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Abstract

In this paper a locking-free method, using mixed finite elements, is introduced to ap-
proximate the soluton of Naghdi shell problems with small parameter ¢, the thickness
of the shell. The approach of Arnold and Brezzi [1] is employed with some important
changes. Instead of proving the discrete Inf-Sup condition for arbitrary geometric
coefficients, which does not seem possible, we prove a weaker stability condition for
smooth enough geometrically dependent coefficients, which is sufficient for deduc-
ing the optimal error estimate as long as h%/t is uniformly bounded. For extremely
small ¢, we can relax this condition either using a larger bubble space or stabilizing
the problem by replacing ¢? by t? + h*. In either case an optimal error estimate still
holds.
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1 Introduction

Finite element solutions of bending dominated thin shell models suffer both
shear and membrane lo ing he s e ial ase of eissner indlin lates
here onl shear lo ingis resent has been ell understood and su essfull
o er ome in se eral a ers using mi ed nite element meth
ods and b  ramble and un  using a dis rete negati e norm least s uares
method For shells the geometr and the membrane strain tensor ma e the
roblem far more om li ated here has been some or dealing iths e ial
ases su h as that of a linder ut as far as e no there has not
been an method mathemati all ro en to be lo ing free for the general
ase



he a erof rnoldand re i brie sur e ed the literature treated the

aghdi shell model as an abstra t saddle oint roblem ga e a se uen e of
mi ed nite element methods ith triangle elements and ro ed an error esti
mate inde endent of under the restri ti e assum tion that all the geometri

oe ients are onstant on ea h element he on e tured that the assum
tion is onl needed b their method for ro ing the dis rete nf u ondition
uri used an nite element method on aralellogram elements and he
in reased the order of a ro imation ol nomials to allo ol nomial geo
metri  oe ients hi h im ro ed the result of rnold and re i ith a
ertain added ost t should be mentioned that all the geometri oe ients
annot be ol nomials at the same time unless the are all onstants he

ould ho e er bea ro imated b ol nomials tenberg and ha elle
used stabili ation te hni ues to a oid the dis rete inf su  ondition ut the
stabili ation for the om li ated oiter shell model seems to be tooe ensi e
and the anal sis in the a er in ol ed full regularit assum tion hi hisb
itself an o en roblem ith some ell no n negati e results

e belie e that the a roa h of rnold and re 1isu essfull a oided the
trouble hi h ould be reated b the membrane strain term b introdu ing
a seminorn instead of a norm for the ne un no ns of shear and membrane
stresses hus e also ta e thisa roah n this a er e de nene un

no ns for shear and membrane stresses in a slightl different a hi h
signi antl eases the di ult of satisf ing the dis rete nf u ondition

t the lo est order 1ie e ise onstant elements are used for these ne wun

no ns ontinuous ie e ise linear fun tions lusthe bubbles a e  isused
for the rotations and ontinuous ie e ise ol nomials of degree  lus the
bubble s a e is used for the dis la ements e ro e a ea er stabilit
result on the subs a es for smooth enough geometri oe ients From this
result e no that henthe oe ients arein and 2 the method
is lo ing free e dont thin that 2 is a er restri ti e ondition
butifinan ase ehaet o a storela it First b using a larger bubble
S ae for the dis la ements e onl need Iternati el e

an stabili e the roblemb re laing ?b 2 %  number of a ers used
this sort of stabili ation for eissner indlin lates eg 2 regularit of
the shear and membrane stresses is needed to estimate the error introdu ed
b this erturbation there are no theoreti al results ro ing this regularit
on shells

he rest of the a er is organi ed as follo s e tion des ribes the aghdi
shell model and some ne essar geometri notation e tion introdu es the
lo ing free reformulation ith shear and membrane stresses asne un no ns
e tion resents the abstra t error estimate ith our ea er stabilit as
sum tion n e tion the mi ed nite element s a es are de ned and the
stabilit is ro en under the ondition 2 e tion  ontains the t o
a s of rela ing the ondition e tion gi es a brief and abstra t des ri tion



of the 1idel wused redu ed integration te hni ue follo ed b itsa i ation
to our s heme

di od nd o o tr not tion

For the on enien e of the reader e basi all use the same notation used b

rnold and re iin he ree indi esrangeo er and hile the atin
indi es range from to hen indi es are re eated in a single term this
means that e sum o er that inde erarro s are used to denote e tors in

2

undertildes for e tors in and double undertildes for s mmetri

tensors

u ose that the midsurfa e of the shell under on ern is arametri ed b
a single hart ith a smooth ma ing 2

2
2

and 4 are linear]l inde endent at ea h oint of and the shell o u ies
the region

et and be the rst and se ond fundamental forms of the midsurfa e
under the arametri ation

et and the

hristoffel s mbol — For an integrable fun tion e
ha e B

e ne R here and are the

oung s modulus and oisson ratio of the material res e ti el

et be the dis la ement of the shell at

2 be the rotation of the ber in the shell er endi ular

to the midsurfa e at For

de ne the bending ur ature tensor the trans erse shear
strain tensor and the membrane strain tensor as follo s



et

2 2 2

here  has ositi e measure

he bending energ shearing energ membrane energ and the
or done b the load are

o the aghdi shell roblem is to nd as the minimi er of the total

energ

he e ui alent ariational formulation is to nd su h that



ocin r r or u tion

he reason for lo ing is ell understood he general idea of a oiding
lo ing in lates and shells roblems is to introdu e a ne un no n for a
term hihlooslie 2 here are differential o erators
are fun tions is a small arameter ere ede net one un no ns

for the shear stress and the membrane stress b

and

he ur oseofin luding in and in istoremo e the geometri

oe lents from ertain terms as mu h as ossible so that there 1ill be less
trouble in satisf ing a dis rete stabilit ondition

For an ed onstant let
is oer i e on as ernadou and iarlet ro ed in et
ere is the in erse of the tensor ne an easil erif

that
2




hen roblem is e ui alent to that of nding

2 and 2 su h that

here 2 —— -

hile is on enient for im lementation to anal e the stabilit and
estimate the error it is more on enient to de ne

and onsider the more abstra t ersion of the roblem Find
and su h that

he follo ing seminorm is de ned in

su

tiseasil sho n f that asa onse uen eofthe a  ilgram heorem
has a uni ue solution and that



tr ¢t rror ti t it t iit u tion

fter in luding and ~into the ne un no ns there are still
some geometri oe ients left in the follo ing terms

and

herefore it does not seem to be ossible to ro e a dis rete ersion of the
nf u ondition s a substitute for the nf u ondition e ill establish
a slightl  ea er stabilit ondition his ea er ersion of the stabilit on
dition might be useful for other arameter de endent roblems therefore e
resent it abstra tl

et and be ilbert s a es and let the bilinear forms

and the linear fun tional be ontinuous u ose that and
are oer i e so the norms indu ed b in and in are e ul alent to
the ilbert s a e norms and res e ti el e ne a seminorm on
b
su

onsider a arameter de endent saddle oint roblem of the follo ing form
Find and su h that

onsider subs a es and na ro imate solution of
in is gi en b

Find and su h that



ea ening of the dis rete nf u ondition is the follo ing
1 here e ists and su h that

— Su

nder this ondition e ha e the follo ing theorem

or 1

inf

roo

he e isten e and uni ueness of the solutions of both the roblems follo

from the a  ilgram theorem ubtra ting from e get
2
For an and
2 2
for all o subtra ting from ith
and using the oer i it of the bilinear forms and and the
and ontinuit of the forms and e ha e
2 2 2

Follo and



— Su

0 isa onse uen e of and triangle ine ualit and hen e
the theorem is ro en

his theorem sa s that ro ides a wuasi o timal a ro imation n
error estimate illde end on hate er regularit is alid for the e a t solution
of and the a ro imation ro erties of thes a es  and

i d nit nt nd t iit
onsider a ol gonal domain triangulated regularl b ith the ma i
mal meshsi e et be the set of ol nomials of degree or less restri ted
to et
and

eusee a tl thesame airsof niteelements a es hih rnoldand re i

use for aghdi shells namel ontinuous ie e ise ol nomials augmented
b bubbles for the rimiti e un no ns dis ontinuous ie e ise ol nomials
for the ne un no ns

he differen e is that our ne un no ns are de ned different]l from those in
he a of de ningthene un no ns la sa er im ortant role in the
stabilit anal sis

emma  of onstru ted a linear o erator 9 hi h
satis es the follo ing



and

here is an edge of is a triangle of is a fun tion in
Furthermore reen s theorem and im 1 that for arbitrar
and
he method used to onstru t ill be seen in the ne t se tion here e
onstru t a slightl different o erator tiseas to seefrom the onstru tion
that one an de ne alinearo erator hi honl satis es
and For the subs a e of the rotation one onl needs
in ro ing the stabilit ondition later in this se tion
1
su @ — su 2
roo et begi enasaboe e ne so that  is e ual to the
a erage of on for ea h triangle onsider e ha e
en e
2
ere e used and the 1 s hit ontinuit of on ea h element

he lemma no follo s

n emma e are onl dealing ith geometri oe ients mul
ti | ing fun tions in so that an be used in the ine ualities of



the roof f e had anted a similar ine ualit for the deri ati e of a fun
tion e ould ha e had to use instead of onse uentl e

ould ha e lost one o er of in the se ond term of the right hand side of

ut it is not desirable to re uire that in luding most of

the geometri oe ients in thet one un no ns and e ha e
a oided this trouble

e are no read to establish stabilit for and the shell roblem

su

su I — 2

roo

t is ob ious that sing the same argument as in

the roof of emma e ha e for an

su — 2



ere e used and the 1 s hit ontinuit of

and and are in neah and are
e ual to the mean alues of and res e ti el
n the ase of our aghdi shell roblem the stabilit ondition ill be
the follo ing
here e ists and su h that
— su

he follo ing theorem is a s e ial ase of heorem

or

inf + + 5.3

5.35

in t condition 2

tri t1 s ea ing the ondition 2 means that the mesh si e de ends

on the thi ness of the shell lthough e feel thatin ra ti e 2 is not
er restritie ehaet o a storela this ondition

First one an stabili e the abstra t roblem b re laing 2b 2 ¢

and onsider the follo ing roblem
Find and su h that



his te hni ue is idel wused for eissner indlin late models e g in

most of the ases 2iste laedb 2 2 ubtra ting from
2 4 4

elae b and Db then subtra t the se ond e uation

from the rst
2 4 4
his means
2 2
and it follo s that
2
f is bounded b a norm of itha oe ientinde endent of then e

ould ha e uniform on ergen e his is indeed the ase for eissner indlin
late ith lam ed boundar onditions herethe 2 norm of the shear stress
is bounded b the 2 norm of the load For shells su h a result is not no n
For the eissner indlin late ith sim 1 su orted boundar onditions
itis no n that the 2 norm of the shear stress is not uniforml bounded
hen tends to ero herefore this stabili ation a roa h does not seem
to be er romising for the shell roblem ith sim 1 su orted boundar
onditions

o e er e ha e the ne t method hih re uires us to use larger bubble
s a es but ill de nitel satisf the stabilit assum tion

e all 2 ere e rede ne this o erator but still all it

ost art of the roof of this lemma is the same as in the roof of emma
of ust the bubble ad ustment is different ut e arr out the hole



roof here for the bene t of the reader

roo
First let satisf
for all
here is the diameter of the triangle in is the union of all the
triangles in hi h meet
e ond let 9 satisf at the erti es of all
the triangles in  and
for all
for all
ere is the set of all the edges of all the triangles in a s aling
argument one an sho that
for all and
hird let 2 satisf
2 for all
s aling argument on this o erator gi es
2 2 for all

Finall b setting

and straightfor ard om utation one an erif that
and hold for an and holds for an

o if e use the de nition of in emma ith re laedb thene 1
de ned and assume that the geometri oe ients and are in



on ea h element then e an uniforml a ro imate these oe ients

b ie e ise ol nomials of degree and ro e that
su
su
for
2

ne the stabilit assum tion is satis ed and the rest of

the anal sis in the re ious se tion goes through  herefore for an ed
and there is an integer  su h that and
ith ro ides an a ro imation to the e a t solution of ith

uasi 0 timal error estimate inde endent of

e ha e to re ogni e that the method gi en in this a er is onl
ro ed to be ra ti all lo ing free in the sense that in most ases 2
or ill be easil satis ed b ameshsi e determined b a reasonable
a ura re uirement

duc dInt r tion ¢ ni u

he idea of redu ed integration is idel wused for roblems hi h e hibit
lo ing mnstead of s e iali ing this idea to our method e rst resent a
brief and abstra t des ri tion of the te hni ue

onsider a roblem ith lo ing Find su h that

2

ere isa ilberts ae is a bounded linear o erator is also
a ilbert s a e the s mmetri bilinear forms and are ontinuous and
oeri eon and res e ti el From these assum tions it is ob ious that
there are onstants su h that

2 2 2 2

ut if one dire tl dis reti e the roblem the error estimate ill ha e the
oe ient 2 hi hisat 1iallo ing henomenon he usual a
of unlo ing is the follo inglo ing free reformulation



et 2 and hen e ha e an e ui alent saddle

oint roblem Find and su h that
2
For arbitraril hosen subs a es and one an onsider the
a ro imate solution and satisf ing
2
f the air satis es the stabilit ondition 1 gi en in e tion

heorem of the same se tion holds

he idea of redu ed integration is that the un no n wuantit an be elim
inated ne an al a s do this in the follo ing a

e nea roe tion o erator b

hen e ha e 2 and en e the rob
lem redu es to
2
hen is a nite element subs a e onsisting of dis ontinuous ie e ise
ol nomials is easil om utable

he ad antage of the last e uation abo e is that it in ol es onl the rimiti e
un no ns ho e er the algebrai s stem is oorl onditioned n addition
to the s e trum of the o erator and the elli ti o erator asso iated to the
bilinear form  the ondition number also de ends on n the other hand
the lo ing free saddle oint roblem is mu h easier to sol e sin e re ondi
tioning and iterati e te hni ues for su h s stems are better understood n

for e am le the ositi e de nite s stems resulting from the redu ed in
tegration method for the eissner indlin late model are re onditioned b
introdu ing mi ed reformulations

o on ert our mi ed method in this a er to a redu ed integration method
e ust need to de ne

and



and use the frame or gi en in this se tion
e om lete this a er ith the follo ing remar s

Ithough e onl des ribed triangle elements e belie e that the
te hni ue of emma  an be used for arbitrar uadralateral elements

his method is designed for bending dominated shell roblems fur
ther resear h is needed before e 1ill be able to sa  hether or not it an be
used on membrane dominated shells

he  method is idel belie ed to be the most romising method
for shells he reasons are lear he e ibilit of high order ol nomials
an redu e the lo ing effe t and there is no deterioration of the error esti
mate due to the redu ed integration te hni ue ut rogorous mathemati al
anal sis is needed to su ort these ideas n this a er our goal has been
to introdu e a method ith lo est order ol nomials for bending dominated
shell roblems embrane dominated shells and artiall bending artiall
membrane dominated shells are not onsidered here
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