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Abstract

A (u1,us2,...)-parking function of length n is a sequence (x1,z2,...,%,) whose order
statistics (the sequence (x(1), T(2),- ., %(n)) Obtained by rearranging the original sequence
in non-decreasing order) satisfy 2(;) < u;. The Goncarov polynomials gn(z500,a1,...,Gn-1)
are polynomials biorthogonal to the linear functionals e(a;)D®, where £(a) is evaluation at
a and D is differentiation. In this paper, we give explicit formulas for the first and second
moments of sums of u-parking functions using Goncéarov polynomials by solving a linear
recursion based on a decomposition of the set of sequences of positive integers. We also
give a combinatorial proof of one of the formulas for the expected sum. We specialize these
formulas to the classical case when u; = a + (i — 1)b and obtain, by transformations with
Abel identities, different but equivalent formulas for expected sums. These formulas are
used to verify the classical case of the conjecture that the expected sums are increasing
functions of the gaps u;+1 — u;. Finally, we give analogues of our results for real-valued
parking functions.

*Supported by NSF grant DMS-0070574. Part of this research was carried out at the Institute for Advanced
Study and was supported by NSF grant DMS-9729992.



1 Introduction

This paper is a companion to our earlier papers [6, 7] in which we derive recursions and formulas
for moments of sums of parking functions. We shall freely use notations and results from [6].

If u is a sequence (uy,us, ...) of non-decreasing integers, a u-parking function of length n is a
sequence (1, 22, . . ., T,) of positive integers whose order statistics (the sequence (2 (1), Z(2), - - -, T(n))
obtained by rearranging the original sequence in non-decreasing order) satisfy z ;y < u;. The
Goncarov polynomials g, (z;ag,a1,...,a,_1) are polynomials defined by the biorthogonality
relations

s(al)Dlgn(x, AQ, A1y .oy a’nfl) = n‘61n7

where (a) is evaluation at a and D is differentiation. We will use the following facts about
Gonéarov polynomials, proved in [6].

Lemma 1.1. (a) The differential relation.
Dgn(z; a0, a1, ..., an-1) = ngn-1(z;a1,a2,. .., an-1).

(b) The coefficient formula.

n

n ,

. J— . 2

gn(T;a0,a1,.. ., an_1) = (i)gni(o, iy Qg 1y -y An_1)T".
i=0

(c¢) The matrix relation. If A is the (n+1) x (n+ 1) lower triangular matriz

Ky) “ } ’
0<i,j<n

_ i
.A ! = {(,)gij(o;aj,ajﬂ,...,ai1)] .
J 0<i,j<n

then

In particular,

1 .
A .
z _gl(xaa(]vala-"vanfl)-

The Goncarov polynomials are the natural basis of polynomials for enumerating parking
functions. Let P(uj,usz,...,u,) be the number of u-parking functions of length n.

Lemma 1.2.

Pug,ug,...,un) = gn(0;—u1, —ug,..., —uy)

= (=1)"gn(0;u1,uz, ..., up).

The expected sum Eq(n;u) of a random u-parking function of length n is defined by

1
Ei(n;u) = Z (r1 + 22+ ... +2,)

(z1,T2,...,Tn)

where the sum ranges over all u-parking functions of length n. We shall use the following special
case of Theorem 7.1 in [6].



Theorem 1.3. The expected sums E1(n;u) of u-parking functions satisfy the following linear
TeCursion:

n(x+1 -
(;):Z

0

2

I’ﬂ

(n) (# = i)™ Pon(0)

(El(m;u) N (n—m)(x + Um+1 +1)> .

Proof. The left hand side, n(14z)/2, is the expected sum of a random sequence in {1,2,...,z}",

the set of all integer sequences with terms from the discrete interval {1,2,...,x}.

By Theorem 5.1 in [6], each sequence in {1,2....,2}" decomposes into a “maximum” u-
parking function of length m and a sequence in {up,1+1,...,2}" ™. For a fixed m-element sub-
set {i1,42,...,4m} of the index set {1,2,...,n}, the probability that a sequence in {1,2,...,2}"
decomposes into a u-parking function of length-m indexed by {ii,i2,...,%n} and a length-
(n —m) sequence in {um41 +1,...,2}" ™ indexed by the complement is

(gj - um—‘rl)nimpm(ula Uy ...y um)
xn

and the expected sum of such a sequence is

(= m)(@ + g1 + 1)
! |

The theorem now follows by summing over conditional expected sums. O

Ey(m;ug,ug, ..., Upy) +

Theorem 1.3 will be used in Section 2 to derive a formula for E;(n;u) in terms of Goncéarov
polynomials. When specialized to the “classical” case u; = a+ (i — 1)b, this formula is different
from the formula given in [7]. The two formulas, and formulas “interpolating” between them,
are shown to be equivalent using Abel identities in Section 3. These formulas are used in Section
4 to prove the classical case of a monotonicity conjecture for Fi(n;u). In Section 5, we give
a formula for the second factorial moment of the sum of a random u-parking function and
indicate its connection with identities of Abel-type. Finally we state analogues of our results
for real-valued parking functions in Section 6.

2 Expected sums of u-parking functions

Let a be the sequence (a;) defined by

A =T — Uj41,

with 0 < ¢ < co. Then the expected sum Fj(n;u), as a function of uy, ug, . .. becomes a function
of x and ag,ay,as,.... Let
eWD(z;a) = By (n;x —ao, z —ay,. .. ).

In terms of el (z; a), the recursion in Theorem 1.3 becomes

nz"(x+1) “n\ o ()
2 - Z <m> G gm(xaa)em (x,a)

i;z_j (Z) a1 g (23:2) (1 — ) (%) SN EY

Solving recursion (2.1), we obtain the following formula for F;(n;u) in terms of Goncarov
polynomials.



Theorem 2.1. The sum gn(x;a)eg)(m; a) equals

nr(l+z
%gn—ﬂﬂb; ar, g, ..., an_1)
N n—1
- 5 Z ( i )ai(Z-T —a; + 1)gn7i71(ai; Ajt-15 A54-2y « « - anfl)gz‘(m; A0, A1y .- -y 0/141)-
i=0

Proof. We transform the recursion into a matrix equation using the notation: if f;(z),i =

—
0,1,2,...,n, is a sequence of polynomials, then f;(z) is the column vector

(fo(@), f1(@),..., ful2))T.

In this notation the recurrence (2.1) can be rewritten as

wm“l =A gi(x;a)ez(l)(m;a) +B (%) gi(z;a).

where A is the matrix in 1.1, and B is the (n + 1) x (n + 1) matrix

(59,0
J 7 Jo<i,<n

Here we use the convention that the binomial coefficient (;) is zero if j > i. Applying the inverse
of A to both sides, we obtain

z(1+x) — <2xai+1
(3

5 At = gi(:v;a)e(.l)(x;a) +A'B 5 > gi(x;a). (2.2)

Observing that i2°~! is the derivative of 2!, we conclude, by Lemma 1.1 that the left hand side
of Eq. (2.2) equals

z(1+x)
2
where we use the convention (consistent with the differential relation) that Gonéarov polyno-
mials with negative indices are identically zero.
To simplify the right hand side, consider the matrix A~*B. Since both A and B are lower
triangular and the diagonal entries of B are zero, A ! is lower triangular with zero diagonal,
that is, its ij-entry is zero if i < j. Suppose that i > j. Then the ij-th entry of A8 equals

" /i E—1\ , .
;}(k)gik(o;aka-'-aail)k( j )a‘j /

igi—1(z;a1,az,...,a; 1),

k
N\ & i—i—1
= (i—J) (j)aj Z ( " )gij1t(0;aj+1+ta---aai1)a§'-
t=0
By the coefficient formula in Lemma 1.1,

i—j .. .
t=J i—j—t
gi—j(T505,...,ai-1) = . 9t(0;ai—4, ... a;-1)T :

t=0

Taking the derivative of both sides, we obtain



—j—1 i
Dg;—j(z;aj,...,a;-1) = (i—j) Z ( )gt(();aita---aail)ml I

M

—j—-1
( i >9i—j—1—t(05 aj+1+t7---aai71)xt-
We conclude that the ijth entry of A~1B equals

)
(j) a;Dgi—j(aj; a5, a41,. .., a;i-1).
By the differential relation in Lemma 1.1,
Dgi_j(z;a5,a541,....a;-1) = (i — §)gi—j—1(z; 0511, a542,...,ai—1)

Hence, an alternate way to write the ijth entry of 4718 is

qi—1
"\ a;9i—j—1(a5; @41, Gjta,s o, Qi1).

Putting all the above into Eq. (2.2), we obtain the theorem. O
Setting = 0 and a; = —u;+1 and using Lemma 1.2, we obtain the following corollary.

Corollary 2.2. The expected sum FE1(n;u) equals

nzn: (n - 1> <Uz + 1> Py _i(Wig1 — Wiy Wiga — Wiy ooy Uy — ;) Pi_1(ug, ug, . .. ,Uifl).

1—1 2 P (uy,ugy ... uy)

The formula in Corollary 2.2 is a sum of positive terms and suggests the following combi-
natorial proof. Observe that any permutation of a u-parking function is a u-parking function.
Hence,

Py(u)Ei(n;u) = Y (mAmt.. At )

(z1,%2,...,%n)

= n § T,

(Z1,%2,...,% 1)

where the sums range over all u-parking functions.

For any u-parking function (21, xa, ..., 2,), let 3 be the largest integer j such that (z1, z2,. ..
is a u-parking function. (The parameter 3 was first used by Kreweras [4]. In the language of
parking, (3 is the space occupied by the last car.) Clearly, 5 = u; for some i. Let P; be the
collection of u-parking functions having the parameter § equal to u,;. Consider the sum

> (2.3)

(1,22, T 0 ) EP;

If (z1,xa,...,2y,) is a parking function in P;, then 1 < z, < wu;. Among the first n — 1
terms x1,T2,...,Ty_1, there are ¢ — 1 many “smaller” terms that are less than u;. The subse-
quence formed by these smaller terms is a u-parking function of length ¢ — 1. Hence, there are
P;_1(u1,...,u;—1) many ways to choose the subsequence of smaller terms.

73:71*1;.7.)



The remaining n — ¢ “bigger” terms take values from u; + 1 to u,, and their order statistics
satisfy x(1) < wit1,72) < Uit2,. -y T(n_i) < Upn. Thus, the subsequence formed by those n — i
terms can be written as the sum

(Ui + Y1, wi + Y2500 Ui+ Yn—i),

where (Y1,%2,- .-, Yn—i) 18 @ (Wip1 — Ui, Uir2 — U, ..., U, — u;)-parking function. From this,
we conclude that there are Pp_;(uj+1 — wi, Uit2 — Ui, ..., U, — u;) many ways to choose the
subsequence of bigger terms.

Because there are (7~}) ways to merge the two subsequences into a u-parking function of

length n, the sum (2.3) equals

n
14+2+4+... )
(1+2+ +uz)<i_l

>P¢1(Ul, oy 1) Py (U1 — gy Wigo — Ugy oy Uy — ).
Summing over j, we obtain the formula in Corollary 2.2.

The combinatorial argument also yields the following recursion for the number of parking
functions:

Pn(ul-,u27 ce 7un) =
n
n—1
E i1 Wi Py (Wi 1 — Wiy Wiy n — Wiy oy Uy — wg) Pyoq(ug, uz, . oo 1y 1),
i=1

3 The classical case and Abel identities

The classical case of parking functions is when u; = a + (i — 1)b. We shall write F4(n;a,b)
instead of E1(n;a,a+b,...,a+(n—1)b). Noting that P;(a,a+b,...,a+(i—1)b) = ala+ib):?!
and Pj(b,b,...,b) = b7, we obtain from Corollary 2.2 the following formula

n—1

Ei(n:a,b) = n Z <n - 1) (a+ib+ 10" " Hn—9)"""2(a+ ib)z‘ (3.1)

2 ~ i (a +nb)n—1

This formula is one of many reasonable formulas for F1(n;a,b). In this section, we shall derive
three other formulas for E;(n;a,b) using Abel identities.

Theorem 3.1.

n—1 . . . s

n(a+1 n n—1\b""Hn—)" " 1(q +ib)!
El(”;“’b>:%+§z(i1) : (a—znb)n(l ) (3:2)

i=1
nla+1) 1 n!l Bl a+(5—1)b)
FEi(n; = —— " 4+ = - .

o) = S+ 2; T e i (3.3)

n(a+1 n I~ (n ilbt
=2
When ¢ = b = 1, Eq. (3.4) specializes to the formula obtained in [1] and [2] for expected
sums of ordinary parking functions.
We prepare for the proof of Theorem 3.1 with a list of the Abel identities we need. An old
but still standard reference for Abel identities is [10]. One natural way to view these identities



is as special cases of identities between Goncarov polynomials using the fact (Eq. (3.1) in [6])
that

gnl(zsa,a+0b,...,a+ (n—1)b) = (x —a)(zx —a—nb)" L.
The simplest Abel identity is Abel’s generalization of the binomial theorem:

n

@+y)"=> (?) (y + ib)" "z (x — ib)" . (3.5)

=0

This can be obtained by setting x := z + y and a := y into the linear recursion of Goncarov

polynomials:
n
n »
" = Z ( )a? Zgl(xﬂ A0y A1y .y aifl).
i—o \!
Setting z := x +y +nb, y := y + nb, and b := —b, and changing indices from ¢ to n — i, we

obtain Hurwitz’s versions of Abel’s binomial theorem.

n

(@+y+nb)" =3 (’:) (y +ib)iw(z + (n— i)b)" 2. (3.6)

i=0
Differentiating both sides of Eq. (3.6), we obtain

n(z +y+nb)" = Z (Z " 1) (n—i+1)(y+ib) ‘z(z + (n—i)b)" 1

Taking the case n — 1 of this identity and setting x := b and y := a, we obtain one of the
identities we will need later.

Lemma 3.2.

- 1 —1
i=1

(n—1)(a+nb)" 2 = ni (” N 1>bn“(n — i)=Y (g 4 ib) i1,

We will also need the following slightly modified version of the identity called A, (x,y;1,—1)
in [10]:

n

> (?) (x + b))y (y + (n — i)t =

=0

"l , ,
— (@ +y+nb)d" " (x+ (n—1i)b). (3.8)
— i
Eq. (3.8) can be easily proved by observing that the left hand side is an expansion in the
Abel polynomials y(y + mb)™ ! in y with nodes at —mb,m = 0,1, ... . Hence, the identity

follows from the following computation, where D, is differentiation with respect to .
Y R ) )
(== MDY | 32 Sty nbPH (D)
j=0 7"
L bR+ ib)R(z + (i — k)b)
k! '

= n!

k=0
The zeroth term in the sum is b*(z + ib). When k > 0, we can rewrite the kth term as

biik(l‘—}—ib)lﬁq B bif(kfl)(x_i_ib)k
Kl & 1)




Hence, the sum telescopes and the right hand side equals
nl(x +ib)i 1
i!
and Eq. (3.8) is proved.
Two special cases of Eq. (3.8) will be needed. The first is obtained by setting « := a + b
and y := b in the case n — 2 of Eq. (3.8):
Lemma 3.3.

n—2 n—2

> (n ; 2) (a+G+DbY T 3 -1 -3 =" (n_2) — 2)! (a+nb)b" 7 3(a+ (n—j—1)b).

!
i=0 i J

The second is obtained by setting z := a and y := 0 and changing indices from i to n — 7 in
Eq. (3.8).

Lemma 3.4.

(a + nb) "+1:i

(a4 nb)™"b(a + ib). (3.9)
=0
Returning to the proof of Theorem 3.1, we substitute = = a, a; = —(i — 1)b,
gn(a;0,—=b,—=2b,....,—(n—1)b) = a(a+nb)" !,
Gn1(a;—b,—2b,...,—(n—1)b) = (a+b)(a+nb)" 2,
Gni1(=ib;—(i+1)b,...,—(n—1)b) = b" " I(n—q)" "2
into the formula in Theorem 2.1 to obtain
ala+bn)" "t (a;0,—b,—2b, ..., —(n — 1)b)

— W(a +b)(a+ bn)">

n—1 .
-1 4 . 2 b4+ 1 ,
o Z._O (n i )ibn_z(n - (%) ala+ i)™

The sum in this expression can be simplified slightly (by manipulating binomial coefficients) to

nZ (Z_ 1>b" in—g)nit (%) a(a +ib) L. (3.10)

We break up this sum into two parts by writing

2a +1b+1 _a+1+a+ib
2 ) 2

The first part is the sum
n

1
b( 1) -1 - . .
na a + Z <n >bnz1(n . i)n—zfl(a + ’ib)171

i —1
1=1

which, by Lemma 3.2, equals

(Z> ab(a +1)(a+ nb)" >



When this quantity is added to na(a + 1)(a + b)(a +nb)"~2/2, we get
na(a + 1)(a +nb)"1/2.

This yields Eq. (3.2) in Theorem 3.1.
Next, we use Lemma 3.3 to conclude that the sum

n—1
—1 . . :
% 2 (TZ_ 1>bnz<n _ Z-)n7171<a + ib)l,

the second part of the sum (3.10), equals

2 _ 1 ’I‘L72 _ 2 ) )
abn(n Z (n (a+nb)b" 7 3(a+ (n—j—1)b).

j=0

Changing indices from j to n — j and regrouping terms, this becomes

an
P

j:2

a—i—nb)" B a+ (5 —1)b).

This yields Eq. (3.3) in Theorem 3.1.

Finally, we extract the first two terms in the sum in (3.9) and move them to the left. When
we simplify the left hand side, we find that there is a factor of b. Dividing both sides by b, we
obtain

n(n—1)ba+nb)" =" ~ n j(a+ nb)" 7 " (a + jb). (3.11)

Dividing both sides of Eq. (3.11) by a(a 4+ nb)"~! and substituting the result into Eq. (3.3),
we arrive at Eq. (3.4). This completes the proof of Theorem 3.1.

4 Order properties of expected sums

In this section, we shall consider the following conjecture.

Conjecture 4.1. The expected sum E1(n;uy, us, ..., uy,) is an increasing function of n and the
gaps uij+1 — Uj

There are two factors to consider when n and the gaps are increased. On the positive side,
the parking functions are allowed to take on higher values. On the negative side, there are
more parking functions, and since parking functions cannot take on too many higher values,
the sample might consist mostly of parking functions with smaller sums. The conjecture says
that the positive factor predominates.

We begin with a simple general result supporting this conjecture.

Proposition 4.2. If v is a rational number greater than 1 such that yu; are integers, then
Er(njur, us, ... up) < Er(ngyur, yus, ..., yun)-

Proof. By Corollary 2.2, E1(n;u)P,(u) is the sum F(u)+ G(u) of two homogeneous functions
in the variables uy, ua,. .., u,, where F(u) has total degree n + 1 and G(u) has total degree n.
Hence, by homogeneity of P, (u),



T () + 9" G(u)
v P, (u)
(v = DF(u)

= T(ll) + Er(nsug, ug, .. up).

Er(nyyuy, yug, ..., yu,) =

Since v > 1, the proposition follows. O

For the classical case, when u; = a + (i — 1)b, Conjecture 4.1 states that the expected sums
Ei(n;a,b) are increasing functions of n and a,b. We shall prove a theorem which verifies this
special case.

Lemma 4.3. If 0 < a < c,
Ei(n;a,b) < Eq1(n;c,b).

Proof. Use Eq. (3.4) and observe that —(c+nb)~' > —(a +nb)~'. O

Lemma 4.4.
Ei1(n;a,b) < E1(n+ 1;a,b).

Proof. Rewrite Eq. (3.4) in the form

Ei(nja,b) = La; D + b(;) — g Z 7(701-2;1’

where (n); is a falling factorial and v = a/b. Then, the forward difference
Ei(n+1;a,b) — E1(n;a,b)

equals

T4 (n)

a+1 b (n+1); (n); b (n+1)!
[ -5

+bn— - —.
2 2~ n+1+y)"

By an elementary induction argument, one can show that for 7 a positive real number and
1=2,3,...,n,

(n+1); (n)i
(+TE) 1 k)t

From this inequality, we conclude that

a+1 bn-—1)

2 2
n+a+1
2

Ei(n+1;a,b) — E1(n;a,b) > bn+

N o

Lemma 4.5. If c is an integer strictly greater than b, then

Eq(n;a,b) < E1(n;a,c).

10



Proof. Rewrite Eq. (3.3) in the form

n

n(a+1) n

1
Ei(n;a,b) = 5 5

' n! { abi—1 (j—1)b
j=2

=) [@rmby T (@atnbyi]

The lemma now follows from the easy inequality: if @ > 0 and ¢ > b, then b/(a + nb) <

¢/(a + ne). O
The preceding three lemmas imply the following theorem.

Theorem 4.6. The expected sum Ey(n;a,b) is a strictly increasing function of n, a and b.

5 Second factorial moments

Using a somewhat more complicated version of the proof of Theorem 2.1 we obtain the following
result.

Theorem 5.1. The second falling factorial moment of the sum of a random u-parking function
of length n can be computed as

P(uy,ug, ... upn)Ea(n;ug, ug, ... uy,)
n—1 n—1
= n ZO ( ; )Ui+1pni1(ui+2 U1, U3 — Uiy 1y ey Uy — Uiy1)
7=
. uiy — 1
A (wivr + 1) Pi(ur, .y ui) By (G ug, ..o i) + B Pi(uyy ... u;)
2
nn—1) <= (n—2
=D (02 1y
i=0
Prio(Uig3 — Ui 1, Wita — Wit1,- -5 Un — Wip1) Pi(ug, ... ug).

With sufficient patience and motivation, formulas for any given higher moments can be
calculated with the same method. Just as for expected sums, there are many different but
equivalent formulas for a fixed kth moment. These different formulas imply the existence of
higher-order identities, similar to the Abel identities given in Section 3.

6 Real-valued parking functions

Let u be a non-decreasing sequence of non-negative real numbers. A real-valued parking function
of length n is a sequence (z1, 2, ..., Ty) of non-negative real numbers whose sequence of order
statistics satisfies z(;) < u;. Using the same method, one can get the following analogue of the
decomposition of integral parking functions [6].

Theorem 6.1. There is a bijection between the set [0, z]™ of all length-n sequences with terms
in the continuous interval [0, x] and the disjoint union of Cartesian products

U Park(iv, iz, sim) X (g, 2",
{t1,82,-im }

where Park(iy,ia,...,im) is the set of real-valued length-m u-parking functions indexed by
{i1,92y .. im} and (Umy1,x]" "™ is the set of length-(m — n) sequences with terms in the con-
tinuous half-open interval (1, x] indexed by the complement of {i1,12,...,9m}.

11



Let P,(u) be the probability that a random sequence (X1, X,..., X,,) with the terms X;
chosen independently with uniform distribution from [0, ] is a real-valued u-parking function.
Then, by Theorem 6.1, P, (u) satisfies the following linear recursion:

n n—m
n\ (x —u _
1= g <m> (ZE::L—_+7;)Pm(UI1,7L2,...,7Lm).

m=0

Comparing this recursion with the recursion in Corollary 5.3 in [6], we obtain the following
theorem.

Theorem 6.2. P
pn(uhum---,un) = n(t2, 2, . . Un)

mn

This theorem has appeared earlier in the paper [9]. Pitman and Stanley proved this theorem
using another decomposition for u-parking functions (which works for real numbers u; also).
Pitman and Stanley’s decomposition was also described in Section 6 of [6]. Theorem 6.2 implies
that
(=1)"gn (05 u1, uz, - . ., up)

P (uy, g, ... uy) = o

This is an often rediscovered result with a simple proof using conditioning, integration, and
a simple fact from the theory of order statistics. It seems to have been first discovered for
“reversed” parking function in determinantal form, by Steck [11]. See also [5, §].

From Theorem 6.1, we obtain the following recursion for the expected sums FEj(n;u) of
random length-n real-valued u-parking functions:

3 () e ) (4 e b)),

" 2
m=0

From this, we deduce that E1(n;u) equals

_Z(n—1> o P j(ujp1 — wj, wjpo — uj, ..o Uy — uj) Pj_q(ug, ug, ..., uj—1)
j—1 Y P(ug,ugy ... upy)

With a little work, one also obtains the following analogue of the expected-sum formula for the
classical case:

_ na n 1< /n ilbt
Ei(n;a,a+0,...,a+(n—1)b) = 7+b<2> _§Z(z)m
. 2 v v

1=
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