg € X we have ((I — Px)vo,yo)y = 0 and

O = ((I — PIC)U07UO)X = (([ — PK)U(), ([ — PK)U())X.

It follows that vy = Pcvy € K and, via (2.10), that ¢ = A, is continuous in the topology
of Y. This is exactly the opposite of (2.9) and the proof is complete. a
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For the remaining part of this section we assume that A, is not bounded in the
topology of Y, so the condition (2.1) is satisfied for the pair (Xi,Y). We denote Xx by
X,. It follows from the previous section that the operator S, : D(S,) C Y — Y defined
by

(2.11) (u,v)x = (Spu,v)y forallve X,

has the same properties as S. Consequently, the norm on the intermediate space
[ Xy, Y]s 0 is given by:

2 . 21— 2g—1\-1
(2.12) el x, v, 00 = Stl>1£) £21-9) (I +25,1) " u, ),
Our aim in this section is to determine sufficient conditions for ¢ such that the norm

[Xy,Y]s 00 can be compared with more familiar intermediate norms. First, we note that
the operators S, and S are related by the following identity:

(2.13) S;t=(I-Q,)S™,

where @, : X — K is the orthogonal projection onto K = span{¢}. The proof of (2.13)
follows easily from the definitions of the operators involved.
Next, (2.13) leads to a formula relating the norms on [X,,, Y], and [X, Y, «.

Theorem 2.1. For any v € X we have,

2
914 ull? — sup | 272 (u, u)y, + 42 [(u, p)y.il ‘
(2.14) el fx g ) me uy ( (u, u)yy NCRS
In particular for v € X, we have

2
(215) full, .. = sup [ 272wy 4 2o Del)

RN (¢, 0)x.t
where
(2.16) (u,0)xe = (I + 251w, v),  forallu,v e X,
and
(2.17) (w,v)yy = (L + 257, v)y for all u,v €Y.
Proof. Let u be fixed in X and set
(2.18) wi=(I+t*S") " u and w, = (I +S,") tu.
Then the norms on [X, Y], o and [X,, Y]s - are given by
(2.19) lull vy = sup £1°(w, u)y?
>0
and
(2.20) lullpxeten = sup 72 (wg, u)y/?
>0

respectively.

From (2.18) it follows that
(2.21) (I +*S; Hw, = u.
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Combining (2.13) and (2.21) we obtain
(I +SHw, =u+ t?a ¢,

where « is a constant determined by Q,(S™'w,) = a ¢. Equivalently, applying (I +
2571 =1 to both sides, we have

(2.22) w, = w + a(l + 2571 .
We calculate the coefficient o by taking the (-,-)x inner product with ¢ on both sides
of (2.22); i.e.

(we, 0)x = (w, p)x +ta (I +12S7) T, ) .-
From (2.21), since S 'w, € X,,, one sees that (w, p)x = (u,¢)x. With the notation
adopted in (2.16) and (2.18) we obtain

(’LL, SO)X _ (uv SD)X,t.

o =

(0, 0)x
Using (2.4) and a simple manipulation of the operator S we get
(2.23) t2(u, )y = (u, ) x — (U, ) x -
Thus

o — (U,, @)Yyt .

(0, 0)x.t
Now, going back to (2.22), we get
(2.21) (g uhy = (w,upy + 12 Lol

7 ’ (s ) x,t

Combining (2.19) , (2.20) and (2.24) completes the proof of (2.14). Then, (2.15) follows
from (2.14) and (2.23). O

Theorem 2.1 can be easily extended to the case in which the dimension of K is finite
(see [2]). Such an extension would be needed, for example, to treat the case of mixed
Neumann-Dirichlet conditions.

3. SUBSPACE INTERPOLATION BY MULTILEVEL NORMS

Let © be a domain in R? with boundary 9. Let Hg denote the space of all functions
in H'(Q2) which vanish on 9. Assume that

My CMy,C,...,C My C...

is a sequence of finite dimensional subspaces of Hg(£2) whose union is dense in H}(f2),
and assume that an equivalent norm on H}(£2) is given by

(3.1) lull = Q- Mll(@k — Qu—v)ull?)™2,
k=1
where @y, denotes the L*(Q) orthogonal projection onto My, ||| = ||]|z2@), Qo = 0,

and \;, = 471, Proofs for the multilevel representation of the norm on H', for specific
choices of the spaces M}, can be found in [2], [10], [24] and [26] .
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3.1. Scales of multilevel norms. On H}(Q) we consider the norm given by (3.1)
and define H () to be the dual of H}(Q). The elements of L*() can be viewed as
continuous linear functionals on H}(2) and we have the natural continuous and dense
embeddings

Hy(Q) c L*(Q) c HY(Q).
One can easily check that

(3.2) ullf 1y = > A 1@k — @r—v)ull®,  for all u € L*(€).
k=1
Further, we have that the inner product on H () is
(u,v)_q := Z MH(Qk — Qr1)u,v),  forall u,v € L*(Q).
k=1

Then the pairs (Hg (), L*(Q)) and (L*(2), H(Q)) satisfy the condition (2.1) and the
operator S associated with each of these pairs is given (in both cases) by

(3.3) Su=Y M(Qv— Qu-1)u,  forall u € D(S).

k=1
For example, for X = L*(Q)) and Y = H~}(Q), we have

= 1
(u, )y = Z 5 ((Qr — Qr1u,v), wveY.
P Ai + 12

and

o] )\k
u,v = — — Qk—1)u,v), u,ve X.
(1, v)xs ; (@ = Qeaun)

For any s € [0, 1], let
H3() = [Hy(Q), L*(D]1—s2.  H*(Q) := [L*(Q), H ()]s,

and
BiS(Q) = [Lz(Q)a Hﬁl(Q)]S,oo-
1/2

Note that, with this notation, Hy/?(2) is in fact the space Hyi’(€2) in the notation of
Lions and Magenes [20]. By using (2.7) and (2.8), one can easily check that

(3.4) [ull3s 0y = D MI(Qk — Qroy)ull®,  for all uw € H(Q),
k=1
(3.5) lulimrioy = SOAN (@ = Quul®, for all w € L2(),
k=1
and

oo 1
2 _ 2(1—s 2 2
(3.6)  [lull3-sq) = Stli%) (t (1-s) k§:1 e 1(Qr — Qr—1)ul| > ,  forallue L*(Q).
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One can verify using the above formula that BY(Q) = L*(Q) and B~Y(Q) = H 1(Q),
which is consistent with the definition (2.5). In addition we have
t2(1—s)

su =551 —s)' *N\. %,
t>£) A + 12 ( ) ko

which leads to
(3.7) ullf o) < 8°(1—9)""|lullfoq forallu e H(Q),
a well known embedding property.
Lemma 3.1. For s € (0,1] an equivalent norm on H(2) is given by
lulll? == llull® + > AN = Qu)ull*.
k=1

Proof. Since H}(2) is dense in L?(€2) the union of the spaces Mj, is also dense in L*(€2).
Therefore limy_ o Qu = u in L?(Q2). Thus

lull* =D 1H(Qk — Qu1)ul”
k=1

Let u € H§(Q2). Then

NN = Qul® = A5 Z 1(Qk — Qr—1)ul® < Z Ml (Qr — Qr—1)ull.

k=J+1 k=J+1

Hence, since the the norm on Hj(2) is given by (3.4), given ¢ > 0 there exists .J; such
that, for J > Jo, A5||(I — Q)ul|* < €, that is, limy .o A5[|(I — Q)ul|*> = 0. On the
other hand,

J J—1
D AN@Qk = Quvul® = [lull® + (4 = 1) AT = Quull® = AT = Quul,
k=1 k=1

which proves the lemma.
O

3.2. Subspace interpolation results. Next, we focus our attention on a specific case
of subspace interpolation associated with the pair X = L*(Q) and Y = H~(Q). For a
fixed 0y in the interval (0, 1), let p € L*(Q) satisty the following condition:

(C): There exist two positive constants ¢y, ¢y such that

AT <= Q) < A, k=1,2.....

Lemma 3.2. let o € L*(Q) satisfy (C). Then the following conditions are also satisfied.
(C.0): ¢ HI(O).

(C.1): There exist two positive constants cq,cy such that

— )\ -
et < (@, )x4 = Z MikH(Qk — Qr-1)el® < cot™™, fort > 1.
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(C.2): There exist c3 > 0 such that
1(Qr — Qr_)el> < esh™, k=1,2,....

Proof. The constants involved in this proof might change at different occurrences.
(C.0) follows immediately from Lemma 3.1. Since |||¢||l¢, is not finite, o ¢ HE ().
Using the identity

(3.8) 1@k = Qu-1)ull* = (I = Qe—r)ull® = (1 = Qr)ull* . u € L*(Q),

we have

||90|| Ak
(QO,(P)X’t* al Z /\k+1 ++tlg )\ —|—t2)”( Qk)90||2

3 agn (13, ()
> ¢ t? = ¢t :
=1 ,; @+ @2 49 ]; (4F/12 + 1)2

The last sum can be bounded below by a positive constant independent of ¢ as follows.
Let us fix t > 1 and let ky be the positive integer such that 4*~1 < ¢2 < 4% Then

(4k/t2)1790 (4ko/t2)1—90 ) .’171_00

> > f —>0.
S (F/E TR T (@R fE 1P T acha (24 1)

The upper inequality of (C) and (3. 8) give

S s (/)
t 0

47 t2 1—6g oo ,,—Hby
<c t_%o/ # de < ct=2% / 4 dy.
1 (/4 1) o y+1

The last inequality is obtained by making the change of variable 4%/t = y. Finally,
(C.2) follows from (3.8) and the upper inequality of (C). O

Lemma 3.3. The space L*(2),, is dense in H=%(Q). Thus, the spaces [L*(2),, H 1(2)]s.00
and [L*(Q),, H71(Q)]s,0 are well defined.

Proof. According to Lemma 2.2 we have to prove that the functional
(3.9) u— (u, ), ueL*Q)

is not continuous in the topology induced by H %(Q). Let {u,} be the sequence in
L?(Q) defined by

ZAk gre, where g = Qp — Qi1 Qo = 0.

Then,
(tn, ) ZA(’OII(WH2

On the other hand

n

lall o0 = Y AL llae ).

k=1
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From (C.0) we have that

M — 00 as n — OQ.

[[een | £r-00
Therefore, the functional defined in (3.9) is not continuous in the topology induced by
H=%(Q) and the lemma is proved. O

For u € L*(Q) we introduce two other norms, namely
—00/2
(3.10) lull yt0 = Y A 1(@ — Quor)ull
k=1
and
ol o =l o+l o+

The space By, is defined as completion of L?*(€2) with respect to the norm ||-|| Bt
01

Theorem 3.1. Let p € L*(Q) satisfy (C). Then, there exists a positive constant ¢ such
that

(3.11) lull i@, - @01, < cllullgrn for allu € By,

Proof. Recall that L*(Q) = X and H='(Q) = Y. Since L*(Q) is dense in By, it is
enough to prove (3.11) on L?(Q2). Let us further note here that by proving (3.11) on
L?(Q) we have in particular the inclusion L*(Q) C [L*(Q),, H1(Q)]
For v € X and w,, as defined in the proof of Theorem 2.1,
(we,u)y = ((I + t25;1)_1u,u) = (u,u)y — t* (S;l(] + tgsgl)_lu,u)y
< (wu)y < (0l -
Then, using (2.20), (2.24) and the above estimate, we have that

6o,00°

Y

ullix, vy, . < sup 207 (wy, w)y +sup 2070 (wy, w)y
’ 0<t<1 t>1
< ¢(B) sup 2170 u||% sy + sup 2379 (w, u)y
0<t<1 t>1

2
< e(fo)[[ull -0 + sup 24 (w, u)y + sup =200 | (4 @)y
=1 t>1 (907 SO)X,t

Note that

1—90)(

sup t2(1_00)(w7 U)Y < sup t2( w, u)Y = ||u||é,90,

t>1 >0
Hence, the inequality (3.11) is satisfied if one can find a positive constant ¢ = ¢(6y, c1, ¢2)
such that

(3.12) sup t4_290M
t>1 (907 QO)X,t

In the view of condition (C.1) this reduces to

<c ||u||2Bl_907 for all u € X.

(3.13) sup t4(u, ©)ya|* < ¢ |[ul’-s,, forallue X.
t>1 ’ B,

Here (-,-)x and ||-||x are simply the L?(€) inner product (-,-) and the L*(Q2) norm |||,
respectively. We denote @ — Qr_1 by qr, with Q¢ = 0.
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For u € X, we have

(u, ¥)y, Z e ! (gru, qrp)-

+¢2
By using condition (C.2), we obtain the estimate

—90/2

(3.14) |(w, @)yl < 022 al

Sglawal.

The function
—60/2

AL
Vﬁﬁ§:A+¢ﬂ%|

is an increasing function of t. As t — oo, the limit of the above function is exactly
|ul| ;~00. Therefore, (3.13) holds and the proof is complete. O
1

Following the proof of the above theorem (and using the upper part of (C.2)) we can

characterize the norm of the intermediate space [L*(Q)y, H~(Q)],

Corollary 3.1. An equivalent norm on the space [L*(2),, H_l(Q)]eo -, 5 given by
=1

Remark 3.1. It is not difficult to see that the embedding stated in Theorem 3.1 still
holds if we replace ||ul| ;oo in the definition of |u|| ,-e, with the following semi-norm,
1 01

Julo = laxu. ).
k=1

In either case one can immediately check that

uly < ljull yooo < l[ull oo < cllul . Jor all u € L),

wptKuwhﬂ+HMboo—am —(aku, )| + [[ull g2

where a = {ag }r>1 15 any sequence of positive real numbers such that

and

8

[/ Z car | qeull?, v e L(Q).

For example, we can take a, = k, aj, = kY?In(k + 1) or )\2/2. In particular, taking
= )\2/2, we have

(3.15) ||u||BO_190 < ce M ul|gsore  for all u € H™%%

where ¢ is a constant independent of e.
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One consequence of the above remark is that that we can replace the norm [L?(Q2),, H ()]
in (3.11) by |||l g-eo-+e-
It is known (see [2]) that having (C.0)-(C.2) satisfied, for 6y < 0 < 1, then

(3.16) (L), HH ()], = [L2(), HH ()], = H().

60,00

Using Lemma 3.3 we see that L*((2),, is dense in H~%() if and only if 6y < 6 < 1. Thus
one might expect that (3.16) holds for the critical value 6 = 6. A weaker result, but
in some sense a better result, compared with Theorem 3.1, would be: There exists a
positive constant ¢ such that

(317) ||U,||[L2(Q)WH71(Q)}90’OO < CHU”H—GO(Q) for all u € H_GO(Q)-
The next theorem proves that this is not true and consequently (3.16) cannot hold for
the critical value 8 = 6y. In addition, Theorem 3.1 cannot be “essentially” improved.

Theorem 3.2. The space H=%(Q) is not continuously embedded in [L*(2),, H=(Q)]

6p,00"

Proof. Consider the sequence {u,} defined by

NPV
Uy, 1= - Qe € L? ().
=1
First, note that u,, is in both H () and [L*(Q),, H’l(Q)]GO’OO. We have

g0
Qplp = ?’“ grp, for k=1,...n, and gyu, =0, for k > n. By (C.2), we see that

2 )‘ZO 2
”unHH—Go = E ||Qk90|| n=1,2,.
k=1

is a bounded sequence. Let kg k +1

and choose n such that n > ny. According to Corollary 3.1 and (C), for a positive
constant ¢

¢ Junlliz2@p,m-1@)y, 00 2

kz: )\ qkum 90)
= sup i (
k=

r>1

n 6o

)‘ZO 2 Ak 2
THC]WH = Z 7”%90”

k=1

:§j%mw—@hﬁm%wu—me%

o (N NP A )
>§jn1 QeI | 7555 = T ) = I~ Quel
n—1

ko—1 0
o 1\ o M1\ o
> __ =2 - _ ).z
_4902(k+1 k>+490;<k+1 k) n

k=ko

which proves that ||un||[Lz(Q)WH71(Q)]90 _ — 00 asn — o0, and contradicts (3.17). [
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4. APPLICATIONS TO SHIFT THEOREM FOR THE LAPLACE OPERATOR ON
POLYGONAL DOMAINS.

In this section we will prove that the estimate (1.2) holds for the case s = sy provided
the fractional Sobolev norms in (1.2) are appropriately replaced.

4.1. Shift estimate for the critical value. Let €2 be a polygonal non-convex domain
in R?, with boundary 01, and with only one re-entrant corner of measure w and let
So = m/w. In the general case when 9 has more than one re-entrant corners the result
of this section can be reduced by a partition of unity type argument to this case. Given
[ € L*(2), we consider the Dirichlet problem (1.1) . The variational formulation of
(1.1) is : Find u € H(Q) such that

(4.1) / Vu-Vovdr = / fvdx  forall v € Hy(Q).
Q Q

It is well known that for f € L?(f2) the variational problem has a unique solution
u € H(Q) and

(42) ||u||H1(Q)§ C”fHH*l(Q) for all f € LQ(Q),

where H71(Q) is the dual of H}(Q). By taking v in D(), the space of all infinitely
differentiable functions with compact support in 2, one has that the solution u of (4.1)
satisfies —Awu = f in the sense of distributions in {2, so the equality is satisfied pointwise,
almost everywhere in €. Also, since u belongs to Hg(€2) the boundary conditions of (1.1)
is automatically fulfilled.

Let V3(Q) := H?*(Q) N Hy(Q). Then, (see e.g., Theorem 2.2.3 in [16]) the Laplace
operator A : V2(Q) — L?(Q) is a Fredholm operator. In fact we have that

(4.3) ||u||H2(Q)§ c||Au||Lz(Q> for all u € VQ(Q),

and the range of the operator has codimension one . Grisvard characterized the orthog-
onal complement N of the range of the Laplace operator for the case of a polygonal
domain (see[15], [16]). If ¢ € D(Q?) is a cut-off function, which depends only on the
distance r to the re-entrant corner, is identically equal to one in a neighborhood of the
re-entrant corner and is identically equal to zero close to the part of 92 which does
not contain the sides of the re-entrant corner, then ' = span{¢}, where ¢ = ¢ + uft |
o(r,0) = ¢ r~sin(sef) and u € H}(Q) is the variatonal solution of (1.1) with f = Ae.

If we define 7" : H(Q) — H(Q) by T'f := u , where u is the solution of (4.1),
then 7" is a bounded operator. Moreover, T' is a bounded operator from L*(Q), to
H?(2) N H}(Q). Thus, by interpolation, we have

(4.4) ] [H2(Q)NHA (Q),HE ()]1-s0,00 < || f] [L2(Q)p, H=1(Q)]1-5,00°

for all f € [L*(Q)y, H(2)]1 s0.00-
Let B'™(Q) denote the Besov space [H*(Q), H(Q)]1_sp.0o- Then, we have the fol-
lowing theorem.

Theorem 4.1. Let u be the variational solution of (1.1). Then there exist positive
constant c; and co such that
(4.5)

||U||Bl+so(sz) < ||U||[H?(Q)mHg(Q),Hg(n)]l,so,w < Cl||f||[L%Q)w,H*l(Q)]HO,oo < C2||f||B(;11+50(Q)7
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for all f € By;'*0(Q).

Proof. Use (4.4) and apply Theorem 3.1 with 6y = 1 —sp and ¢ = 1. The proof that (C)
is satisfied is given later. The lower part of (4.5) follows by comparing the K functions
associated with the two intermediate spaces. [l

4.2. Proving condition (C). Let €2 be a polygonal-sector domain (see Figure 1) .

Q= Lnﬁ
=1

where, for ¢ = 1,...,n, 7; is a triangular domain with vertices S;, O, S;;1 and O is
taken to be the origin of a Cartesian system of coordinates in the plane.

Ficure 1. Polygonal domain

Fori=1,...,n+1, let I'; denote the segment [O,S;]. We assume, without loss of
generality, that S lies on the positive semi-axis and the length of [O, S;] is not greater
than one.

Let 71 = {m,...,T,} be the initial triangulation of 2. We define multilevel triangula-
tions recursively. For k > 1, the triangulation 7, is obtained from 7;_; by splitting each
triangle in 7;_; into four triangles by connecting the midpoints of the edges. The space
M, is defined to be the space of all functions which are piecewise linear with respect
to 7y, vanish on 99 and are continuous on Q. Let Q; denote the L?(Q2) orthogonal
projection onto M.

Let ¥ = ¢ + u® where ¢(r,0) = ¢ r~°sin(sgf) and uf* € H;(Q2). We verify that the
function 1 satisfies the condition (C) with 6y = 1 — s.

To begin with, we will prove that the function ¢ satisfies (C). Let M, be the space of
piecewise linear (possibly discontinuous) functions with respect to 7y defined on €2, and
let @, be the L?*() orthogonal projection onto Mj. First step is to prove that there
exists a positive constant ¢ such that

(4.6) (T =Quell* > A, k=1,2,....
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We define 7F to be the triangle in 7; which is the the image of 7, € 7; via the map
& — hy@. Here, without loss of generality, we assume that h2 = ;' = 471, Then

12 = @l = 10 = BelBagr = o2 — 1@l

The projection Q. can be estimated on 7F in terms of the three nodal functions

o, b, oF associated with the three vertices of 7F. If M* is the 3 x 3 Gram matrix
associated with the set {¢}, ¢5, ¢}, and S* := (S};), i,j = 1,2,3 is the inverse of M,

then
Z /wz /kwﬁ? dz.

Ielep = @iy = [ 6%
i,j=1

Further, by making the change of variable x = hiZ in the above integrals, a simple
computation shows that

ol 72y = @il T2y = B2 > (/ di — Z / po; di’/ ey dﬁr)
T1

i,j=1

=% (I = 12 3arr ) -

Since ¢ is not linear on 71, the constant ||¢||? L2(m) — 1Q0|? 12(r) I8 strictly positive.
Combining the above estimates, we have proven that (4.6) holds.

The second step is to use (4.6) and the fact that M, is a subspace of M}, in order to
obtain

(4.7) (T = Qu)p|> >cA™, k=1,2,... .
Next, we prove that there exists a positive constant ¢ such that
(4.8) (T = Qr)pll* <cA®, k=1,2,....

Let n, be a cut off function which depends only on r and satisfies
Me(r) =0 for r < hy, np(r) =1 for r > 2hy,
1m.(T)| < ¢/hwy |mp(r)| < c/hi for all h, <r <2h, k=1,2,...,
for some positive constant c. For example, we can take
mr 3w

me(r) = 1/2 +1/2sin (h_k —7) on [hx, 2hs).

Then, ¢ = (1 — ) + me and qrp € H*(Q). Let II : H*(Q) — M, be the interpolant
associated with 7. By applying standard approximation properties and (4.3) we obtain

I = Qu)ell < U= Qe) (X —me)ell + 11 = Qe)mwspll < (11 = me)epll + [1(1 — Te)mep |

< (1 = m)ell + chillmpllaze < 1A —m)ell + chil| Ao 2@

Using a simple computation in polar coordinates, and the estimates for the derivative
of ny, we get
(1 =)l < chi®  forall k=1,2,...
and
hell A(mke) |2y < chi?®  for all k = 1,2, ... .
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Combining the above inequalities, we conclude that (4.8) is valid. Thus, (C) holds for
the function ¢. Since the function ug belongs to Hj(€2), we have

(I — Qr)url®* < e\t k=1,2,....

Therefore, the function ¢ satisfies condition (C).

5. APPLICATIONS TO FINITE ELEMENT CONVERGENCE ESTIMATES

Let ©Q be a polygonal non-convex domain in R?, with boundary 92, and with only
one re-entrant corner of measure w and let sg = m/w,0p = 1 — so. Let u € Hi(Q) be
the variational solution of (4.1) with f € By,'™°, and let Vj, be a finite dimensional
approximation subspace of H}(2). We consider the discrete problem:

Find u, € V}, such that

(5.1) / Vuy, - Vo do = / fvdx forall v € V.
Q Q
Further, let us assume that
(5.2) | — up |l g < cflulla @), for all u € Hy(9),
and
(53) ||u — uh||H1(Q) < Ch||u||H2(Q), for all u € H2(Q) N Hol(Q)

By interpolation with p = co and s = 1 — sq, from (5.2) and (5.3), we obtain that
(5.4) lu — up|lmr@) < cP*|ull iz @)nmg @) 2 @) g oo

for all w € [H*(Q) N Hy(2), Hy(2)]1_s0,00, Where ¢ is a constant independent of h.
We thus have the following result.

Theorem 5.1. Let u,uy, be the variational solutions of problem (4.1) and (5.1), respec-
tively. Then, there exists a constant ¢ independent of h such that

(5.5) lu = unllzro) < ch™[[fllporesoiqy:  for all f € By *0(9).
Consequently, for so < s < 1 there exists a constant ¢ independent of h and s such that
(5.6) lu—up|l g < c(s — so) "B flla-1+5(0),  for all f € H5(Q).

and

(5.7) [t — w10y < (s — 50) T Th¥O| flla-resy,  for all f € H Q).
Proof. Inequality (5.5) follows from (5.4) and Theorem 4.1. By (3.15), (5.6) follows from
(5.5). Inequality (5.7) is obtained using a standard duality argument. O

Let us note that according with Theorem 4.1 the estimate (5.5) holds for f in the
space [L*()y, H™(Q)]1-s9.00, Where 9 is the function defined in the previous section.

It was proved in [14] that |u — uy||gi(@) > ch®™, and |[u — up|/r2@) = ch®°, unless
u € H'(Q). Further, in [25], for s > 1, it is shown that |ju — up||g-s) > ch*°,
under the same condition. In general, we know that u & H'**°(Q) even if f is regular.
For example, this is the case if f € L*(2) but not in L*(Q),. Using Theorem 5.1 this
means that

||U - uhHHl(Q) ~ ch®
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and, for s > s,
||U — UhHHl*S(Q) ~ ChQSO.

In the view of Theorem 3.2, (5.6) does not hold with s = sq. If the finite element
approximation subspace V}, is taken to be the space M, introduced in the previous
section and we define h := h, = /\;}r/f = 1/2™, then we can use the estimate (5.5) to
deduce a similar estimate for f € H~1%0((Q).

Theorem 5.2. Let u,uy, be the variational solutions of problem (4.1) and (5.1), respec-
tively. Then, there exists a constant c independent of h such that

(5.8) |l — up || g () < ch®(log 1/h)1/2||f||H_1+SO(Q) for all f € H™1T50(Q).
and
(5.9) lu — unl g1 —s0(0) < ch*°(log LR fller—+s0y  for all f € H 1H5o(Q)).

Proof. Let f € H '™0(Q) and write f = f — Qnf + Qnf. Next, we denote by u” the
solution of

/ Vu' - Vv dr = / Qnfv dr for all v € H)(Q).
Q Q
Since u — u” is the solution of (4.1) with f — Qy,f instead of f we have

lu — ") < clf — Qnfllr—1@),

and from standard approximation properties we get
1f = @Quflla-10) < ch™| flla-1+50()-

Combining the two inequalities we have
(5.10) lu— a0y < bl 1+00c0).
Next, since Qnf = Qnf € By 7*°(2), by Theorem 5.1, (3.7) and (3.10)
[u" — up| 1) < ChSO”an”BO—lHSO(Q) < ChSO(HanHBO_H'SO(Q) + 1@ fll -1+50(02))-

From the definition of the norms involved we have

n 1/2
|Qn Sl Hr-1+50 ) = <Z A1Z€°||qkf||2> < | flla—1+s0(0);
=1

and by the Cauchy-Schwarz inequality

n n 1/2
1@ud g0y = A" lacf | < v/ (Z )\;9°||qkf||2> < vVl f -1 ss0(cn.
k=1 k=1

From the last three estimates we deduce that
(5.11) " = wnllars gy < ch®(log 1/R) 2| fll 1540 sy
Finally, (5.8) follows from (5.10) and (5.11).

The estimate (5.9) follows from a duality argument. O

The proof of the above theorem emphasizes the power of using multilevel representa-
tion of norms, not only in dealing with interpolation spaces, but also in proving conver-
gence estimates for finite element methods.
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