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ABSTRACT. In this paper, we consider solving the coupled systems of discrete equa-
tions which arise from implicit time stepping procedures for the time dependent
Stokes equations using a mixed finite element spatial discretization. At each time
step, a two by two block system corresponding to a perturbed Stokes problem must
be solved. Although there are a number of techniques for iteratively solving this
type of block system, to be effective, they require a good preconditioner for the re-
sulting pressure operator (Schur complement). In contrast to the time independent
Stokes equations where the pressure operator is well conditioned, the pressure opera-
tor for the perturbed system becomes more ill conditioned as the time step is reduced
(and/or the Reynolds number is increased). In this paper, we shall describe and an-
alyze preconditioners for the resulting pressure systems. These preconditioners give
rise to iterative rates of convergence which are independent of both the mesh size h
as well as the time step and Reynolds number parameter k.

1. INTRODUCTION.

In this paper we analyze efficient iterative techniques for solving the couple
syste s of linear equations which arise fro fully iscrete appro i ations of ti e
epen ent to es equations uch syste s also arise when the avier to esequa
tions are a vance inti e yusingthe o 1 e  etho of characteristics
he couple linear syste s havea loc  atri representation of the for

A B

11 B

ere A issy etric B isthea oint of B an the para eter isrelate to the
ti estep sizean eynol snu er here are anu er of techniques which lea
to efficient iterative sche esfor solving 11 provi e thate ective precon itioners

for A an BA B areavaila le cf 1 hese etho swill ereviewe
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in ection he goal of this paper is the analysis of precon itioners for the so
calle chur co ple ent BA B for theti e epen ent to es application
or the ti e epen ent to es application the pro le is pose in ter s of

two nite 1 ensional spaces V an he space V  consists of vector value
functions e ne fro a esh of size on a connecte oun e o ain he
space consists of scalar value functions on a esh of size It isassu e that

the pair of spaces satisfy the classical a us a rezzi con ition or all

sup

\%

ere enotes the su of the co ponentwise irichlet for s In the case
of the ti e epen ent to es application the for which results fro the chur
co ple entis given y

1 BA B sup

ere
he precon itioner for BA B which we shall stu y is of the for

where  enotes the i entity on enotes the pro ection onto an
is solution operator for a nite ele ent appro i ation to the eu ann pro le
see ection 4 recon itioners of this for have een use for the solution of the
couple syste s resulting fro fully iscrete appro 1 ations to ti e epen ent
to es pro le s see eg 1 lthough nu erical results were reporte
there has een no theoretical wor e plaining the success of the precon itioner In
this paper we provi e a theory which shows that this precon itioner gives rise to
rates of convergence which can e oun e in epen ently of oth the esh size
as well as the ti e step para eter
he outline of the re ain er of the paper is as follows In ection we evelop
the couple linear syste s correspon ingto fully iscrete ti e stepping appro 1 a
tions to the ti e epen ent to espro le In ection we survey so e iterative
techniques for solving loc syste sof thefor of 11 hese techniques give rise
to rapi ly converging iterative sche es provi e that e ective precon itioners are
availa le for A an BA B he pro le of precon itioning A has een well
stu ile an e ective algorith s are availa le In ection 4 we give the analysis
which provi es oun s on the con ition nu er for the precon itioner 1  ap
plie to BA B inally we present the results of nu erical e peri ents which
illustrate the e ectiveness of the propose precon itioner in ection

HE PROBLEM AND NOTATION.

e shall e concerne with solving the iscrete syste s which result fro ti e
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stepping appro 1 ation to the linearize  avier to es equations

1 — in
in
on
4 in
for each
ere isa o ain i ensional ucli ean space with or an
enotes the co ponentwise aplace operator In a 1ition  is a vector value
function an is a scalar value function on e restrict our attention to the
a ove o elpro le forsi plicity
he iscrete appro i ation to 1 is e ne in ter s of the iscrete
appro 1 ation of the stationary to es pro le he to espro le is as follows
in an satisfying
in
in
on
9

he regularity properties for the stationary to es equation will play a fun a
ental role in the construction an analysis of iterative etho s for solving the
iscrete syste s arising fro appro 1 ations to 1 hese properties are
e ne inter sof o olevspaces he o olev spaces for non negative

integers are e ne to e the istri utions which along with their partial eriva
tives of or er are in co plete evelop ent an  iscussion of these
spaces can e foun in eg 1 1 1 he nor on will e enote

or negative  the space is e ne y uality an is the set of linear
functionals on for which the nor

sup

is nite  ere enotes the inner pro uct e shall also use o olev
spaces of vector value functions vector function  is in if each of its
co ponents isin he nor in will also e enote y here
is no a iguity with this e nition since the speci ¢ nor wuse will e uniquely
i enti e y the type of function on which it is applie hen the nor
will e enote 'y in oth the vector an scalar case

e ne t consi er the wea for ulation of 9 et e the co
pletion of in the nor e ne V ie the space of vector
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value functions with each co ponent in inally let enote the func
tions in with zero ean value on ultiplying an y functions
in V an respectively it is easy to see that the solution of 9
satis es
. for all \%
for all

ere enotes the vector irichlet for e shall let enote oth the

vector an scalar irichlet for son or scalar functions in

1s e ne y

or vector functions

ince 1is oun e an connecte it follows fro 1 that there is a constant

satisfying
11 sup
Vv
ere an in the re ain er of the paper with or without su script will enote

a generic positive constant  hese constants ay ta eon 1 erent valuesin 1 er
ent occurrences however they will always e in epen ent of esh an ti e step

para eters It easily follows fro 11 that if then the solution satis es

1

In a ition we assu e that the solutions of 9 satisfy regularity esti

ates of the for or an all

1

his 1 poses so e con itions on the o ain It is nown that 1 hol s in
the case of conve o ains in with polygonal oun aries 1 an for conve
polyhe ral o ainsin 11 sing a uality technique an 1 it is shown in
the appen 1 that solutions to 9 with satisfy

14

oappro 1 atelysolve 1 weintro uce a collection of pairs of appro 1 ation
su spaces V V an in e e y in the interval 1 e
assu e that the constant function is in an e ne to e the su space of
functions in with zero ean value e will assu e that the classical
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a yzhens aya a us a rezzi con ition cf 1  hol s for the pair of spaces
ie thereis a constant  which oes not epen upon such that

1 sup — for all
\%

In a ition the su spaces are assu e to satisfy the following appro 1 ation an
inverse properties

1 or
1 in{/_
or
1 inf
or V an 1
1
4 or
19

he constant appearing a oveisin epen ent of the appro 1 ation para eter

any su space pairs satisfying 1 19 have eenstu ie see eg 1 19
si ple collection of V pairs is given in the following e a ple
et e the unit square 1 in e rst rea is s aller
squares with e ge length of 1 for even integer values of he o ain is

further su ivi e y rea ingeachs aller square into two triangles y connecting
the lower left han corner to the upper right  he su space V is e ne to the
the set of vector value functions which are piecewise linear with respect to the
a ove triangulation continuous on  an vanish on e will use a pressure
space of piecewise constant functions o satisfy 1  this space ust e ta en
with respect to a so ewhat coarser esh o thisen we consi er rea ing up

into squares of size et enote the set of functions which are piecewise
constant on the squares of e ge length he space is then e ne to e
the functions in with zero ean value on he pair V satis es 1
with  in epen ent of 1 see 1

he appro i ation to the solution of 1 is e ne y replacing the
spaces in 1 y their iscrete counterparts peci cally the appro i ate func
tions are e ne as the unique ele ents V an satisfying

for all Vv

for all
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he unique solva ility of is a consequence of 1 he following le  a
provi es error esti ates for the to es appro i ation

L

he proof of the rst inequality 1 is well nown an can e foun in 1
or co pleteness we provi e a proof of in the appen 1
ully iscreteti e stepping appro 1 ationsto 1 using the a ove spaces
lea to syste s of equations of the for

for all Vv
for all
ere
4 for all Vv
an is a positive nu  er which is relate to the ti e step size
he a ove pro le can e for ulate in ter s of operators as follows et
AV V BV an B V e ene vy
A for all Vv
B for all Vv
B for all Vv
ote that B is the a oint of B oreover can e rewritten as
A B
B
where enotes the orthogonal pro ection of into V

. ITERATI E METHODS OR S STEMS O THE ORM O

In this section we present so e iterative etho sfor loc syste s of the for
of Il of these etho s involve the intro uction of a precon itioner for a
re uce syste on hree of the etho s involve the use of an a  itional pre
con itioner for the operator A on V  In this section we escri e these iterative
techniques an  iscuss how their rates of convergence epen upon the con ition
nu ers of relate precon itione su syste s  he techniques iscusse in this
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section are not restricte to the speci ¢ syste ut rather they are applica
le to general loc syste s of the for of loc syste s of this for arise
in any other applications or e a ple such syste s ust e solve for nite
ele ent agrange wultiplier appro i ations to irichlet an interface pro le s
velocity pressure for ulations of the equations of to es an elasticity 1
an 1 e niteele ent etho s

e start y consi ering generic loc operator equations of which is an

e a ple et an e nite 1 ensional il ert spaces an consi er the
pro le

1
where are in an are in e stu y operators  of the for

e assu e that is a positive e nite sy  etric operator on In a 1ition
we assu e that an are a oints with respect to the inner pro ucts in
an e shall use the notation an to enote the inner pro ucts an
nor s on an his can e one without a  iguity since the particular

inner pro uctan nor can ei enti e ythe type of function on which the inner
pro uct or nor operates

pplying loc  aussian eli ination to 1 shows that the solution of 1
satis es
hus 1 is nonsingular if an only if is inverti le learly is
sy  etric an non negative straightforwar co putation gives that
4 sup —— for all

an hence solva ility of 1 will follow if

sup — for all

hol sforso epositivenu er Inequality is the classical a yzhens
aya a us a rezzi con ition cf 1

he rst sche e which we shall consi er for solving 1 involves iteratively
solving the equation
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an su sequently ac solving for ie his i1s a
classical technique ut has two potential raw ac s irst the operator

ay eill con itione an hence the iteration for ay converge slowly with
out precon itioning econ the action of the inverse of the operator ust e

co pute at each step of the iteration  his latter raw ac 1is perhaps the ore
serious one an for this reason we will not focus our attention on this etho
s we will see it will e essential for the efficiency of all of the other etho s

iscusse here to e a le to construct a goo precon itioner for or this
purpose let e a sy  etric positive e nite operator on an let e the
con ition nu  er of ince is sy  etric with respect to the
inner pro uct e ne 'y it follows easily that for any pair
an of positive nu  ers satisfying
for all
he construction of such operators with  not too large will ei portant for

the perfor ance of the etho s which we will now escri e

his paper is concerne with the solution of the syste s resulting fro
ti e stepping proce ures for the linearize  avier to es pro le In the ne t
section we shall show how to construct efficient precon itioners for the particular
operator BA B correspon ing to

s alrea y o serve one pro le with the iterative technique ust escri e is

that it requires the evaluation of the action of at each step in the iteration
In the application consi ere in this paper the action of A is  ore
e pensive to co pute than that of a suita le precon itioner e ne t consi er a
natural precon itione con ugate gra ient technique for solving 1 which oes
not require the evaluation of the action of o this en we assu e that we
are given a sy  etric positive e nite operator  which acts as a precon itioner
for his eans that there are positive nu  ers an satisfying
for all
with not too large

he secon  etho which we present here is as follows e will precon ition
y the loc operator e ne y

an then for the nor al equations correspon ingto 1 hat is we write the
equivalent syste

et enote the su of the co ponentwise inner pro ucts on ote that
is a sy  etric operator with respect to the inner pro uct
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ince it is also positive e nite we can apply the con ugate gra ient etho in the
inner pro uct tosolve 9 ote that the asy ptotic rate of convergence
per step of the con ugate gra ient etho can e oun e y

1 —
where is the con ition nu  er of It is essentially shown in  that
11 _— —
where in an a e o it the proof here
he i portance of an esti ate of the type 11 is that it shows that the con
vergence rate oun co ining 11 an 1 isi1 prove when goo precon
itioners  an are use

ven though we are applying the con ugate gra ient etho in the

inner pro uct the algorith can e i1 ple ente in such a way as to
avoi the e plicit evaluation of his is ecause of the special for of the
equations eing solve very instance of the inner pro uct which appears in
the con ugate gra ient algorith involves varia les e g where

for 1 with either or nown hus can e avol € in
the 1 ple entation his is 1 portant in that there are any precon itioners

whose evaluation is 1 ple ente as a process fficient co putational proce ures
for co puting the action of the inverse of such processes ay not e nown or
availa le

thir ~ etho which we escri e now was stu ie y ustin an inther 1
It is relate to the a ove nor al equations etho ut see s to perfor quite
a it etter when use in the application stu ie in this paper see ection

his ti e we write 1 as

an note that is a sy  etric operator with respect to the inner pro uct

ven though it is not positive e nite we can apply the ini alresi ual

etho to 1 his is co putationally no ore involve than the con ugate

gra lent etho in that it also involves only a three ter recurrence relation for

its i ple entation  his etho can e characterize as follows et e the
error after steps of the iteration an e ne the rylov space

K span

hen for the unique K which ini izes

for all K
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steps of this etho is necessarily no worse than steps of the nor al equation
etho since the error after steps of the nor al equation etho satis es the
a ove ini ization ut with K replace y

K span

hus the rate of convergence for the ini al resi ual etho applie to 1

can e oun e ythenor al etho rate see 1 an 11 lternatively
oun s for the rate of convergence of the 1ini alresi ual etho ay e inferre
fro the eigenvalue esti ates given in 1 ote that the co putational

cost of two steps of the ini al resi ual etho is appro i ately that of one step
of the nor al equation etho

In oth of the prece ing etho s spectral oun s ay not really
pre ict the convergence ehavior e consi er the case an
learly

It is straightforwar to chec that if the null space of  is none pty then 1
has e actly the three eigenvalues 1 1 ~an 1 B It follows that oth
the ini al resi ual etho an the nor al etho converge in three iterations
which is consi era ly etter than the rate pre icte y the spectral esti ates or
precon itioners close to these li iting cases it is clear that the eigenvalues ust
cluster near the three values 1 1 ~an 1 -

he ini al resi ual etho applie to a nonsingular sy  etric
operator 1is in general no etter than the con ugate gra ient etho applie to
the positive e nite sy  etric operator n e a ple which illustrates this is
as follows uppose that  has a spectru  which is sy  etric a out an that
each eigenvalue 1s si ple ny vector has an eigenvector e pansion of the for

ere an are the eigenpairs for the operator e say that a
vector is even respectively o if respectively onsi er
solving the pro le with an initial iterate  chosen such that the initial
error is even It is easy to see that is even for even an o
for o hus the ter s with o  powers of the operator in K are alrea y
orthogonal to the error It follows that the ini ization over K 1is i entical
to the ini ization over K 1ie steps of ini al resi ual etho pro uce the

sa e result as steps of the nor al equation iteration  owever this is not the
situation in our application where the ini alresi ual etho appears to perfor
signi cantly etter than the nor al equation etho see the nu ericale a ples
in ection
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he last etho which we will consi er involves a so ewhat 1 erent refor u
lation of 1 ssu e that in is greater than one et e e ne to
e learly satis es

14 1 1 1 1

for all nonzero in

sing straightforwar  anipulations we o tain the syste
1
s a consequence of 14 we can e ne an inner pro uct on y
1

e note that

an hence the operator  is sy  etric with respect to the inner pro uct e ne
y 1 It was shown in  that is also positive e nite et

It was also shown in  that the con ition nu er of is unifor ly oun e
a oun was given in ter s of an It follows that the con ugate gra ient
etho for solving 1 precon itione y converges rapi ly In fact as

ten sto an ten s to the con ition nu  er for the precon itione

syste ten s to one

HE PRECONDITIONER AND ITS ANAL SIS.

e evelop the precon itioner for the pertur e pressure syste in this section
It shoul e note that in contrast to the case of stationary to es the pressure
operator BA B correspon ing to the ti e stepping equation eco es ill
con itione as eco es s all In this section we will evelop precon itioners
for BA' B which lea to precon itione syste s with con itionnu er oun s
which are in epen ent of
o e ne the precon itioner we use a confor ing scalar value nite ele
ent space e assu e that satis es the stan ar appro i ation
property  or each

41 inf
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inally we assu e that the constant function is in an e ne to e the
set of functions in which have zero ean value on any e a ples of the
construction of su spaces satisfying the a ove hypotheses can e foun in 1 9

1

et enote the solution operator for the continuous eu ann pro le ie
given is the unique function with zero ean value on  in
satisfying
4
for all the functions in with zero ean value on he
unique solva ility of 4  follows fro the oincare inequality e shall assu e
full elliptic regularity for solutions of 4 ie
4
ote that 4  hol sfor conve o ainsin an 1 et e the solution
operator for the aler in appro i ation to the secon or er eu ann pro le
peci cally for a function is the unique function in
satisfying
44 for all
ote that the functions in o not satisfy oun ary con itions ut have zero
ean value 1 er the assu ptions 41 an 4 it is well nown that
4
et enote the orthogonal pro ection onto the su space he

a or result of this paper is given in the following theore an its corollary

T

BA B

BA B

he a ove theore shows that one can use as a precon itioner

for BA B ach evaluation of  then requires solving a iscrete eu ann
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pro le 44 ona eshofsize If isrelativelys all it ay e oreecono ical

to replace the operator y a precon itioner uch an operator is constructe
so that
for all
with an not epen ing on uppose that 4  hol s If is scale so
that 1 then satis es
BA B for all
his re ar hol s for which can e applie in the case of the corollary

et M BA B It is easy to see that the upper
inequality in 4  is equivalent to

4 M M M for all

et ein sing 4  we have that

. M M M M M M M
M M M

sin 4 a straightforwar co putation gives that

B
49 M sup ——— sup
v A \Y
e rst oun the last ter in 4 e clearly have that

an hence 49 an the chwarzinequality 1 ply that

41 M

sing the fact that M is a sy  etric positive e nite operator it follows that
411 M M

e note that for any in

sup
41

sup
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e use the oincare inequality for the last inequality a ove If in a ition
has zero ean value on  then

41 sup ——

e use the representation for givenin 41 for the last inequality a ove
ene t oun the rstter on the right han si eof 4 y 41

M M M
ote that M where A B onsequently
414 M M

It follows fro 1 an a straightforwar uality argu ent that

hus y the inverse inequality 1

M M

41 A B
A B B M

e use the fact that the spectru of A is in the interval 1 for the last
inequality a ove o ining 4 411 an 41 co pletes the proof of 4

e now prove the lower inequality of 4 vi ently this is the sa e as

41 M for all

et e an ar itrary function in e prove 41 y constructing a function
V  such that B an

41

If we have such a function then y 49 an 41

B
M

e start y consi ering the pair solving the to es equation
in
in

on
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y 1

41
an y 14
419

o 1ining the a ove two inequalities an using 41 gives

hus it follows fro  the triangle inequality that

4
o 1ning 4 an 4 gives
4
e e ne to ethe 1 e approi ation to peci cally satis es
for all Vv
for all
ote that B follows fro  the secon equation a ove  he proof of
the theore will e co plete once we verify 41 for this choice of learly
4 4
ow y 1
sup
Vv
4
sup
Vv
o 1ning 4 4 4 an 4 gives
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overify 41 we nee only esti ate y e a lan 41

hus y the inverse inequality 19 41 an the triangle inequality

pplying 4 gives

o 1ning 4 an the a ove two inequalities gives

4

inally 41 follows fro 4 an 4 his co pletes the proof of the
theore

It 1 e iately follows fro the inverse inequality 1

that for

for all Vv
hol s for in epen ent of an sing this with 49 shows that all of the
for s M are equivalent provi e that he corollary then follows

fro heore 41 with

UMERICAL E AMPLES.

In this section we present the results of nu erical co putations which illustrate
the con itioning guarantee 'y heore 41 e also report the nu er of itera
tions require to achieve a given accuracy using the precon itione loc  etho s

iscusse 1n ection
sa o elpro le we consi er syste s which arise fro ti e stepping 1
for  equal to the unit square 1 in he space V is e ne as
in a plel o e ne we start with the space of piecewise constant
functions with respect to the square esh with e ge lengths 1 see a ple
1 a el the s aller squares in the an irections an let enote the
characteristic function which is one on the th square or 1
let

e then e ne

an for 1

It is shown in 1 14 that the resulting pairs V an satisfy 1  with
in epen ent of
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or convenience we iscretize the rstter in 4 yalu pe assappro
1 ation his eans that we use

for all A%

ere the su is ta en over the no esof the eshan thesu script on the functions
an enotes evaluation at the gri point e will use the operator analyze
in ection 4 as a precon itioner for the churco ple ent BA B correspon ing
to the couple syste
e let enote the space of functions with zero ean value which are con
tinuous on  an piecewise linear with respect to the triangulation e ning V
ecause A co esfro aregular eshan constant coefficient operator its inverse
can e co pute y using the iscrete sine transfor i ilarly the action of
can e co pute y using the iscrete cosine transfor y utilizing o an even
e tensions the iscrete sine an cosine transfor s can e re uce to the iscrete
ourier transfor s which can e efficiently co pute in on the or er of log
operations
ne can co pute the action of an BA B efficiently using the a ove tech
niques  he largest an s allest eigenvalues of BA B were then co pute

using the power etho In the case of we use as suggeste y orol
lary 1 he resulting con ition nu ers as a function of an are reporte 1in
a le 1 or the reporte range of an the con ition nu  ers of the syste
BA B were oun e vy

alel
BA B
1
1 4 4 4
11 49 4 4 4
1 4 4 4
1 4 4 4

e ne t illustrate the ehavior of the last three iterative algorith s iscusse in
ection or these e a ples we use a cycle wultigri precon itioner for each
co ponent of the operator A peci cally we consi er the cycle algorith
which uses one pre an post sweep of point auss el el as as oother see 4
or the wultigri algorith to give rise to a sy  etric precon itioning operator
the or er of the points in the post auss el el s oother is the reverse of that
use in the pre auss el el s oother ecause of the lu pe ass ter  the
resulting ultigri sche e is not of variational type see ection of y
irect co putation the resulting precon itioner applie to A has eigenvalues in
the interval 4 1
e applie the last three algorith s of ection utilizing the ultigri precon
itioner ust iscusse or thenor alan  ini alresi ual algorith s no scaling
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was require  In the case of 1 precon itione y we e ne to e the
ultigri precon itioner scale y ince the original precon itioner applie to

A ha eigenvalues in the interval 4 1 it follows that the scale operator
satis es

A A l A for all VvV

s efore we use

In a les an 4 we report the nu  er of iterations require to re uce the
iscrete nor error Yy a factor of 1 for the various precon itione loc
iterative techniques 1iscusse in ection e choose the iscrete nor as
an un iase easure of the solution error Il three etho s are ini ization

etho s with respect to 1 erent nor s an rylov su spaces one of these
nor s correspon to the iscrete nor 11 etho s are applie to calculate

thesa e e nown solution

—_ = =
Ne}

y far the worst etho wasthe loc nor al etho It require signi cantly
ore iterations for the sa e accuracy when co pare to the other two techniques
oreover each iteration of the nor al equation etho requires two operator an

precon itioner evaluations an thus the cost per iteration is roughly ou le that of
the other two etho s

19

—_ =
—

— = O

—_ = = =

f the re aining two techniques the refor ulation 1 precon itione y
cf converge so ewhat faster than the in1 al resi ual technique cf
1 oth of these etho s involve roughly the sa e a ount of co putational
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wor since they only require one evaluation of the operator an precon itioner per
iterative step  ne ust choose the scaling factor for the precon itioner in the case
of refor ulation 1 whereasthe ini alresi ual technique oes not require any

para eter selection  ctually so ewhat etter perfor ance was o serve using
the refor ulation 1 an e ne vy scaling the ultigri precon itioner
y a factor of 1  instea of or co parison the iteration results for for all
three etho s an were co ine in a le
a led
1
1 1 14 1
11 1 14
1 1 14
1 4 1 14
a le
or al in  es efor ulation 1
1 1 1
11 1 14
1 9 1 14
1 4 1 14
PPENDI .
e provi e a proof of 14 an in this section e inclu e this section

to show that the esire conclusions result fro our assu ptions he techniques
for proving these esti ates are well nown

e start y proving 14 et e the solution to 9 with
onsi er the solution to the following to es pro le in wea for in in
Vv satisfying
for all Vv
1
for all

y the regularity assu ption 1

Iti e iately follows fro 1 an 1 that
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Inequality 14 then follows co  ining an
e ne t prove y applying the nite ele ent wuality argu ent et
E an where an are respectively the
solutions of 1 an ote that
E for all Vv
E for all

onsi er the solution to the following to es pro le in wea for in in

Vv satisfying
A E for all Vv
for all

y the regularity assu ption 1

E
e clearly have that for any V an
E E E
E E
E
E E
e use 1 1 an to get the last two inequalities a ove It1 e 1
ately follows that
E E
o co plete the proof of we nee only oun the two nor s on the right
han si e of v y 11 an the fact that
sup
A%
sup
A%

i ilarly 1 1 plies that

inally

It follows fro the a ove three inequalities that
E

his co pletes the proof
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