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Abstract

In this paper a locking-free method, using mixed finite elements, is introduced to ap-
proximate the soluton of Naghdi shell problems with small parameter ¢, the thickness
of the shell. The approach of Arnold and Brezzi [1] is employed with some important
changes. Instead of proving the discrete Inf-Sup condition for arbitrary geometric
coefficients, which does not seem possible, we prove a weaker stability condition for
smooth enough geometrically dependent coefficients, which is sufficient for deduc-
ing the optimal error estimate as long as h%/t is uniformly bounded. For extremely
small ¢, we can relax this condition either using a larger bubble space or stabilizing
the problem by replacing ¢? by t? + h*. In either case an optimal error estimate still
holds.
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1 Introduction

Finite element solutions of bending dominated thin shell models suffer both
shear and membrane locking. The special case of Reissner-Mindlin plates,
where only shear locking is present, has been well understood and successfully
overcome in several papers [12][3][13][15][16] using mixed finite element meth-
ods and by Bramble and Sun [9] using a discrete negative norm least squares
method. For shells, the geometry and the membrane strain tensor make the
problem far more complicated. There has been some work dealing with special
cases, such as that of a cylinder [18]. But, as far as we know, there has not
been any method mathematically proven to be locking free for the general
case.

Preprint submitted to Elsevier Preprint 8 October 1997



The paper of Arnold and Brezzi[1] briefly surveyed the literature, treated the
Naghdi shell model as an abstract saddle point problem, gave a sequence of
mixed finite element methods with triangle elements and proved an error esti-
mate independent of ¢ under the restrictive assumption that all the geometric
coefficients are constant on each element. They conjectured that the assump-
tion is only needed by their method for proving the discrete Inf-Sup condition.
Suri [20] used an hp finite element method on paralellogram elements and he
increased the order of approximation polynomials to allow polynomial geo-
metric coefficients, which improved the result of Arnold and Brezzi with a
certain added cost. It should be mentioned that all the geometric coefficients
cannot be polynomials at the same time, unless they are all constants. They
could, however, be approximated by polynomials. Stenberg and Chapelle [19]
used stabilization techniques to avoid the discrete inf-sup condition. But the
stabilization for the complicated Koiter shell model seems to be too expensive,
and the analysis in the paper involved full regularity assumption which is by
itself an open problem with some well-known negative results [2].

We believe that the approach of Arnold and Brezzi successfully avoided the
trouble, which could be created by the membrane strain term, by introducing
a seminorn instead of a norm for the new unknowns of shear and membrane
stresses. Thus we also take this approach. In this paper, we define new un-
knowns for shear and membrane stresses in a slightly different way, which
significantly eases the difficulty of satisfying the discrete Inf-Sup condition.
At the lowest order, piecewise constant elements are used for these new un-
knowns, continuous piecewise linear functions plus the bubble space Bj is used
for the rotations, and continuous piecewise polynomials of degree 2 plus the
bubble space Bj is used for the displacements. We prove a weaker stability
result on the subspaces for smooth enough geometric coefficients. From this
result, we know that when the coefficients are in C%! and h? < Ct, the method
is locking-free. We don’t think that h? < Ct is a very restrictive condition,
but if in any case, we have two ways to relax it. First, by using a larger bubble
space B,, for the displacements, we only need h™~! < Ct. Alternatively, we
can stabilize the problem by replacing t? by t2 + h*. A number of papers used
this sort of stabilization for Reissner-Mindlin plates (e.g.[13]). L? regularity of
the shear and membrane stresses is needed to estimate the error introduced
by this perturbation; there are no theoretical results proving this regularity
on shells.

The rest of the paper is organized as follows. Section 2 describes the Naghdi
shell model and some necessary geometric notation. Section 3 introduces the
locking-free reformulation with shear and membrane stresses as new unknowns.
Section 4 presents the abstract error estimate with our weaker stability as-
sumption. In Section 5 the mixed finite element spaces are defined and the
stability is proven under the condition h? < Ct. Section 6 contains the two
ways of relaxing the condition. Section 7 gives a brief and abstract description



of the widely used reduced integration technique, followed by its application
to our scheme.

2 Naghdi shell model and some geometry notations

For the convenience of the reader, we basically use the same notation used by
Arnold and Brezzi in [1]. The Greek indices range over 1 and 2, while the Latin
indices range from 1 to 3. When indices are repeated in a single term, this
means that we sum over that index. Overarrows are used to denote vectors in
R?, undertildes for vectors in R?, and double undertildes for 2 x 2 symmetric
tensors.

Suppose that the midsurface S of the shell under concern is parametrized by
a single chart with a smooth mapping 7: Q C R? — S C R3.
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d, and ds are linearly independent at each point of S, and the shell occupies
the region

{Flz) + 2*d3(z)|z € Q, —1/2 < 2® < t/2} C R°.

Let anp and bag be the first and second fundamental forms of the midsurface
under the parametrization 7,

Qop = o - Gg, bag = —0Uq - p

Let (a®) = (aap) ™", @* = a®Pdg, @ = ds, b3 = a*’bs,, a = det(aqp), and the
Christoffel symbol T'5 = @’ gwﬂ For any 1ntegrable function f: S — R, we

have [s f = Jo f (F)\f dz.

Define a®#" = £ (a*"a”* + va®#a?°), where E > 0 and 0 < v < 1/2 are the
Young’s modulus and Poisson ratio of the material respectively.

Let @ : x € Q +— @(z) € R® be the displacement of the shell at 7’( ) €S,
b:z€ Qs f(z) € R2 be the rotation of the fiber in the shell perpendicular

to the midsurface at T(%) € S. i(z) = ui(z)d'(z), 0(z) = Oa(x)a*(z). For

~ I~

ui, 0, € HY(R), define the bending curvature tensor T, the transverse shear
strain tensor ®, and the membrane strain tensor A as follows:



Yop (i, 0) = [9 8+ 0.0 — bl (uy s — bysus — I gus)
—bﬂ(u7 a — byaus — F‘frau(;)] - F‘;ﬁ&;, (2.1)
<I>a(11' Q) 0 +U3a+b uy,

o 1
= §(ua’ﬁ +ug ) — F‘;ﬂuJ — bagus. (2.3)

Let
Hl ={ve H (Q)v(z) =0,Vz € Iy C 0Q},

V= {(177 ,fé)h)ivdja € HIl‘d}a
17, %11% = 131 + 14115,
where I'; has positive measure.

The bending energy E”, shearing energy E°, membrane energy E™ and the
work W' done by the load f are

t3

BP =27 | a7 Y as (T, ) Ts(¥, ) Vadz,
= — aﬂ(b - (D R
2 Ja 2(1 —i—y)a a(’l)y’f\[f) ﬁ(?)ﬂf)\/adg’

EMzg / a8\ o5 (7)Ao (5) v ad,
; z
W =3 /Q Fiviv/ads.

So the Naghdi shell problem is to find (%, §) € V' as the minimizer of the total
energy

E(7,4) = EP + ES+ EM — Wt (2.4)

The equivalent variational formulation is to find (%, #) € V' such that

5 Ww 0) (7, 1) Vady
7 /Q 2(1+v) a2 (i, )y (7, ) Vads
12 /Q a1 N () Ay (9)v/ada
_ /Q flo/ads, — Y(@,9) € V. (2.5)
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3 Locking-free reformulation

The reason for locking is well understood[6]. The general idea of avoiding
locking in plates and shells problems is to introduce a new unknown for a
term which looks like e ?(Lw — Dz), where L, D are differential operators,
w, z are functions, € is a small parameter. Here we define two new unknowns
for the shear stress ¢ and the membrane stress é\ by

FE
g —2 4P (1.0 )
¢ € 2(1+U)a a(u’ N)\/a’ (3 6)
and
M\ = €720\ 4 5() /@ (3.7)

The purpose of including (a*?) in ¢ and (a**??) in ) is to remove the geometric

coefficients from certain terms as much as possible, so that there will be less
trouble in satisfying a discrete stability condition.

For any fixed constant ¢y > 0, let

1
A(,07,1) = 5 [ @™ T as(@,0)s(7, 4)v/adz
Y 0 v Y x
E
7 4% (i7.0)P(T
-i-co/Q 2(1—1—1/)& o(l,0) g(v,le)\/adg
+¢ /Q 0910 A 0 (18) Ao (7). (3.8)
A(-,+;-,-) is coercive on V, as Bernadou and Ciarlet proved in [7]. Let
B (9, ¢5m) = | (T, )0 dz, (3.9)
2(1+v) 5 1
— s apfb_— 1
Cs(?a Q) /Q E aaﬂ¢ n \/adga (3 O)
B (7, x) = / As(7)x*Pdz, (3.11)
= Q ~
Crn(A X)Z/ Qap JAaﬂX’Y&Ld.’E. (3.12)
~ N Q 7 \/E ~

Here (aqp4s) is the inverse of the 4 x 4 tensor (a®#7?). One can easily verify

that
1—1? v

Qaprys = T(aavaw - maaﬂavé)-



Then problem (2.5) is equivalent to that of finding (4,0) € V, ¢ € W, =
{nin® € L*(Q)} and )\ € W,,, = {x|x*¥ € L*(Q)} such that

AT, 0;7,9) +B5(U,¢5¢) +Bn(V,)) =F(), V(U,¢) €V,
By(i,0;n)  —€Cy(h,1n) =0, Vn e W, (3.13)
B (t, x) —Cn(),x) =0, Vx € W,

where € = —£ . F(7) = [, frviv/adz.

While (3.13) is convenient for implementation, to analyze the stability and
estimate the error, it is more convenient to define

Cl¢, 21, x) = Cs(0:1) + Ol X),

~

w

W, x W, and consider the more abstract version of the problem: Find
(u4,0) €

V and (¢, ) € W such that

~

> ||
~—

~

Ad, 0;0,) + B(U,¢;6,)) =F(@), V(0,¢) €V, (314
oo ~o T ~ 3.14
B(@,0;n,x) — €C(¢:xmx) =0, V(n,x) €W
The following seminorm is defined in [1],
B(d,4;n, x)
|Q,)N(|W = sup ————" V(Q,)N() ew. (3.15)

e LAY

It is easily shown (cf. [1]) that, as a consequence of the Lax-Milgram Theorem,
(3.14) has a unique solution and that

1@, Ollv + 16, Alw + €l|d, All 2 < C[|F|

Ve (3.16)



4 Abstract error estimate with stability assumption

After including (a¢**"°)y/a and (a®?)\/a into the new unknowns, there are still
some geometric coefficients left in the following terms

Bs(ﬁa %; Q) = /9770‘(%4 + V3,0 + blvv)diﬁ

and

- 1
Bm(v, ’)g) = /Qxaﬁ §(Ua,ﬂ + Uﬂ)a) — Fdaﬂ?)g — baﬂv3 dg

Therefore it does not seem to be possible to prove a discrete version of the
Inf-Sup condition. As a substitute for the Inf-Sup condition, we will establish
a slightly weaker stability condition. This weaker version of the stability con-
dition might be useful for other parameter dependent problems, therefore we
present it abstractly.

Let V and W be Hilbert spaces, and let the bilinear forms
A:VxV >R B:VxW->R C:WxW-—>R

and the linear functional F' : V' — R be continuous. Suppose that A and C'
are coercive, so the norms induced by A in V and C in W are equivalent to

the Hilbert space norms || - [y and [| - [[w respectively. Define a seminorm on
W by
B(Z,Q
|Q|w = sup ( ), Qew.
zev || Z]lv

Consider a parameter dependent saddle point problem of the following form:
Problem V. —W: Find U € V and P € W such that

AWU,Z) + B(Z,P) =F(2), VZ eV, 17
B(U,Q) - €C(PQ) =0, vQ € W. '

Consider subspaces V};, C V and W), C W. An approximate solution of Problem
V — W in V), x W), is given by
Problem Vj, — Wy: Find U, € V,, and P, € W), such that

AU, Z) + B(Z,P) =F(2), VZ € Vi,

(4.18)
B(Uh7 Q) - 62C'(Pha Q) = Oa VQ € Wh'



A weakening of the discrete Inf-Sup condition is the following:
A1: There exists v > 0 and C' > 0 such that

1 B
v zevi 1Z]lv

+CelQllw, YQ € Wh. (4.19)

Under this condition, we have the following theorem.

Theorem 1 Let (U, P) be the solution of (4.17), (Un, Py) be the solution of
(4.18). Suppose A1 holds. Then there is a constant C, depending only on
v, C, the continuity and coercivity constants of the bilinear forms A and C,
such that

|U = Uklly + |P = Palw + €||P — Pullw

< C inf (lU=U*||v +|P — P*lw + €||P — P*||lw). (4.20)
P*ew,
U*EGV;};
Proof.

The existence and uniqueness of the solutions of both the problems follow
from the Lax-Milgram theorem. Subtracting (4.18) from (4.17), we get

AU -UnZ)+B(Z,P—P) =0, VZeV,

B(U_UhaQ)_EQC(P_PhaQ):O’ VQEWh
For any U* € V}, and P* € W),

AUy = U*, Z) + B(Z, P, — P*) = A(U = U*, Z) + B(Z, P — P¥)
(4.21)

B(U, - U*,Q) — &C(P, — P*,Q) = B(U - U*,Q) — €C(P — P*,Q)
(4.22)

for all Z € V3, Q € Wj,. Now subtracting (4.22) from (4.21) with Z = U, — U*
and Q = P, — P*, using the coercivity of the bilinear forms A and C' and the
and continuity of the forms A, B and C, we have

[T = TU*IIY, + €11, — P72
<C(IU=UvllUn = U*|lv + |Un = U*|lv|P = P*|w
H|U = U*|[v| Py — P*lw + €| Py — P*|| 2| P = P*||2). (4.23)

Follow (4.19) and (4.21),



1 B(Z, P, — P*
|Ph _P*|W S - Sup ( Y h )
Y 7eV, 1Z]lv

<C(U,=U*lv + U =U*|lv + |P — P*|w + €||P, — P*||z2).  (4.24)

+ Cé||P, — P*||12

Now (4.20) is a consequence of (4.23), (4.24) and triangle inequality, and hence
the theorem is proven. [

This theorem says that (4.18) provides a quasi-optimal approximation. An
error estimate will depend on whatever regularity is valid for the exact solution
(U, P) of (4.17), and the approximation properties of the spaces V;, and W,.

5 Mixed finite elements and stability

Consider a polygonal domain €2 triangulated regularly by 7,, with A the maxi-
mal mesh size. Let Pk (7) be the set of polynomials of degree & or less restricted
to 7 € Tp. Let

Li(Tw) = {p € H*(Q); p|- € Pi(7),Y7 € Tp},

Bi(Th) = {p € Hy(); plr € Pi(1) N Hy(7),VY7 € Ta},
and
M;?(Th) = Li(Ta) N Hy,, + Biu(Th)-
We use exactly the same pairs of finite element spaces which Arnold and Brezzi
[1] use for Naghdi shells, namely, continuous piecewise polynomials augmented

by bubbles for the primitive unknowns, discontinuous piecewise polynomials
for the new unknowns.

(i, ) € Vi = {(5,) € Vo € MER(Ta), v € MEE(T2)},

(¢:2) € Wh = {(1,x) € Wn*,x*" € LY(Ty)}

The difference is that our new unknowns are defined differently from those in
[1]. The way of defining the new unknowns plays a very important role in the
stability analysis.

Lemma 7 of [1] constructed a linear operator 7, : H%d — M,f:g(ﬁ) which
satisfies the following:

Imywlh < Cllwll,  Yw € Hy,, (5.25)

|lw — mwllo < Chljw]|y, Vw € Hy,, (5.26)



/T(w — mpw) pdx = 0, Vw € Hy,, (5.27)
and

/(w — mpw)pds =0, Vw € Hy,, (5.28)

where e is an edge of 7, 7 is a triangle of T, p is a function in L2(7p).
Furthermore, Green’s theorem, (5.27) and (5.28) imply that for arbitrary 7 €
Tr and p € LY(Ty),

/(w — ThWw) o pdz = 0, Yw € Hlld. (5.29)

The method used to construct m;, will be seen in the next section, where we
construct a slightly different operator. It is easy to see from the construction|[1]
that one can define a linear operator m; : H. — My 17 (7,), which only satisfies
(5.25), (5.26) and (5.27). For the subspace of the rotation ¢, one only needs

7, in proving the stability condition A2 later in this section.

Lemma 1 Letp € LY(Ty), b: Q — R be Lipschitz continuous on each T € Ty,
Then there is a constant C' such that

2 b 2
sup B0 oG B0 e

weH}, |wllx weMFT3(T,) |wllx (5.30)

Proof: Let 7, be given as above. Define b € L3(73) so that b|, is equal to the
average of b on 7 for each triangle 7 € 7. Consider w # 0, we have

(pa bw)T = (p7 bﬂ-hw)T + (p: b (’UJ ? ﬂ—hw))T
= (pa bﬂ-hw)T + (p: (b - b)(w - th))’r-

Hence,

(p,bw)e _ @bmw)a [Pl (10 = bllue [lw = 7wl
lwlh = lmwlly [[wlls
b
<o bmWe | o

el

Here we used (5.25), (5.26) and the Lipschitz continuity of b on each element.
The lemma now follows. [J

Remark: In Lemma 1, we are only dealing with geometric coefficients (b) mul-
tiplying functions (w) in H', so that (5.26) can be used in the inequalities of

10



the proof. If we had wanted a similar inequality for the derivative of a func-
tion w, we would have had to use (5.25) instead of (5.26). Consequently, we
would have lost one power of A in the second term of the right hand side of
(5.30). But it is not desirable to require that h < Ct. By including most of
the geometric coefficients in the two new unknowns (3.6) and (3.7), we have
avoided this trouble.

We are now ready to establish stability for V}, x W) and the shell problem.

Lemma 2 Assume that b,g, P‘saﬂ and b2, are Lipschitz continuous. For (n,x) €

<C sup ———+ C’h2||77, X||zz2- (5.31)
wwevi 10,9y ~ R
Proof:
Define I, : V — V}, by
Hh (65 1/)) = (Whvln ThV2, TRVS, 721/115 71—;;,7/)2)- (532)

It is obvious that ||II,(¥, ¢)||v < C||7,%||yv. Using the same argument as in

the proof of Lemma 1, we have, for any (7,v) € V,

N (17, b (vs — Thvs)) 12
1, ¢llv 17, ¢llv 17, ¢llv

(x*8, T 5(v5 — Thv5) + bap(vs — Thv3)) L2
17, ¢llv
B(I1(7,9); 1, X) ) (°, (B8, — B5) (vs — mav5)) 12
[T (@, ) lv 17,9 [lv

17 4llv

+ Chm, Xl

11



Here we used (5 26), (5.27), (5.29) and the Lipschitz Contlnulty of bag, Tg
and b),. bag, I')5 and b, are in LO(E) On each 7 € T, bag, I} and Y, are
equal to the mean values of b,s, I ap and b respectively. OJ

In the case of our Naghdi shell problem, the stability condition (4.19) will be
the following. )
A2: There exists 7; > 0 and C' > 0 such that

1 B(ﬁaflﬁa 77>X) N
1 — =R 4 Celin, X2, Y1, X) € W
Vs (F9)EVn ||Ua1£| 14 ~ R ~F (5.33)

2
Q

The following theorem is a special case of Theorem 1.

Theorem 2 Let (i,0,6,)) be the solution of (5.14). Suppose h* < Ce for

some constant C. Then there is a constant C, depending only on Vs, C’, C, and
the coercivity and continuity constants of the bilinear forms A and C' defined
in Section 3, such that

||U—U,h,9 0h||V+|<b (bhaé Nh|W+€||¢_¢haé_A,llHL2

<C inf ([|[d—7,0—-dlv+Ip—n)—xlw+elld—nX—xll2), (5.34)
(n,x)EW}, ~ ~ ~ ~ N ~ ~ ~ & ~

~

(T,9)€EV,

where (Up, 0,) € Vi, and (¢p, )\Nh) € Wy, is the unique solution of

(5.35)

6 Relaxing the condition “h? < C¢”

Strictly speaking, the condition h? < Ce means that the mesh size depends
on the thickness of the shell. Although we feel that in practice h? < Ce is not
very restrictive, we have two ways to relax this condition.

First, one can stabilize the abstract problem (4.17) by replacing €? by €2 + h*,
and consider the following problem:
Perturbed Problem V — W: Find U" € V and P" € W such that

12



AU Z) + B(Z,PY = F(2), VZ eV,

(6.36)
BU"Q) - (E@+hr)C(P"Q) =0, vQ € W.

This technique is widely used for Reissner-Mindlin plate models(e.g. [13]); in
most of the cases € is replaced by € + h%. Subtracting (6.36) from (4.17),

AU — U, Z) + B(Z, P — P" =0, VZ eV,
B(U - Uh?Q) - (62 + h4)C(P - PhaQ) = _h4C(P7 Q)7 VQ ew.

Replace Z by U — U" and @Q by P — P", then subtract the second equation
from the first,

AU -U" U -U" + (& +r*)C(P - P P—P") =h'C(P,P - Ph.
This means
IU = T"lv + (e + AP = PM|lw < CR?||Pllw,
and it follows that
|P— P'lw < C|IU - U"|lv < CR?||P|lw

If || P||w is bounded by a norm of F with a coefficient independent of €, then we
would have uniform convergence. This is indeed the case for Reissner-Mindlin
plate with clamped boundary conditions, where the L? norm of the shear stress
is bounded by the L? norm of the load. For shells, such a result is not known.
For the Reissner-Mindlin plate with simply supported boundary conditions,
it is known|[2] that the L? norm of the shear stress is not uniformly bounded
when € tends to zero. Therefore this stabilization approach does not seem
to be very promising for the shell problem with simply supported boundary
conditions.

However, we have the next method, which requires us to use larger bubble
spaces, but will definitely satisfy the stability assumption A2.

Recall 7, : Hf — M[3(Ty)- Here we redefine this operator, but still call it
Th-

Lemma 3 There is an operator m, : Hf — MER®, for m > 3, such that
(5.25), (5.26), (5.28) and (5.29) hold for any p € LY(Ts), and in addition,
(5.27) holds for any p € LY, ,_5(Tn)-

Most part of the proof of this lemma is the same as in the proof of Lemma
7 of [1]; just the bubble adjustment is different. But we carry out the whole

13



proof here for the benefit of the reader.
Proof:

First, let mj : H\ — Li(7,) N Hy,, satisfy

v —mpvllor + bellv — mpollyr < Chelvllyz, forall 7e7,, wveHyp,
(6.37)

where h, is the diameter of the triangle 7 in 7, 7 is the union of all the
triangles in 7, which meet 7[14].

Second, let 7, : Hf, — L, o(Ts) N Hf, satisfy mhv = 0 at the vertices of all
the triangles in 7, and
/(v—w,lzv)pdSZO, for all e € &, UEH%d, p € Py,
/(v — ) p dr =0, forall 7€7T, wveH), pePei (6.38)

Here &, is the set of all the edges of all the triangles in 7,. By a scaling
argument, one can show that

1r < C(llvl

0,T+hT||U

lv = mpvllor + hellv — mho 1) (6.39)
for all 7 € T, and v € Hf,,.

Third, let 7 : Hp, — Biym(Tr), m > 3, satisfy

/(v — miv) p dr =0, forall 7€7T, v€ Hi, P € Piim—s

(6.40)
A scaling argument on this operator gives
|mivllo + hellmivlliy < Clvllos, forall 7€7T,, wveHy,.
(6.41)
Finally, by setting
Thv = mpv + T (Vv — o) + T (v — Thv — 5 (v — TH)),
(6.42)

and straightforward computation, one can verify that (5.25), (5.26), (5.28)
and (5.29) hold for any p € LY(7), and (5.27) holds for any p € L}, 5(7)-
4

Now, if we use the definition of I, in Lemma 2 with 7, replaced by the newly
defined 7, and assume that the geometric coefficients byg, bg and Piﬁ are in

14



C™=3! on each element, then we can uniformly approximate these coefficients
by piecewise polynomials of degree m — 3, and prove that

B(@ im0

@wev |17 9llv
B(v,¢;n, x)
<C sup — ="+ Ch™ Hn, x|, (6.43)
@nevn  19,9llv ~ R

for
Vi = V" = {(@:¢) € Vlvi € MESM(Th), va € MERH(TH)}-

Once h™ ! < Ce, the stability assumption A2 is satisfied, and the rest of
the analysis in the previous section goes through. Therefore, for any fixed
e > 0and 0 < h < 1, there is an integer m such that h™™! < € and (5.35)
with Vj, = V;™ provides an approximation to the exact solution of (3.14) with
quasi-optimal error estimate independent of e.

Remark: We have to recognize that the method given in this paper is only
proved to be practically locking-free in the sense that in most cases h? < Ct
or h® < Ct will be easily satisfied by a mesh size h determined by a reasonable
accuracy requirement.

7 Reduced Integration Technique

The idea of reduced integration is widely used for problems which exhibit
locking. Instead of specializing this idea to our method, we first present a
brief and abstract description of the technique.

Consider a problem with locking: Find U € V such that
AU, Z)+ € *C(LU,LZ)=F(Z), VZeV.

Here V is a Hilbert space, £ : V — W is a bounded linear operator, W is also
a Hilbert space, the symmetric bilinear forms A and C' are continuous and
coercive on V and W respectively. From these assumptions, it is obvious that
there are constants C; > Cy > 0 such that

CollZIlv < A(Z,Z2) + € *C(LZ,L£Z) < Cre | 2]

But if one directly discretize the problem, the error estimate will have the
coefficient € 2C}/Cy, which is a typical locking phenomenon. The usual way
of “unlocking” is the following locking-free reformulation:
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Let P =¢2LU and B(Z,Q) = C(£LZ,Q). Then we have an equivalent saddle
point problem: Find U € V and P € W such that

A(U,Z)+ B(Z,P)= F(Z), YZ€V,

B(U,Q) - €C(P,Q) =0, VQeW.
For arbitrarily chosen subspaces V;, C V and W, C W, one can consider the
approximate solution U € Vj, and P, € W), satisfying

AUy, Z)+ B(Z,P,) = F(Z), VYZ €V,

B(Uha Q) - GQC(PIM Q) = 07 VQ € Wh,-
If the pair (Vj,, W}) satisfies the stability condition A1 given in Section 4,
Theorem 1 of the same section holds.

The idea of reduced integration is that the unknown quantity P, can be elim-
inated. One can always do this in the following way.

Define a projection operator S, : W — W), by
C(ShRa Q) = C(Ra Q)a VQ € Wh-

Then we have P, = ¢ S, LU} and B(Z, P,) = C(SyLZ, P,). Hence the prob-

lem reduces to
A(Un, Z) + esz(ShLUh,Sh[,Z) =F(Z), YZ eV,

When W), is a finite element subspace consisting of discontinuous piecewise
polynomials, S}, is easily computable.

The advantage of the last equation above is that it involves only the primitive
unknowns, however, the algebraic system is poorly conditioned. In addition
to the spectrum of the operator £ and the elliptic operator associated to the
bilinear form A, the condition number also depends on €. On the other hand,
the locking-free saddle point problem is much easier to solve since precondi-
tioning and iterative techniques for such systems are better understood. In
[5], for example, the positive definite systems, resulting from the reduced in-
tegration method for the Reissner-Mindlin plate model, are preconditioned by
introducing mixed reformulations.

To convert our mixed method in this paper to a reduced integration method,
we just need to define

£ = (( 5y @@ V) (1 2un V)

and
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and use the framework given in this section.
We complete this paper with the following remarks:

Remark: Although we only described triangle elements, we believe that the
technique of Lemma 1 can be used for arbitrary quadralateral elements.

Remark: This method is designed for bending dominated shell problems; fur-
ther research is needed before we will be able to say whether or not it can be
used on membrane dominated shells.

Remark: The hp method is widely believed to be the most promising method
for shells. The reasons are clear: The flexibility of high order polynomials
can reduce the locking effect, and there is no deterioration of the error esti-
mate due to the reduced integration technique. But rogorous mathematical
analysis is needed to support these ideas. In this paper, our goal has been
to introduce a method with lowest order polynomials for bending dominated
shell problems. Membrane dominated shells, and partially bending - partially
membrane dominated shells, are not considered here.
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