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1 Introduction

A branching process is a mathematical description of the growth of a population for which the
individual produces offsprings according to stochastic laws. A typical process is of the following
form. Considering a population of individuals developing from a single progenitor the initial
individual. The initial individual produces a random number of offsprings, each of them in turn
produces a random number of offsprings; and so the process continues as long as there are live
individuals in the population. An interesting question is to find the probability that the population
survives, (or, extincts).

The branching process was proposed by Galton [5], and the probability of extinction was first
obtained by Watson [16] by considering the probability generating function for the number of chil-
dren in the nth generation. This mathematical model was known as the Galton-Watson branching
process, and had been studied thoroughly in literature, for example, [15, 2, 6, 7, 10]. Some inter-
esting details on the early history of branching processes can be found in [9].

Another model for the branching processes was based on the interpretation of the random walk
Sp — n and the branching processes in terms of queuing theory, which is due to Kendall [8]. Here
S, = Z1+Zs+---+Z,, where Z;’s are independent random variables with the identical distribution
as the offsprings. In this model, the random family of a branching process is represented by a queue
with a single server, and the service time for each customer is a unit period. The queue starts with
one customer, corresponding to the initial individual in the branching process. Each individual in
the random family represents a different customer, who arrives and waits for service in the queue.
A customer j arrives during the service period of ¢ if j is a child of i. Let Y; be the number of

customers in the queue at the end of the ¢-th service period. Then Yy = 1, and

Yi=Yia+2Z—-1,  (i>1)
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where Z; are independent random variables with the offspring distribution. Note that the total
progeny is represented by the length of the first busy period of the server, i.e., smallest ¢ such that
Y; = 0. The process continues forever iff Y; > 0 for all <.

By the above correspondence, the probability of extinction given by the Galson-Watson model
and the random walk model are identical. Let Z be the offspring distribution. A basic fact about
branching processes states that when E[Z] = ¢ < 1, with probability 1 the process dies out; but
when E[Z] = ¢ > 1, there is a positive probability a that the process will continue forever [15, 4].
Let f(z) be the probability generating function for Z. In the case ¢ > 1, a can be computed
as 1 — s where s the probability of extinction, is the unique solution of s = f(s) in the interval
[0,1). In particular, if the offspring distribution is Poisson with mean 1 + €, then the probability
of survival is asymptotically 2¢ (c.f., [1 ]). An important condition in solving such probability in
Galton-Watson branching processes is that the possible values of the offspring distribution Z are
non-negative integers.

In this paper we consider a random walk with a similar algebraic setting as the ones correspond-
ing to branching processes. However, the step-si e distribution can take negative values. Explicitly,
let Z be a probability distribution with non-negative integral values, and E[Z] = 1 — ¢, where

0 <e< 1. efinearandom walk = Yp, Y7, by the following formula

Yi=Y,1+1-27,

where 71, 75 are independent random variables each with distribution Z. In particular, we
consider the case where 7 is distributed according to the Poisson law with mean 1 — ¢, denoted by

(1 —€). Let be the least ¢ for which ¥; 0. If no such ¢ exists, we say that =+ . Since
the expected step-si e F[1 — Z] = ¢ > 0, with probability approaching 1, Y;, > 0 when n . We
will compute the probability that Y, > 0 for all n, or equivalently, Pr[ = + |, in which case we
say the random walk . We also consider the asymptotics of Pr[ > ]. Note that this
problem is essentially different from the one defined by branching processes, since the values of the
step-si e random variable 1 — Z are mostly negative. Apparently all the methods used in literature
to solve for the survival probability (e.g., [4]) fail here .

In this paper we find the exact value of the escaping probability for the random walk . We
present two proofs. The first is a pure probabilistic one, based on the linearity of expectations.
The second is more analytic, using a theorem of tter and wass in branching processes, which
is equivalent to the Lagrange inversion formula for formal power series. The second proof applies

to more general offspring distributions Z, provided that both the expected value and variance of

Z exist. It is also used to obtain asymptotics of Pr[ > |. With suitable assumptions on Z, we
prove that Pr[ = > ) is asymptotically 1 if €2, whene 0 . We also give a formula
that generali es the tter- wass theorem, and use it to prove that if Z = (1 —¢), then €2



is both necessary and su cient for Pr[ = > ] 1

e>0 1)  Z= (1—¢

. Let ;= [Z=1]for i > 0. Considering a new random walk

defined by the same recurrence as (1) except that the beginning position is ero, ie,

Yo=0 @)
Y; :Yé—l_’_l*Zi?

where 71, Z5 are independent random variables with the same distribution Z. Let be the
least ¢ > 0 for which Y; 0. If no such ¢ exists, we say that =+ . enote by s the escaping
probability Pr[ = + ] of . It is clear that if s is the escaping probability of the original
random walk , then s = (s and hence s=s .
Let =1—s be the probability of extinction for Y . Let , be the indicator random variable
for the event Y, =0, i.e.,
)L ity =0,
" { 0, otherwise,
andlet =3"., ,. Then is the number of ¢ such that Y, = 0. (It is possible that =
)
A crucial property for the random walk is that, in each step, can raise at most one unit.
Therefore, any random walk with = ( is an integer and > 2) consists of + 1 part (see

figure 1) The first parts are random walks that begin at ero, drop to the z-axis, or drop below
z-axis and then move back to ero. The last part is a random walk that begins at 0, and remains
above the z-axis for all ¢ > 0. It is clear that the last part corresponds to a random walk defined
as with = . This happens with probability s .

In ,let be the least ¢ such that ¢ > 0 and Y; = 0. Hence

P =1 = > ([IPl =tls
0 ¢ 1

= S(ZPI‘[ :t])
t 0

= s(Pr[ < )

If < ,then < . Conversely, we claim that if < |, then with probability one <
To prove the claim, first note that <  but = implies that there exists =~ > 0 such that



tl t2 tk

igure 1
foralln > Y, <0. Let ,,n be the event that Y,, > 0. Y|, has the distribution n — 5,

where S, = Z1 + Zo + -+ + Zy, and E[S,]| =nE[Z] =n(l —¢€). By arkov’s inequality,
E[Sy]
n

Pr[S,, > n] =1-—c¢

Hence Pr[ ,] = Pr[Y,, > 0] = Pr[S,, n] > e It follows that ) ,Pr[ ,] diverges. By Borel-

Cantelli Lemma, with probability one Y,, > 0 for infinite many n. This proves the claim. Therefore

Pr[ < |=Pr] < |]= andPr] = |= s.
It follows that Pr[ > ]= . Hence
1—s
E| ]:ZPT[ > }:?: 5
1

n the other hand, by the linearity of the expectation,

E[ 1=)_E[ 4]=) Pr[y, =0
n 1 n 1

In our problem, Z is the Poisson distribution with mean 1 —e. Thus Y,, = n— S,, where S,, has the

Poisson distribution with mean n(1 — ¢). Therefore

n

Bl =Y P =n] =Y TS (g ) e g, ()

n 1 n 1
wheret =1 —eand (z)=(z ~— ) ~! is the inverse function of =z ~ [14][Chapter 5. ].
Let =t ' rtom (t ') =t, differentiating with respect to ¢, we have

("=t =1,



that is,

1—t
Substitute into ( ), we have
1—s t 1—e¢
S t €
Therefore s =ecand s=¢ (= '~ e
Theorem 1 asserts that the escaping probability s is € for the random walk . Such

a clean answer deserves an easy explanation. The following is an intuitive one
In the infinite random walk , for any ¢ > 0, let ; be the number of ¢ such that Y, =4. or an
fixed i, almost surely the random walk will hit the line =14, ie., Pr[ ;> 1] =1. orany >1,
similar to the argument in the preceding proof, we have Pr[ ; = |= “l!s,and Pr[ ;> |=
~L1. Therefore B[ ;]=1+ + ?+.--=1 s, consequently E[ 1+ o+---+ |= €s.
n the other hand,

Bl 1+ o4+ |=Y_Pt Y
0

where Y has distribution j—5 , S = Z1+Z+---+Z2 (j(1—e¢)). or the Poisson distribution,
we have the following large deviation result, (e.g.,see [1], Appendix A.15),

>0

c= (1+ )"t <1
sing the lemma, for ~ <j< — L ( 1),

PrlY > ¢ =Pr[S <j— ¢ ,

PrlY 0]=Pr[S —5>0 (c)

where ¢ < 1 is a constant. Taking = ,
Y Pl Y d (1+ (1))

While for j > + , = b

Pr[l1 Y e] Pr[Y =Pr[S —jl—e>(G— ) (c) '



where = w———. rom Lemma 1.1, ¢ is decreasing as increases, and ¢ — Z2for small

So

Thus Pr[1 Y e ( ) and

Therefore E[ 1+ o+--+ |= (1+ 1)+ ( 'H+ ( )+ = 1+ (1).
Comparing the two expressions for E[ 1+ o+---+ |, we have € s when

That implies the escaping probability s equals e.

We compute the probability Pr[ > | directly, using the tter- wass theorem in the theory
of branching processes. This proof applies to all integral distributions Z, provided that F(Z) and

(Z) exist.

In a branching process with offspring distribution 7, let be the total progeny in the
process with  individuals to start with. The following theorem presents a remarkable formula for
the distribution of restricted to positive integers. This formula was discovered by tter [11]

for =1, and extended to all >1by wass [ |.

Pr| =n]=—Pr[S,=n— | (4)

Sy =71+ Zat -+ Zn

To prove Theorem 1, as in the first proof, we consider the random walk defined by
Yo=0, Y, =Y, 1 +1-27;,

where Z; are independent with distribution Z, E(Z) =1—¢>0,and  (Z)= . Againlet be
the least ¢ > 0 such that Y, 0.

Pr[ >nY, = ]:EPr[Sn:n— ]

Proof of Lemma 1.2. orany walk Y;,Y;,Y;, Y, satisfyingY, =0,Y, >0fori=1,2, ,n-1
and Y, = , define the walk = o, 1, , 5, asfollows o= , ;=Y .. Then
i=Y, =Y . +1-Z, ;= ;1+1—7,_; Thatis, satisfies the recurrence ¢ = |,
i 1= 4+ 7Z;—1 where 7Z; are independent random variables with the identical distribution 7.

In other words, ¢, 1, , 5 isarandom walk corresponding to the Galton-Watson branching



process with the offspring distribution Z and individuals at the ero generation. The conditions
Yy=0Y, >0fori=1,2, ,n—1implythat ;>0fori=1,2, ,n—1,and , =0. So this

corresponds to the case that the total progeny in the branching process is exactly n, which happens

with probability Pr] = n]. Now the lemma follows immediately from tter- wass theorem.
or the random walk |, > nmeans Y; =1, (i.e., Z; = 0). Hence for the random walk
oPr] >n,Y,= ]=Pr] >n+1Y, ;= | where ¢=Pr[Z=0]. Therefore
Pr| Sn¥p— |——— PrSp 1=n+1— ] (5)
r n, rn = —0n+1 Ion 1="N
and
n 1
P S Pr[S, 1 =n+1— 6
r[ > n] on+1§:1 (S, 1=n+ ] (6)

We evaluate the sum in Eq. (6).

n 1
1
Z Pr[S, 1=n+1— |
n+1 -
1 n
— n+12(”+1_ )Pr[S, 1= ]
0

= D PSy 1 ] - — > P, = |

= Pr[S, 1 n]- ! (E[Sh ﬂ—z Pr(S, 1= ])

— 1_Pr[5n12n+1}—(1—e)+n+12 Pr[S, 1= |

1
= ¢—Pr[S, 12n—|—1]—|—n+1z Pr[S, 1= ]

Note that E[S, 1] =(n+1)(1 —¢€),and (S, 1) = (n+1) . By Chebyshev’s inequality,

Pr[S, 1>n+1]=Pr[S, 1—(n+1)(1—€) > (n+1)¢ m: (1),
and
1 1

n+1§% Pr[S, 1= | Pr[S, 1_n—|—1]+n+1 En:lpr[sn 1> ]

1
(n+1) n+1 & n+1e+ﬂ
/ n+1 ((n+1)e+1)?
— ( =



Hence

Pr( = )=lim Pr( >n)=€¢ o
n
or the case that Z is the Poisson distribution with mean 1 —¢, ¢ = ~!= , and hence
P = ]= "e
Let ; =Pr[Z =]. In the random walk | for 1 n,
n
Pr[ >nY,= |= Z H
i 1
where ( 1, 2, , ) are non-negative integers so that ¥; > 0 for i = 1,2, ,n—1,and Y, =

In terms of ;, these conditions are equivalent to

1 L,
1+ 2 2,
(7)
1+ 2+ + pa n—1
1+ 2+ 4+ 45 = n+l-—

When Z has the Poisson distribution with mean

bl

plsav- ) - Y M- —- ¥ Tl
> |

i1 °

n—l—l—’ ) (8)

1, 2

n 1—
- n

(n+1— )

where ( 1, 2, , ,) satisfies the condition (7). By Eq. (5),

Pl SnY¥as |= — P, jmntl = — o1 @D

n+1 n+1 (n+1— )

Combining (8) and (9), we get

> ( nH’ n) = (n+1)", (10)

1, 2

where ( 1, 2, , ,) satisfies condition (7).

The sum in the left-hand side of Eq. (10) has the following combinatorial interpretation. Put

balls 1, o, , , 1_ into n different boxes. The sum counts the number of ways one can do it
so that the number of balls in the first 7 boxes does not exceed i, for i = 1,2, ,n. Hence
1 n n+1-— n
1 1 1=1,2, .n
(n+1)"



totic or u

In this section we consider the asymptotics of the escaping probability of  when € 0 .
sing the tter- wass Theorem and Lemma 1.2, we estimate the escaping probability after a
finite number of steps.  ore precisely, let Z be a family of non-negative integral random variables
such that ase 0 , Pr[Z =0] o (0,1), E[Z ]=1—ce+ (e) for some positive constant
c. urther we assume a uniform bound  such that (Z ) for all positive € in some

neighborhood of the origin. nder these conditions,

rom the analytic proof of Theorem 1, we have

1
PrZ =0P > ]=1-EBZ ]+— ZlPr[S’ =
Let = € 1If €2, then as e 0 . By Chebyshev’s inequality,
1 1 ( +1) (Z )
— Pr[S >
1 Zl 08 1= ] +1;(( YD1 —E[Z ]) 1)
: (©
= = (e
(1-E[Z ]) (c+ (1))
Hence
Pr[ > | ¢+ (1) ¢
€ o+ (1) 0
A typical example is given by Z = (1 — €), in which case Pr[Z = 0] =
- 1= L E[Z |]=1-¢ and (Z )=1—¢ 1fore [0,1]. Taking, for example,
= e 2Inlne! we have Pr| > | e

As an extension to the tter- wass theorem, we have the following formula for the random

walk



Note that .
Pr[ =n,Y,=0] = Z H ,
il

where ; are non-negative integers such that ¥; > 1fori=1,2, ,n—1, and Y, = 0. Equivalently,

; satisfies the condition

1+ 2 2,
(11)
1+ 2+ 4+ no1 n—1,
1+ 2+ + n = n+l

Also note .
Pr[S, =n+1] = Z H ,
i1

where ; are non-negative integers with ;+---+ , =n+1. Hence it is su cient to show that for
any sequence of non-negative integers « = ( 1, 2, , ) with 14+ o2+4+---+ ,, =n+1, there is
exactly one cyclic shift o; = ( 4, 4 1, , ny 1, , i—1) satisfying Condition (11). The proof is
contained in the following two claims.

Claim 1. or any sequence «, there is at most one cyclic shift of « satisfying Condition (11).
Prove by contradiction. Assume both o = ( 1, 2, , pn)and a; = (4, i 1, 5 ns 15 5 i—1)
satisfy Condition (11), where i is an index between 2 and n. Then 1+ o2+---+ ;-1 i—1, and

i+---+ n mn—i. Hence 14+ 2+---+ , n, contradicting the fact that 4+ 2+---+ , =n+1.
Note that Claim 1 also implies that all the con ugate of « are distinct.

Claim 2. or any sequence a = ( 1, 2, , n) of non-negative integers, there exists a cyclic
shift a; satisfying Condition (11).

Letx;=i—( 1+ 24+ ;) fori=1,2,  n—1. Ifall x; >0, then « satisfies Condition (11).

therwise, let * = min x;,7 = 1,2, ,n—1 . Then x < 0. ind the smallest index 7 such that
x; = x. We prove that the cyclic shift o; 1 =( ; 1, , n, 1, , i) satisfies (11). enote ¢; 1
by( 1, 2y 9 n)

1. orl nflfi, 1+ 24+ = ,;, 1+ i 2+---+ Z-.Since

(+d)—(1+ 24+ =2 ;Zxi=i—(1+ 2+ + i),

1+ 2+ +
2. or =n-—it,
1+ o2+t = gt ot a=mF)—( 1+ 2+ ) =nt+l-(i—2)= n—i
as xz < 0.

10



orn—1i< <mn,
1+ 24+ = ot opt it g =ntl-(i-a)+ e+ s
Since
—(n—i)=(1+-+ _p)>z+],
1+ 2+ + n+l—itz+ —(n—i)—(z+1)=
This finishes the proof.
emark. In the above proof we didn’t use the condition that Z; are non-negative. Hence
Theorem holds for any integral distribution Z. n the other hand, tter and wass Theorem

doesn’t have such generality.

sing Theorem , we have the following result for Z = (1 —¢).

Z= (1—¢

. The su cient part is proved in Theorem 2. or the necessary part, we need to show

If > Pr( =i)= (¢), then 2,

where the summation does not contain the term Pr[ = + ]. We show this by finding a lower
bounds for >,  Pr[ =i]. When Z = (1 —¢), S has distribution ( (1 —¢)).
1 -t ¢ 1 t o (t)
Pr[ = >Pr] = )Y =0=—Pr[S = +1]= — ,
[ = =P | = = il - e an
where t = 1 — e. Note that ¢ 1—€e22 Soif = e 2foraconstant , then

. ¢ (t )i
Z.Zpr[ =i = Q_Z(H—l 2

v
<.
(]~
—~
~.
+ =
—_
~— | — ~—
S
)

2
¢ 2 . - 2
> (¢ i+ 1
0 X+ )
2t 1
— (1 ——<)e¢
2 ( 2)
That is, if = €72, then
Z Pr[ =i > 1-¢
i
for a constant 1. This proves that for Y. Pr( =1i) = (e), it is necessary that €2

11
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