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Algorithms Including the V-cycle
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Abstract. The purpose of this paper is to provide new estimates for certain multilevel algo-
rithms. In particular, we are concerned with the simple additive multilevel algorithm given
in [10] and the standard V-cycle algorithm with one smoothing step per grid. We shall prove
that these algorithms have a uniform reduction per iteration independent of the mesh sizes
and number of levels even on non-convex domains which do not provide full elliptic regularity.
For example, the theory applies to the standard multigrid V-cycle on the L-shaped domain
or a domain with a crack and yields a uniform convergence rate. We also prove uniform
convergence rates for the multigrid V-cycle for problems with nonuniformly refined meshes.
Finally, we give a new multigrid approach for problems on domains with curved boundaries
and prove a uniform rate of convergence for the corresponding multigrid V-cycle algorithms.

1. INTRODUCTION.

In recent years, multigrid methods have been used extensively to efficiently solve the
discrete equations which arise in the numerical approximation of partial differential equa-
tions (see the references in [11],[15],[18]). In conjunction, there has been intensive re-
search into the theoretical understanding of the convergence properties of these methods
(cf. [2],[3],[5],[6], [8]-[10],[15],[17],[18]). In this paper, we present a new general theory
based on two assumptions which are different from those made in earlier works. By using
the new theory, we are able to derive some surprising uniform convergence bounds for a
number of problems. The earlier theories suggested that the rates of convergence for these
applications deteriorated as the number of multigrid levels increased.

Previously, there were two general approaches for proving convergence of multigrid al-
gorithms. The first was based on the so-called regularity and approximations assumption
[6]. The verification of this hypothesis used both the approximation properties of the
discrete method as well as the regularity properties of the approximated partial differ-
ential equation. The theory of [6],[13] only provides a uniform convergence rate for the
V-cycle algorithm in the case of full elliptic regularity. It gives a deteriorating estimate,
for example, in the case of an L-shaped domain or a domain with a crack boundary.

The second general approach is based solely on approximation and is given in [8],[10].
The “no regularity” theory gives rise to estimates which deteriorate at least linearly with
the number of levels in the multigrid scheme.

In contrast, the theory developed in this paper uses two new assumptions. The first
assumption replaces the regularity and approximation assumption by a much weaker in-
equality on the whole space (see (3.1)). As we will demonstrate, this inequality often can
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be verified in applications where full elliptic regularity fails to hold. The second assump-
tion is that the underlying discrete operator should be appropriately small when restricted
to coarser grid spaces (see (3.5)). We provide a general theory which shows how the rate of
convergence of multigrid algorithms can be bounded in terms of the constants appearing
in these two new assumptions.

We will give three applications showing that the general theory can be used to prove
stronger convergence estimates for V-cycle algorithms. The first applies the general theory
to second order uniformly elliptic problems in d-dimensional Euclidean space. We will
show that the V-cycle algorithm, with only one smoothing per grid per iteration, leads
to a uniformly convergent algorithm independent of the number of levels. This is true on
the L-shaped domain and domains with a crack boundary. In addition, these results are
valid for both the additive (multilevel) and multiplicative (standard multigrid) form of the
algorithm.

The second application involves an example with a general mesh refinement. The best
earlier results known for this problem were given in [8] and [10] where it was shown that
the convergence rate for the additive and multiplicative algorithms could deteriorate at
worst at a rate of 1 — ¢/J? and 1 — ¢/J respectively. Here J is the number of levels and
¢ 1s a positive constant independent of the number of levels. Applying the general theory
developed in this paper, we prove, for instance, that the convergence rate for the V-cycle
for this example is bounded uniformly below one, independently of J.

The final example applies to domains with curved boundaries. We construct a simple set
of nested multilevel spaces and show that our general theory may be used to prove uniform
estimates for the additive multilevel schemes and that the V-cycle multigrid scheme (with
one smoothing step per grid) has an associated contraction number bounded uniformly
below one.

The outline of the remainder of the paper is as follows. Following [6], we provide a general
framework for the development of multilevel algorithms in Section 2. Section 3 provides a
general theory for the analysis of these algorithms based on the new assumptions mentioned
above. Section 4 verifies the new assumptions in the case of the quasi-uniform finite
element approximation. The theorems of Section 3 then give new convergence estimates
for this application. The case of mesh refinement is considered in Section 5. Application
of the new theory also leads to uniform convergence estimates. Finally, we consider a
multigrid algorithm for domains with curved boundaries in Section 6. Again, uniform
rates of convergence are proven.

2. GENERAL ADDITIVE AND MULTIPLICATIVE MULTIGRID ALGORITHMS.

Following [6], we first give a general framework for the development of multigrid al-
gorithms in this section. We next define the additive and multiplicative versions of the
multigrid algorithms. The additive version provides a preconditioner for the resulting op-
erator. The multiplicative algorithm also gives rise to a preconditioner which can be used
in a simple linear iteration (the standard multigrid approach) or as a convergence accel-
erator in a conjugate gradient iteration. For convenience, the algorithms are presented
in an abstract Hilbert space setting. The results most naturally apply to finite element
multigrid algorithms but can also be applied to certain formulations of finite difference
multigrid algorithms.



Let us assume that we are given a nested sequence of finite dimensional vector spaces
My C My, C...CMj.

Associated with this sequence, we assume that we are given additional subspaces, M; C M,
forz=2,3,...,J. The multilevel algorithms will involve smoothing only on the subspaces
{M;}. In addition, let A(-,-) and (-, ) be symmetric positive definite bilinear forms on M.
Let ||-|| denote the norm corresponding to (-,-). We shall study multigrid algorithms for
the solution of the problem: Given f € M, find v € M satisfying

(2.1) A(v,¢) = (f,9) for all ¢ € M.

The multigrid algorithms are described in terms of auxiliary operators. For k =1,... . J,
define the operator Ay : My — My by

(2.2) (Arw, ¢) = A(w, ¢) for all ¢ € M.

The operator Ay is clearly symmetric (in both the A(-,-) and (-,-) inner products) and
positive definite. Also define the orthogonal projectors Py, Qy : My — M;j by

A(Prw, ¢) = A(w, ¢) for all ¢ € My,

and

(Qrw, ¢) = (w,¢)  for all ¢ € My.

Replacing My, by M., the operators Ay, Py, and Qy are defined analogously. It is easy
to check the fundamental identity Q; Ay = A;P; whenever [ < k. This and analogous
identities involving M, will be used in various places throughout this paper.

Equation (2.1) can then be rewritten

(2.3) Ajuy=f.

Both the additive and multiplicative (standard) versions of the multigrid algorithms can
be thought of as defining an operator By : M; +— M ; which approximately inverts A ;.
The goal of the analysis is to provide estimates for either the spectrum of B;A; or an
appropriate norm of I — BjAj.

To introduce smoothing into the multigrid algorithms, we shall use “generic” smoothing
operators Ry : My — My, for k = 2,...,J. Examples of these operators are given in
[5]. The properties which they satisfy will be discussed in the subsequent analysis. We set
Ry = A, i.e., we solve on the coarsest space. The additive multigrid preconditioner is

then defined by

J
(2.4) 5= RiQs.
k=1
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To analyze the above preconditioner, we must provide estimates for the spectrum of the
operator

J
(2.5) 1A, =) Ty
k=1

where Ty = RyQrAj; = Ry Ax Pr. Note that T} = Py.

We shall always take Ry to be symmetric with respect to the (-,-) inner product when
used in the additive algorithm. This implies that Ry = Rka and hence T} = kaikﬁk
This also results in a symmetric operator BY. In general, preconditioned iterative tech-
niques for symmetric problems are much more effective when applied with symmetric
preconditioners. The use of a nonsymimetric preconditioner is inappropriate in this case.

The standard multigrid algorithm is often defined as a process which produces a function
Mg, (Wi, Gy). Here k is the grid level and Wi, Gy € My. The function Wi can be thought

of as a given approximation to the solution Uy of
(2.6) AU = Gy.

The result of the multigrid process is to produce Mg, (Wy, Gy ) € My, an improved approx-
imation to the solution Uy = A;le. A standard presentation of this algorithm is given
below.

ALGORITHM 2.1. For k = 1, define Mg, (W,,G,) = A['Gy, For k > 1, Mg, (Wi, Gy) is
defined in terms of Mg, _(-,-) as follows:

(1) Set
(2.7) X, =W, + R};(Gk — Aka).
(2) Set Yy = Xi + Q where

(2.8) Q = Mgy _1(0, Qr-1(Gr — AxXy)).
(3) Set Mgk(Wk, Gk) =Y.+ Rk(Gk — AkYk)

The first and third steps above correspond to smoothing. The second step is a correction
step. The operator R is the (-,-) adjoint of the operator Rj. Many generalizations of the
above algorithm exist involving more smoothing and correction iterations [6],[9],[15],[18].
We only consider the above algorithm since the results of this paper are most interesting
in this case. We note that the results immediately extend to more general algorithms (see
the remark after the second theorem of Section 3) with more than one correction step (e.g.,
the W-cycle algorithm) as well as algorithms with more than one smoothing step per level.

The above algorithm results in a very simple error reduction process. For any k, let
U solve (2.6), Vi = Mg, (W, Gy), €% = Uy — Wi, and ¢; = U — Vi. Note that the
error e} is the resulting error after one application of the multigrid process on the k’th

subspace with an initial error €}. We shall demonstrate that these errors are related by
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a linear operator Fj, i.e. e; = Fje. This is obviously true for ¥ = 1 where F; = 0.
Assume that e; |, = Fy_1¢e}_, holds for all Wi_y,Gr_1 € Mj_1. From (2.7) we have that
Uk — Xk = Kie) where K = I — R% Ay. The function @ produced in Step 2 approximates
the function

Q= A Qk—1 (G — ApXy)
= A1 Qi1 AUy, — X)) = Pry (Ux — X).
By assumption, . .
Q—Q=F.0Q,
or

Up =X —Q=Ur — X — (I — Fj—1)Pr—1 (U — Xi).

Thus
Ue =Yy =[(I - Pr-1)+ Frc1 Pea)(Uk — Xi).

Finally, e; = Ky(Uy — Y%) where Ky = (I — R Ax). Hence
ei = IX—k[(I — Pk—l) + Fk—lpk—l]I{]?;G%-

Thus, we see that the errors on the k’th level are related by the linear operator Fy defined
by the recurrence

(2.9) F = I&'—k[(I — Pk—l) -+ Fk—lpk—l]I{Z-

The multigrid process is often applied repeatedly to develop an iterative method for
solving problem (2.3). Given an initial approximation U°, subsequent approximations are

defined by
(2.10) Ut = Mg, (UL G), forl=1,....

From the above discussion, the error e/ = U — Ul is given by €' = (F)'e". Consequently,
the multigrid iterative process corresponds to a linear iterative procedure. This can be
written equivalently as

(2.11) Ut =U'+ BTG - A;UY

for the operator B} = (I — Fj)A;l. Alternatively, this operator B} can be directly
defined by the following algorithm.

ALGORITHM 2.2. Define B* = A7'. For k > 1, B'g for g € My, is defined as follows:
(1) Set

(2.12) X = Rli(g).
(2) Set Y = X 4+ () where Q) is given by
(2.13) Q = B"1Qr—1(g — AxX).
)

(3) Set Bi'g =Y + Ri(g — ArY).



It is straightforward to show that B} satisfies (cf. [6])
I— BZLA]C = IX—k[(I — Pk—l) + (I — Bk—lAk—l)Pk—l]A—]?;

with B}*, B]' | defined by Algorithm 2.2. This shows that F}, = I — B* A, for k =
1,...,J, ie. the linear iteration (2.11) with B} defined by Algorithm 2.2 is equivalent to
the multigrid iteration (2.10). This is a important observation in that it allows the use of
the multigrid process to define preconditioning operators B’}'. For example, the operator
B} can be used as a preconditioner with the conjugate gradient method to develop more
effective iteration procedures in many applications. It also allows us to use the operator
presentation of Algorithm 2.2 for the analysis of the multigrid iteration.

It was shown in [8] that the error reduction operator associated with Algorithm 2.2 (the
standard multigrid algorithm) can be written

(I-BTA)) =(I-TH(I-Ts-1)...(I-T)I—T)

(2.14) (I-THI-T})...(I-T5 )(I—-T%).

This identity depends upon the assumption that the subspaces are imbedded and that one
form is used to define the operators on all levels (see (2.2)).

Note that T} is the adjoint of T} with respect to the A(:,-) inner product. Comparing
(2.5) and (2.14) clearly shows the relation between additive and multiplicative multilevel
algorithms.

REMARK 2.1: The multigrid algorithms are often defined in terms of inner products (-, )
which may vary as a function of k. In this case, (-, ); replaces the (-,-) inner product in
(2.1) and the operator Q1 is replaced by Q}_; : My — Mj_; defined by

(Qh_ v, 0)k1 = (v,00)  forall ¥ € My_y.

The reason for introducing (possibly discrete) inner products on each level is that it may
appear that the projection @ requires the inversion of Gramm matrices. In fact, for ap-
propriately defined smoothers [5], this inversion is avoided and Q never explicitly appears
in the computational algorithm [8].

3. A GENERAL FRAMEWORK FOR THE ANALYSIS OF MULTIGRID ALGORITHMS

We provide a general theory for multigrid algorithms in this section which is based on a
number of abstract assumptions. Two of these assumptions are different from those used
in earlier analyses of multigrid algorithms. In later sections, we will apply this theory to
prove stronger results concerning the convergence rate of multigrid algorithms in certain
applications.

We first describe the new assumptions. The first is much weaker than the full regularity
and approximation assumption (cf. [6]). Let A denote the largest eigenvalue of A;. The
new assumption is that there exists a constant Cy > 1 satisfying

L2
J HAkPk'U

(3.1) A(v,v) < Cy [A(Plv,v) + g -

k

k=2

] for all v € M.



REMARK 3.1: The full regularity and approximation assumption is that there is a constant

C'k not depending on k such that

| Aku]”
Ak

(3.2) A((I — Pr—y)u,u) < Ck for all u € M.

Let v be in M. Taking v = Pyv in (3.2) and summing over k gives

J 2
A APy
(v,v) < A(Prv,v) + Ck E : Hk/\ika
k

k=2

for all v € M.

Thus, (3.2) implies (3.1) in the case when M, = My, In general, the converse is not true.

The following lemma, which will be crucial in applying the general theory, illustrates that
the above assumption is much weaker than the standard full regularity and approximation
assumption.

LEMMA 3.1. Assume that (3.1) holds for A and let A be be an equivalent quadratic form
on M. By this we mean that there are positive constants ¢q and ¢ (not depending on J)
satisfying

(3.3) coA(v,v) < A(v,v) < 1 A(v,v) for all v e Mj.

Let .glk, Pr, Pr and Ay be the quantities defined with respect to A corresponding to Ay,

Py, Py, and \i. Assume that (3.1) holds. Then

L2

A Pro
Ay

7
(3.4) A(v,v) < Cyer /e [.A(Plv, v) + Z ] for allv € Mj.
k=2

PROOF: Let v be in M. We note that (3.1) can be rewritten

. 2
T || @kAv
A(v,v) < Cq [(Al_lQlAJv, Apw)+ ) HT] .
k=2

Setting w = A jv gives the equivalent inequality

2

(A_lw w) < C (A_lQ w,w) + z‘]: )Qkiw
J % =~ 0 1 1%, £ Ak .

It then follows from (3.3) that

co( A7 w, w) < Coer[(AT' Quw,w) + )

k=2

— for all w € M.



This is just a restatement of (3.4) and hence the proof is complete.

REMARK 3.2: We allow for the constant Cy appearing in (3.1) to depend on J. The
results of the general theorems will always depend in a simple way on this constant. We
will provide applications where (3.1) can be proved with Cj independent of J even though
it is known that, for these applications, the corresponding Ck in (3.2) must tend to infinity.
It is also shown in [10] that (3.1) holds with Cy = CJ for many applications.

For k =2,...,J, set Tk = /\Izlfikﬁk and Tl = P;. The second assumption is that the
operator Ty is “small” when applied to functions in M; with [ < k. More precisely, we
assume that there is a positive number € < 1 and a positive constant C' satisfying

(3.5) A(Tpw,w) < (CeF=H2 A(w, w) for all w € M;.

Additional assumptions required for the theory are standard and will be stated when
needed. However, we note that (3.1) can be rewritten

J
(3.6) A(v,v) < Cy Z A(Tkv,v) for all v € M.
k=1

The first theorem of this section provides an estimate for the condition number associated
with the additive multilevel method. For this result, we use the following hypothesis on
the smoothing operator: For k = 2,... | J, we assume that R is a symmetric operator
with respect to (-,-) and satisfies

wl? wl? ~
(3.7) of Il < (Rpw,w) < Cy ] for all w € M.

A T Ak

Without loss of generality, we assume that C; <1 < (5. Note that for & > 1,

2

) ) AyPo
A(Tyv,v) = B
and hence (3.7) implies
(3.8) C’lA(Tkv,v) < A(Trv,v) < CQA(Tk'v,'U) for all v € M.

THEOREM 3.1. Assume that Ry satisfies (3.7) and that (3.1) and (3.5) hold. Then the
condition number K(B%A ) satisfies

. C,C \?
7 a < .
_[\ (BJAJ) >~ <—Cl(1 — €)> CO

PRrROOF: It suffices to estimate the constants ¢; and ¢, satisfying the inequalities
(3.9) crA(, ) < A(BJAY,¥) < coA(y,)  forally € M.
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Combining (3.6) and (3.8) gives

Co <&
A ¥) < & ];A(Tww
ZA RyQuAsp, o) = == A(BGAs, ).

For the upper inequality, by (3.8),

[y

J J k
SCQZA Tyib, V) = CQZZA Tk%b — Pi1)y),
k=1

k=11=1

with Py = 0. Applying the Schwarz inequality with respect to A(Tk-, -) and (3.5) gives

that
J k
(3.10) A(BSAY,$) < C:CY Y ATk, ) P AP = Pra)u, )2,
k=1 =1
Let £ =1+e+e+...=(1—¢€ . Then for {ar},{Br} arbitrary real vectors, the

following inequality is elementary:
J k k
St £33

11=1 klll

Mu

e lagp < g

k=1 1=1
J

2+ 5y
* 47716:1/167

for n > 0. Combining (3.10), (3.11), (3.8) and (2.5) gives
02052

(3.11)

AN
S
M~ 7

e
I
—

A(BGA . ) < CoCn Y A(Twp, ) + A, )

k=1

Calin S~ @CS |

C,C C,CE?
%A(B%Am,w AW,

IN

Taking n = C1/(2C; é’) shows that (3.9) holds with ¢; = Cgé’z/(Cl(l—e)Q). This completes

the proof of the theorem.
The following corollary is an obvious consequence of the theorem. It shows that we may

reduce the analysis of the additive algorithm to that for any equivalent quadratic form
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COROLLARY 3.1. Assume that Ry satisfies (3.7) and that (3.1) and (3.5) hold. Let A be an
equivalent quadratic form on My (satistfying (3.3)) and BY be the additive preconditioner
corresponding to A, i.e.,

7
BS=AT'Q: + ZRka
=2

Then the condition number K(B%A ) is bounded independently of J.

REMARK 3.3: The upper inequality of (3.7) does not hold for many smoothing operators
but it does hold for the additive point smoother (cf. [10], inequality (4.3)). The additive
point smoother is defined on spaces M}, (of dimension Ni) with a nodal finite element

basis {¢¢} by
(3.12) Ryv =) A(}, ¢1) " (v, 0%) 6
i=1

Note that the upper inequality in (3.7) fails to hold with general Ry if Ry is too much
like A,;l. In fact, the largest eigenvalue of BY is J when R = A,;l, for k=1,....,J.
This shows that the convergence of the additive multilevel algorithm may deteriorate if the
smoothers do not behave like point methods. For example, the upper inequality in (3.7)
fails to hold for line relaxation schemes. In contrast, the analysis for the multiplicative ver-
sion (standard multigrid) will not require the upper inequality of (3.7) and no convergence
deterioration can be seen in the resulting algorithms.

We next provide an analysis of the multiplicative form of the multigrid algorithm (Al-
gorithm 2.1). For the multigrid algorithms, we shall also allow the use of non-symmetric
smoothers. In this case, the lower inequality of (3.7) is replaced by the following conditions
on the smoother.

C.1) There is a constant Cr > 1 which does not depend on k such that the smoothing
procedure satisfies

2
(3.13) H/\M—H S CR(Rku,u) for all u € ]\Zk.
k
Here Ry = (I — K,’gKHA;l (recalling that Ky = I — RrAx). Note that (3.13) holds with
Cr = 1for k = 1 since B; = A7'. In addition, smoothers in multigrid algorithms must
be properly scaled as stated in the following condition.
C.2) There is a constant § < 2 not depending on k such that

(3.14) A(Tyv, Tyv) < A(Tyv,v) for all v € M.
Finally, M}, should be an invariant subspace under R!. Explicitly, we require that
C.3) Ry = Ry Q.

The above conditions are shown to hold in [5] for the smoothing operators corresponding
to many variations (including line and point based schemes) of Jacobi and Gauss-Seidel
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iterative procedures. It is easy to see that the lower inequality of (3.7) implies (3.13)
(with a slightly different constant) in the case of symmetric Rx. In addition, (C.3) is
automatically satisfied for symmetric smoothers since, by definition, the range of Ry is
contained in J\Zk.

The following theorem provides the general convergence result for the multigrid algo-
rithm.

THEOREM 3.2. Let Ry satistfy (C.1)—(C.3) and assume that (3.1) and (3.5) hold. Then

(3.15) 0<A((I—-B7Ajv,v)<(1-1/Cunp)A(v,v) for allv € My,
holds for
C?e? 0
1 =2 — .
(3 6) Cur CO<CR+(1_€)22_9>

PRrROOF: Set Eg =1 and for k= 1,...,J, define
Ev=(I-T)(I—-Tk-1)--- (I -TY).

Note that by (2.14),
A((I - B?AJ)IUfU) = A(EjU7EjU)

and the lower inequality of (3.15) follows. The proof of the upper inequality requires
bounding the norm of E% or, equivalently, the norm of its adjoint E;.
We first derive some identities involving the above operators. Clearly, for k =1,...,J,

(3.17) Ep—1 — E = Ty Ex_

from which it follows that

k
(3.18) I-Ey=) TnEm 1.
m=1
It is obvious from (3.17) that
(3.19) A(Ex—1v,Ex_q1v) — A(Exv, Exv) = A((2I — Ty ) Eg—1v, T Ex—1v).

Let Tk = RkAkPk = (I — I{—zfﬁ’k)Pk. Clearly,
(3.20) A(TyEx—1v, Ef—1v) = A((2I — Ty)Ef—1v, Ty Ef.—1v).
Summing (3.19) gives that

J
(3.21) A(v,v) — A(Ejv, Ejv) =Y A(ThEg—1v, Bx_v).
k=1
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Note that the upper inequality of (3.15) immediately follows if we prove that
(3.22) A(v,v) < Cy [A(v, v)— A(E v, EJ'U)].

Thus, the proof reduces to showing that A(v,v) can be bounded by Cjs times the sum on
the right hand side of (3.21).

By (3.6),
J i J i
A(v,v) < Cy Z A(Tyv,v) <20y <Z A(TyEr—1v,Ep_qv)
(3.23) = =!
+ Y A(TW(I — Ex—1)v,(I - Ek_l)v))
k=2
For k=2,...,J,(C.1) implies
2
A(TyE—1v, Ex_1v) = " < Cp(Ri A PyEy_1v, Ay Py Eg_1v).

y (C.3), the image of Ry is in M, and RyQy = Ry. Consequently,
(RkﬁkﬁkEk_l’U,AkﬁkEk_l’U) == A(TkEk_l’U,Ek_l’U).

Moreover, since T, = T,
J J
(3.24) > A(TwEx-1v,Ex_1v) < Cr Y A(TiEx—1v, Ex_1v).
k=1 k=1
For the second sum on the right hand side of (3.23), we use (3.18) and (3.5) to get

ES
I

k—1 1

J
ZA (Tk(v — Ex—1v),(v — Bxqv)) = » A(TvTiE;_10, Ty Epp—1v)

k=21 1

1m

62k_l_mA(TlEl_1’U, T1E1_1‘0)1/2A(TmEm—1v7 TmEm—lv)l/2

M‘ﬂ
[

62k - m|:A(TlEl 10, TlEl 11))—{—A(TmEm_l‘U,TmEm—l'U) .

IN
ro|
(]

(]I

It suffices to bound either of the two terms on the right hand side above. By (C.2),

J k—1 k-1 J k-1
Z 62k_l_mA(TlEl_1v,TlEl_l’U) < Be€ Z ek_lA(TlEl_lv,El_lv)
k=2 l=1 m=1 k=2 =1
1 J
= 9682 Z M=l A(TVEy_1v. E, 10)
=1 k=141
J—1
< P2 &2 Z A(T\E_1v, E1_yv).
=1
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Using (C.2) and (3.20) gives that

A(TlEl_l‘U, El_lv) < (2 — 9)_1A(T1El_1‘v, El_l’l}).

Thus,
J B 6,262 9 J—1 _
(3.25) > A(Tk(v — Ex—1v),(v — Ex_1v)) < S > A(TiEx—1v, By o).
k=2 k=1

Combining (3.23), (3.24), and (3.25) shows that (3.22) holds with Cjs given by (3.16).
This completes the proof of the theorem.

REMARK 3.4: The above theorem holds for many generalizations of the multigrid algo-
rithm given in Algorithm 2.1. For example, it holds for W-cycle and other algorithms which
use more than one iteration for the coarse grid correction (Step 2). The proof follows from
an argument given in Section 2 of [8]. The result also holds for algorithms which use
more smoothings per grid level as long as one alternates between Ry and RY (see, [5],[9]).
The modification to the proof is minor and illustrated in the proof of Theorem 4.3 of [5].
Finally, an analogous contraction result holds for non-symmetric cycling algorithms where
smoothing is only done either before or after the correction step, i.e., Step 1 or Step 3 is
skipped.

4. THE QUASI-UNIFORM FINITE ELEMENT APPROXIMATION.

In this section, we verify the hypotheses for the general multigrid theory in the case of
a model second order elliptic problem. We first describe the model problem and its finite
element approximation. In particular, a nested sequence of quasi-uniform approximation
spaces are defined in a standard fashion. Next, some notation concerning Sobolev spaces
and the corresponding norms is provided. Finally, the conditions (3.1) and (3.5) are shown
to hold with constants that are independent of the mesh parameters. Application of the
general theory of the previous section then implies that the multilevel algorithms converge
with rates that are independent of the number of levels even in many examples which do
not satisfy full elliptic regularity.

Let Q be a bounded domain in R? with polygonal boundary 9Q. We will include the
case when 1 C R? is a domain with a crack. We consider the Dirichlet problem

Lu=f in €,
(4.1)
u=20 on 0,
where ]
0 v
Lv = — i;I 92 <Gija—xj> + av.

We shall place some very weak assumptions on the coefficients above. We assume that
a;j is in WY(Q) for some v € (0,1/2) and p > d/v. Here WJ(Q) is the Sobolev space of
order v defined in terms of the norm LP(Q2) (cf. [14]). Note that functions a;; which are
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piecewise smooth with respect to fixed subregions (with Lipschitz continuous boundaries)
are in such spaces. The reason for this assumption will be apparent in the proof of Lemma
4.2. In the case of the additive multilevel algorithm, this assumption can be replaced by
the assumption that the functions a;; are in L*°(Q). We further assume that the matrix
{a;j(z)} is uniformly positive definite almost everywhere. In addition, we assume, for
simplicity, that a(z) € L>(£2) is non-negative.

REMARK 4.1: We impose Dirichlet boundary conditions in the above problem for simplic-
ity. The techniques provided in this section can also be applied to problems with mixed
boundary conditions. An example of such an application is given at the end of this section.

The form A(-,-) is defined for this example by the generalized Dirichlet form correspond-
ing to (4.1), i.e.,

d
v OJw
(4.2) A(v,w) = Z /Qaija—ria—% d:c—l—/ﬂavwdx,

i,j=1

This is defined for all v and w in the Sobolev space H'(Q) (the space of distributions with
square-integrable first derivatives).

Note that by the assumptions on the coeflicients in (4.1), the quadratic form A(-,-) is
uniformly equivalent to the form corresponding to the constant coefficient operator —A.
Thus, for the purpose of proving (3.1), it suffices to consider the case of the Laplacian. We
will assume that there is an « in (0, 1] such that solutions u of (4.1) with L = —A satisfy
the following regularity estimate:

(4.3) lellipa < CUA 140

Here [|-||_;,, is the is the interpolated norm between L?(Q) and HY(Q) (the dual of
H}(Q)). Thus, we assume that the domain results in some elliptic regularity for smooth
coefficient problems (but not necessarily full elliptic regularity). This assumption is weak
since (4.3) may not hold for any a > 0 for equations with bad coefficients.

We shall consider the case of quasi-uniform finite element approximation of the solution
of (4.1). To define the approximation spaces, we will first define the underlying mesh
partitioning. We assume that a unit size coarse finite element partitioning of the original
domain Q is given (2 = U7}). For example, we take this partitioning in terms of triangles
in the case of two spatial dimensions. For examples of such constructions see [12].

Associated with the mesh partitioning, we are given a rule for refinement. For example,
in two dimensions, a triangle can be refined into four by connecting the midpoints of the
edges.

The mesh triangulations can now be defined by mathematical induction. The coarse
triangulation defined above provides the first grid {r{"}. Given that a grid {r;" ,} has
been defined, the grid {r/*} is defined by refining {7;* ;} using the refinement rule. We
assume that the mesh size of the k’th triangulation is on the order of 6% for fixed § < 1.

The finite element space My is defined to be a space of piecewise polynomial functions
with respect to the mesh {r}} which are continuous on  and vanish on 9 (cf. [1],[12]).
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Note that a nodal finite element basis is not required for the application of this section. In
the present example, My = My, i.e. we smooth on all functions of M. The simplest two
dimensional case is when M} consists of functions which are piecewise linear with respect
to the triangulation and the refinements are defined by breaking triangles into four by
connecting the midpoints of the edges.

We next define the Galerkin approximation to the solution of (4.1). Multiplying (4.1) by
a smooth function ¢ which vanishes on 02 and integrating by parts gives that u satisfies

Au, ¢) = (f, 9).

Here (-, -) denotes the L*(€2) inner product. The Galerkin approximation to u is the unique
function u ; € M satisfying

(4.4) Alug, ) =(f,v) for all v € Mj.

We shall analyze the multilevel iterative methods of Section 2 for solving (4.4).

To verify the hypotheses of Section 3, we require some notation for norms in Sobolev
spaces. Let s be a non-negative real number and H'HS,Q denote the Sobolev norm of order
s on a domain Q (cf. [14],[16]). The Q will be left out of this notation when Q = Q and
the s will be left out in the case of L2(Q) (s = 0).

REMARK 4.2: The above assumptions on the mesh sizes imply that Ay (where Ay is defined
by (2.2)) is on the order of §~2*.

REMARK 4.3: For this application, it was shown in [10] that (3.1) holds with Cy, = CJ.
The next lemma improves this bound and shows that (3.1) holds with Cy = C (independent
of J).

LEMMA 4.1. Assume that (4.3) holds for L = —A and some « € (0,1]. Then, for general
L, there exists a positive constant Cy not depending on the number of mesh levels J such

that (3.1) holds.

PROOF: Here and in the remainder of this paper, we shall use ¢ with or without subscript
to denote a generic positive constant. Such constants will always be independent the
number of levels in the multilevel algorithm.

As already observed, by Lemma 3.1, it suffices to prove (3.1) with L = —A. Clearly, for
w e My,

J
A(w,w) = A(w, Q1w) —I—Z (AkPrw, (Qk — Qr—1)w)

J
AP

=2

1/2
(A(Ql'w7 hw) + Z (= Qk—l)'wH2> .

k=2
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Consequently, it suffices to show that
J
(4.5) A(Qrw, Q1w) + Y M l(Qk — Qr-1)w])* < cA(w, w).
k=2
The following approximation and boundedness properties for the operators {Q} are

well known: For v € Hy (Q),

1(Qr — Qr—1)v]|”> < A A(v,0) fork=2,...,J
A(Qrv,Qrv) < cA(v,v) fork=1,...,J.

In addition, it is well known that (4.3) and the approximation properties of the finite
element spaces imply that

(4.6)

(4.7) (I = Pe_y)ollf_, < Ag“A((I = Pr_1)v,v).

Here we have used the fact that Ay < ch,;2 for this application. From (4.6), it suffices
to bound the terms appearing in the sum on the left hand side of (4.5). Let 3 satisty
0 < < a. Then

ZAkH Qi — Qr—n )|’ Z/\
(4.8) k=2 . k=2
= 22 (ZA ) (Z A Qi — Qr—1)(Pr — Pl_l)«wy\"’).

=k

J
ZQk_Qk 1 —P_)w
=k

By Remark 4.2, the first sum over [ above is bounded by c/\,;B. Thus, the boundedness of
Qr on L*(), the first inequality of (4.6), and interpolation gives

J J J
S M@k = Qe—)wl* < AT NP = Poywllf_, -
k=2 k=2 =k

Applying (4.7) and changing the order of summation gives

Z/\kH (Qr — Qr—1)wl|” <CZ/\a ﬁZ/\B CA((P, — P—y)w,w)

k=2 =k
= Z N TYA(P — Proy)w,w) Z AH,
=2 k=2

Since « is greater than 3, Remark 4.2 implies that the sum over k above is bounded by a
constant times /\la_ﬁ. Thus

J J
Z Akll(Qr — Qk—l)wHZ B CZ A((Pr— P—)w,w) < cA(w,w).
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This completes the proof of the lemma.

REMARK 4.4: We note that replacing (Qr — Qx—1) by (I — Qk—1) in (4.8) and following
the proof of the lemma gives that

J
Yl = Qu—n)wl® < cA(w, w).
k=2
This inequality will be used in Section 5.
The next lemma provides a proof of (3.5) for the application described above.

LEMMA 4.2. Let I be less than or equal to k. Then, there is a constant C not depending
on the mesh parameters satisfying

(4.9) A(Tkv,v) < é(hk/hl)ZVA(v,v) for all v € M;.

PRrOOF: The proof of Lemma 4.2 is based on the following lemma. Its proof uses the
assumption that the high order coefficients {a;;} are in W ({2) and will follow the proof
of Lemma 4.2.

LEMMA 4.3. There exists a constant ¢ such that for allnp > 0, ¢ € H'(Q) and ¢ €
H1+’Y(Q)

?

(4.10) |A4(6, )] < el 181" + 0" I 1]y -

Assuming Lemma 4.3, we now complete the proof of Lemma 4.2. Let w € M;. We
clearly have that for & > 2,

- | Agw|® _1< A(‘w,¢)>2
. A(T,w,w) = = A sup ———= | .
e i) = o =, Tl

By Lemma 4.3,

[A(w, o) < cln ™ lIol* + 0™ =Yl lwll
el IR 6] el

Taking n = hi(l_w and using the inverse property (see the Appendix of [9] for a proof)
lwllyyy < chy "l

gives

(4.12) [A(w, 8)] < chy TR ]l 1]

Inequality (4.9) follows combining (4.11), (4.12) and the fact that Ay > ch; ?. This com-
pletes the proof of the Lemma 4.2.
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PROOF OF LEMMA 4.3: This lemma was essentially given in [4] and we will follow its proof.
However, the version stated here gives a somewhat more explicit form of the bounds and
requires less regularity on the coefficients than that of Lemma 4.1 of [4].

Let ¢ be in H'(Q) and v be in H'T7(Q). There is no problem bounding the lowest
order term of (4.2). We need only consider the derivative terms in (4.2). Let E denote the
extension operator given by Theorem 1.4.3.1 of [14]. For a function v defined on €, let ©
denote the extension of v by zero to R%. Since v < 1/2, Corollary 1.4.4.5 of [14] gives that
the norm H'f)”vv;(Rd) is equivalent to the norm HUH7 for all v € H¥(Q). Thus,

[0 2200 gy (7 AL i, 20

a; a
u 5t 81;] Y Ox;

where F denotes the Fourier transform. By the Schwarz inequality

a a 2 1/2
[osgegedrse( [ qfbirEaora)
o
‘67/']

Cli]‘ @ !
(4.13)

<c(n gl + 07",

where n > 0 is arbitrary. For the last inequality, we used Theorem 1.4.4.2 of [14] which
states that multiplication by a;; € W(Q2) for p > d/v is a bounded operator on H7((2).
The lemma immediately follows.

REMARK 4.5: A more constructive proof of Lemma 4.2 is possible in the case smooth
coefficients and nodal finite element approximation spaces. In this case, one proves directly
that

A(Tyw,w) < c¢(hg/h)A(w, w)

holds for Ty = Ry APy with Ry defined by (3.12). The lemma then follows with v = 1/2

from ,
vl

Ak

< ¢(Rgv,v) for all v € My,

which is a general smoothing property proved in [5].

Combining Lemmas 4.1 and 4.2 with Theorems 3.1, 3.2 and Corollary 3.1 give the
following theorems.

THEOREM 4.1. Let BY be defined by (2.4) with A(-,-), (-,-), and { My, My} as described
in this section. Assume that Ry (which is symmetric) satisfies (3.7). Then the condition
number K(B%A ) is bounded by a constant which is independent of J.

THEOREM 4.2. Let B} be defined by Algorithm 2.1 with A(-,-), (-,-), and { M., My} as
described in this section. Assume that Ry satisfies (C.1)-(C.3). Then

(4.14) 0<A((I—-B7Ajv,v)<(1-1/Cu)A(v,v) for all v € Mj.
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The constant Cyr in (4.14) is independent of J.

REMARK 4.6: A uniform result similar to the upper estimate in Theorem 4.1 in the case
of Ry defined by (3.12) was announced by Zhang at the Fifth International Symposium on
Domain Decomposition Methods [20]. In addition, a version of Theorem 4.1 is proved in
[19] using Besov space equivalences.

REMARK 4.7: The results of this section hold for many applications with mixed boundary
conditions. We illustrate this by considering a simple example. Specifically, we consider

(4.1) with © = (0,1) x (0,2) but with the boundary conditions

O
ot _ 0, on 'y
v

u=20 on 0Q/Ty.

Here 'y is the line segment {(1,y)|y € (1,2)} and a% denotes the outward co-normal
derivative on I'y. There is no problem with the proof of Lemma 4.2 in this case since
the basic ingredient in the proof, Lemma 4.3 does not depend on boundary conditions.
Furthermore, the resulting form A(-,-) is equivalent to that corresponding to the Laplacian
(with boundary condition du/dn = 0 on I'y). The Laplacian with this boundary condition
satisfies (4.3) for any « in (0,1/2). Thus, Lemma 4.1 holds.

5. GENERAL MESH REFINEMENT.

In this section, we apply the general theory to an approximation which utilizes a locally
refined mesh. Such mesh refinements are convenient for accurate modeling of problems
with various types of singular behavior. For simplicity, we will consider the piecewise linear
finite element approximation although we will allow a very general form of refinement.

As in the previous section, we consider problem (4.1) and start with a coarse triangula-
tion. The refinement triangulation {7} is defined in terms of a sequence of (open) mesh

domains
Q;CQ1 C---C Oy =1

The only restrictions on the mesh domains {2} are that the boundary of Q, for & > 1,
consists of edges of mesh triangles in the mesh {r; _,} and that there is at least one
edge of {r}_,} contained in Q). These mesh domains control the region of refinement.
If 7{_, is a triangle contained in €2 then it is broken into four smaller triangles (in the
triangulation {7} }) by the lines connecting the midpoints of the edges. Alternatively, if
7i_, is in the complement of 2 then it is not subdivided but is directly included into the
k’th triangulation. A simple example of this construction is the case of a unit square with
local refinement near the corner (1,1). In this case, we take Q = Q for k=1,... ,;5 and
Qp=[1-27 1] x[1 =27 1] fork=j+1,...,J.

We consider the piecewise linear finite element approximation although many extensions
are possible. The space My, is defined to be the set of piecewise linear functions with respect
to the mesh {r}} which are continuous on 2 and vanish on Q. The continuity condition
implies that the finer grid nodes on a coarse-fine boundary are slave nodes in the sense that
the values of the function there are completely determined by the values of the function
on the nearby coarse grid points.
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For this application, the subspace M}, on which we smooth is a proper subspace of M.
In fact, we define M, to be the functions in Mj which are zero outside of . Thus,
we smooth on a given level just in the region where new nodes are being added in the
refinement scheme.

For this application, there is no difficulty in proving (3.5). The largest eigenvalue of My
is on the order of h,;z where hy is the size of the smallest triangle defining the mesh of
Mj.. The argument given in the proof of Lemma 4.2 applies with little change and gives
that (3.5) holds with a uniform constant C'.

To apply Theorems 3.1 and 3.2, we need to prove (3.1). By Lemma 3.1, we need only
consider the case when the coefficients defining L are smooth. Let My denote the quasi-
uniform finite element space obtained from refining over the entire domain at each level
starting with {7}}. That is, the quasi-uniform spaces resulting from the above construction
with Q@ = Q; = Qy = -+ = Q. Let Qi denote the (-,-) orthogonal projection onto Mj.
A sequence of operators Qi : My — Mj was constructed in [8] (see the sequence {Q}
defined in Section 5 of [8]) which satisfy

(1) Qy is the identity.
(2) The range of Qp — Qg_1 is contained in M.
(3) The inequalities
I(I = Qu)vll < c||(I - Qr)vl,
A(Q1vQqv) < cA(v,v),
hold for all v € M; and with constant ¢ independent of k& and J.

Following the proof of Lemma 4.1, for w € M , we have

J
Alw,w) = A(w, Quw) + Y (AxPrw, (Qk — Qi—1)w)

k=2
-~ 2
J HAkPkw 1/2
< (s + - 12701
k
k=2

J 1/2
<A(Qlwv Qiw) + Z Ae]|(Qr — Qk—l)‘wH2> :

k=2
Consequently, it suffices to show that
J
(51) A(Qlwv Qlw) + Z /\kH(Qk - Qk—l)wHZ < CA(‘LU, w)
k=2
Clearly, by (3),
1(Qk = Qi—v)wll” < 2[(1 = Q)wll® + (I = Qk—1)w]’]
<c H(I — @k_l)wHZ )
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Thus,

J
A(Quw, Quw) + D All(Qe — Qe—rJuel|* <
k=2

c(A(w,w) - kz; A|(1 — Qk_l)wH2>.

Inequality (5.1) follows from Remark 4.4. This shows that (3.1) holds for the refinement
application of this section.
We can combine the above observations with Theorems 3.1, 3.2 and Corollary 3.1 to get:

THEOREM 5.1. Let BY be defined by (2.4) with A(-,-), (-,-), and { M., My} as described
in this section. Assume that Ry (which is symmetric) satisfies (3.7). Then the condition
number K(B%Aj) is bounded by a constant which is independent of .J.

THEOREM 5.2. Let B} be defined by Algorithm 2.1 with A(-,-), (-,-), and { My, My} as
described in this section. Assume that Ry satisfies (C.1)-(C.3). Then

(5.2) 0<A((I—-B7Ajv,v)<(1-1/Cup)A(v,v) for all v € Mj.
The constant Cyr in (5.2) is independent of J.

6. A CURVED BOUNDARY APPLICATION.

In this section, we consider applying the theory developed earlier to a finite element
approximation of a boundary value problem with a curved boundary. To remain in the
framework of nested spaces, we consider coarser grid multigrid spaces M} which vanish in
a neighborhood of order hj of the domain boundary. Even though these spaces provide a
poor approximation, we will show that they lead to multigrid algorithms which converge
with uniform rates of reduction.

For convenience, we shall consider a convex domain in R? with smooth boundary. Many
extensions are possible. We will consider problem (4.1) with the same assumptions on the
coefficients as made in Section 4. The form A(-,-) is defined by (4.2). We also assume that
(4.3) holds for L = —A and some « in (0, 1].

We start with a coarse approximate triangulation {7{} of Q. By construction, a node
will be either in the interior of € or on 9. Without loss of generality, we assume that no
triangle of {{} has all three vertices on Q. The triangulation {r}} will be defined from
{ri_,} as follows:

(1) If 7} _, is a triangle with two vertices in Q then 7} _, is broken into four finer grid
triangles by the lines connecting the centers of the edges.

(2) A triangle 7{ | with two vertices on 99 results in four finer grid triangles as illus-
trated in Figure 6.1. The new boundary point is the midpoint along the boundary
arc between the two boundary vertices of 7 _.

Note that not all triangles in {7} |} can be written as the union of the triangles in {r{}.
As a consequence, we will define the coarser multilevel spaces k < J in a different manner
than that used for the finest space.
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{Tli—l} {le

Figure 6.1

The mesh refinement near the boundary.

We use the above grid strategy to define the sequence of approximation meshes up to J
and define Qj, to be the interior of U;7;. The fine grid approximation space M is a space
of piecewise linear functions with respect to {74} which are continuous on Q; and vanish
on 0.

For k < J, let My denote the analogous space of piecewise linear functions which are
defined in terms of the triangulation {7} }. Let Q3, for k < J be interior of the union of the
closures of triangles of {7} } which do not have vertices on 9. The spaces My, for k < J ,
to be used in the multigrid algorithm, are defined by

(6.1) My = {¢ € My |supp(¢) € Q3 }.

Because of the convexity of €2, it is easy to see that 0, C Qfor k=1,...,J. Consequently,
functions in My extended by zero are in Hi(2). Thus, we shall consider the spaces M} and
My, as being contained in Hg (). Moreover, the triangles of {r{_,} in Q% can be written
as the union of triangles in {7}}. This implies that the multigrid spaces defined by (6.1)
are nested, 1i.e.

M, CM,C...CMyCH;(Q).

The argument of Lemma 4.2 goes through without change for this application. To apply
the theory of Section 4, we need only prove (3.1). From the proof of Lemma 4.1, it clearly
suffices to prove the inequalities (4.6) and (4.7) for this application. To this end, we
introduce the following lemma.

LEMMA 6.1. Let Q7 denote the strip {x € Q| dis(z,00) < n} and 0 < s < 1/2. Then for
allv e H'T5(Q),

(6.2) H'UHLQW <en’ ”'UHH-S .
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In addition, for v € H}(Q),

(6.3) [ollgn < enloll; -

PRrOOF: Note that if w” is a reference square of side length 7, then
fwols <v2/2 [ Vul* do
wn

holds for all functions w vanishing on one edge of w”. Inequality (6.3) then easily follows
by the use of local maps. Interpolating (using the real method [16]) between (6.3) and the
trivial inequality

[wllgy < fJwll

gives that (for s # 1/2)
(6.4) lllgy < e(s)® loll,  for all w € H(Q).

By Corollary 1.4.4.5 of [14], H{(Q) = H*(Q) for s < 1/2. Let v € H'**(Q). Applying
(6.4) to v and the first derivatives of v implies (6.2). This completes the proof of the
lemma.

We next prove (4.7). Note that by Lemma 3.1, we need only prove (4.7) for A(,-)
corresponding to the Laplacian. Let a € (0,1/2) be such that (4.3) holds. Applying the
standard finite element duality argument, (cf., [1],[12]) (4.7) will follow if we show that
for all w € H'**(Q) N H (Q),

—a/2
(6.5) (T = Pey)wlly < Ay [|w]l 4

Fix w in H'T*(Q) N Hi (Q). Let y denote the function in My_; which interpolates w on
the nodes of 7 _, and x be the function in Mj_; which interpolates w at the nodes of
Qk_1. From the definition of Pr_;, we immediately have that

A((I — Pr—y)w, (I — Pr—q)w) < A(w — x,w — X)

(6.6) 2 _ 2 2
<c(]Jw — XHLQZ_1 + ||x — XHl,QZ_l + Hle,Q\QZ_l)-

Applying the Bramble-Hilbert Lemma and well known techniques, it follows that
(6.7) lwo = XIIY g, < ek w4 -

Note that y — x is a mesh function (in Mjy_;) which vanishes on all nodes except those on
095 _,. Consequently,

— 2 _
(6.8) X = xllf g <ed x(@i)

Ti
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where the sum is taken over the nodes z; of My_; on 005 _,. Let Qk_l = Qr1\Q5_,.
Then (6.7) and (6.8) imply that

_ 2 _12 12 2
X =xllye:_, <elxllig,., <clllw=xl}a._, +lwlig,_,)

(6.9) o w2 :
< (i Jwllipq + el avas )

Applying Lemma 6.1 gives
2 a 2
(6.10) ol g < k2wl

Combining (6.6), (6.7), (6.9) and (6.10) proves (6.5), i.e. (4.7) holds for this application.
We now prove (4.6). By the triangle inequality, the first inequality will follow if we can
show that for all v € M,

(6.11) (I — Qi)v]|* < At A(v,v), for k=1,...,J — 1.

Let Qi denote the L2(€;) orthogonal projector onto the space M. By using the inter-
polant, it is easy to prove that

(= Qg < chi™ vl

for all v € H}(Q) N H'T*(Q). Interpolating (using the real method [16]) between this
inequality and the trivial inequality

1= Quyolg, <ol

gives

(1= Qe)vllg, <eAgtlloll]  forall v € HY(Q).

Fix v € H&(Q) and let 8; denote the function in M}, which interpolates Qv at the nodes
in 7. Then, Lemma 6.1 and the triangle inequality give

I = Qu)oll® < llo =6
< e(ll(Z = Qe)ollgy + [ Qre — 64|

< (A vl + |Qxv — 64|

2 2

2 — 2
or + AT o)

The difference Qv — 6 is a mesh function which vanishes on the nodes of 27 and hence

;2 <chi Y (Qro(zi))’ < e HQWH;IC\Q]c

Ti

1Qwv — 6|

= 2 2 — 2
S C(HQ’CU - UHQIC\QZ + HUHQ;C\QE) S C/\k ! HU“l .
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The sum on z; above is over the nodes on 9€2;. Combining the above inequalities proves
(6.11).

We finally prove the second inequality of (4.6). Fix v € H(Q) and let 65 denote the
L?(Qy) orthogonal projection of v onto the space of discontinuous piecewise linear functions
with respect to the triangulation {7} }. Note that

lo = 8k)le, <At lvlli g, -

(6.12) S NG < el g, -
T]iCQk

Consequently, by (6.11) and (6.12),

> 16— Quoll ;< ehell - Quol, < cAtw.o).
T CQ

The second inequality of (4.6) follows by the triangle inequality and the second inequality
of (6.12).

Since (4.6) and (4.7) are valid, the argument proving Lemma 4.1 implies that (3.1) holds
for this application. Applying the theory of Section 3 gives the following theorems.

THEOREM 6.1. Let BY be defined by (2.4) with A(-,-), (-,-), and {M}} as described in
this section. Set Mj = My, for k = 2,...,J. Assume that Ry (which is symmetric)
satisfies (3.7). Then the condition number K(B%A;) is bounded by a constant which is
independent of J.

THEOREM 6.2. Let B} be defined by Algorithm 2.1 with A(-,-), (-,-), and {M}} as
described in this section. Set My = My, for k = 2,...,J. Assume that Ry satisfies
(C.1)~(C.3). Then

(6.13) 0<A((I—-B7Ajv,v)<(1-1/Cu)A(v,v) for allv € Mj.

The constant Cyr in (6.13) is independent of J.

REMARK 6.1: Clearly, the techniques of Section 5 and Section 6 could be combined to yield
similar results for problems with curved boundaries and nonuniform mesh refinements.

REFERENCES

1. A.K. Aziz and 1. Babuska, Part I, survey lectures on the mathematical foundations of the finite
element method, in “The Mathematical Foundations of the Finite Element Method with Applications
to Partial Differential Equations,” (Ed. A.K. Aziz), Academic Press, New York, NY, 1972, pp. 1-362.

2. R.E. Bank and T. Dupont, An optimal order process for solving finite element equations, Math.
Comp. 36 (1981), 35-51.

3. D. Braess and W. Hackbusch, A new convergence proof for the multigrid method including the
V-cycle, SIAM J. Numer. Anal. 20 (1983), 967-975.

4. J.H. Bramble, Z. Leyk, and J.E. Pasciak, Iterative schemes for non-symmetric and indefinite elliptic
boundary value problems, in “BNL Rep. 45870.”

26



10.

11.

12.

13.

14.
15.
16.

17.

18.

19.

20.

. J.H. Bramble and J.E. Pasciak, The analysis of smoothers for multigrid algorithms, Math. Comp.
(to appear).

. J.H. Bramble and J.E. Pasciak, New convergence estimates for multigrid algorithms, Math. Comp.
49 (1987), 311-329.

. J.H. Bramble, J.E. Pasciak, J. Wang, and J. Xu, Convergence estimates for product iterative methods
with applications to domain decomposition, Math. Comp. 57 (1991), 1-21.

. J.H. Bramble, J.E. Pasciak, J. Wang, and J. Xu, Convergence estimates for multigrid algorithms
without regularity assumptions, Math. Comp. 57 (1991), 23-45.

. J.H. Bramble, J.E. Pasciak and J. Xu, The analysis of multigrid algorithms with non-nested spaces

or non-inherited quadratic forms, Math. Comp. 56 (1991), 1-34.

J.H. Bramble, J.E. Pasciak and J. Xu, Parallel multilevel preconditioners, Math. Comp. 55 (1990),

1-22.

A. Brandt, Multi-level adaptive solutions to boundary-valued problems, Math. Comp. 31 (1977),

333-390.

P.G. Ciarlet, “The Finite Element Method for Elliptic Problems,” North-Holland, New York, 1978.

N. Decker, S. Parter and J. Mandel, On the role of regularity in multigrid methods, in “Multi-

grid Methods,” Proceedings of the Third Copper Mountain Conference (Ed. S. McCormick), Marcel

Dekker, New York, 1988.

P. Grisvard, “Elliptic Problems in Non Smooth Domains,” Pitman, Boston, 1985.

Hackbusch, W., “Multi-Grid Methods and Applications,” Springer-Verlag, New York, 1985.

J.L. Lions and E. Magenes, “Probléemes aux Limites non Homogenes et Applications,” Dunod, Paris,

1968.

Maitre, J.F., and Musy, F., Algebraic formalization of the multigrid method in the symmetric and

positive definite case - a convergence estimation for the V-cycle, in “Multigrid Methods for Integral

and Differential Equations,” D.J. Paddon and H. Holstien (eds), Claridon Press, Oxford, 1985.

J. Mandel, S. McCormick and R. Bank, Variational multigrid theory, in “Multigrid Methods,” Ed.

S. McCormick, STAM, Philadelphia, Penn., pp. 131-178.

P. Oswald, On discrete norm estimates related to multilevel preconditioners in the finite element

method, (Preprint).

X. Zhang, “Multi-level Additive Schwarz Methods,” Courant Inst. Math. Sci., Dept. Comp. Sci. Rep.

(August, 1991).

1980 Mathematics subject classifications: Primary 65N30; Secondary 65F10

Department of Mathematics

Cornell University
Ithaca, NY 14853
E-mail : bramble@mssun7.msi.cornell.edu

Department of Applied Science
Brookhaven National Laboratory
Upton, NY 11973

E-mail : pasciak@bnl.gov

27



