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What  is Finit eness?

Let  K be a Þeld and let  R = K[x1,...,xn] be t he
polynomial r ing over K.

Hilbert Õs Basis Theorem (1890):  Every ideal I
in K[x1,...,xn] is Þnit ely generat ed.  That  is,
t here exist  polynomials f 1,...,f m such t hat

I  = 〈f 1,...,f m〉R = {r 1f 1 + ááá + rmf m : r i in R}.
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Finit eness in I nÞnit e
Dimensional Polynomial Rings?

Let R = K[x1,x2,x3,...] be the (inÞnite  dimensional)
polynomial ring over K.

Classical Finiteness Fails:

I  = 〈x1,x2,x3,...〉R  is not  Þnitely generated!

Proof : A Þnite set of n generators have no constant
terms and involve only a Þnite number  of the

indeterminates x1,...,xm.  Now, set x1 = ááá = xm = 0 in

xm+1 = r1f 1 + ááá + rnf n.       
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Need Ext ra St ruct ure: Group
Act ions and I nvariant  I deals

Group Rings: Let G be a group and R a commutative
ring.

The (left) group ring  R[G] over R is formally all
linear combinations:

r1g1 + ááá + r mgm,   r i in R, gi in G.

Multiplication is given by ( r1g1)á(r2g2) = (r1r2)g1g2 and
extended by linearity.

-  Think of  t his as a vect or  space wit h basis element s f rom G and

  a mult iplicat ion coming f rom t he mult iplicat ion in G.
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Group Ring Example
Example:  Let G = S2 = {(1), (12)}, the group
of permutations of the integers {1,2}.  And let
R = Z = {...,-2,-1,0,1,2,...}. Then,

R[G] = {a(1) + b(12) :  a,b in Z}

In this ring, for example, we have

[3(12) -  2(1)]2 = 9(12)2 -  6(12)(1) -  6(1)(12) + 4(1)2

 = 9(1) - 6(12) -  6(12) + 4(1)
 = -12(12) + 13(1)

- One can check that R[G] ≅ Z[x]/ 〈x2-1〉.
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I nvariant  I deals
Assume further that R is a G- module; that is, G gives
an action on R (i.e. G -> Perm(R)) that is l inear:

g(r+s) = gr  + gs,  g in G,  r ,s in R

This gives R the structure of a (left) module  over the
group ring R[G].

DeÞnition: An ideal I  of R is invariant  under G if
G á I  = {gáf : f  in I , g in G } = I

Said another way, invariant ideals  are simply
the R[G]- submodules of R.



8

Examples
1. Let R = K[x1,...,xn] and G = {1}.  Then,

R[G] = R
invariant ideals  = the ideals of R.

2. Let R = K[x1,x2] and G = S2 = {(1),(12)}

(x1(1) + x2(12)) á (x1+x2x1
2) =  x1

2  + x2
2 + x2x1

3 + x2
3x1

 R[G]     R    R

 I  = 〈x1+x2
2, x2+x1

2〉R = 〈x1+x2
2〉R[G] is an invariant ideal

   (i.e. an R[G]- submodule of R).
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Finit eness Finally
We now state a simpliÞed version of our  result [A.,-]

Setup:  R = K[x1,x2,x3,...], K a Þeld,
  G = S∞ = Perm({1,2,3,...})

Theorem:  Invariant ideals of R are Þnitely generated
over R[G].  (i.e., R is a Noetherian R[G]-module)

Remark:  Finiteness problems before because we
couldnÕt  ÒgenerateÓ enough of I  using a Þnite number
of polynomials.  Here, extra structure of I  allows us
to Þnd a Þnite presentation  by allowing action of G.
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Basic Example
Example: Recall that we couldn Õt  have

I   =  〈x1,x2,x3,...〉R  =  〈f 1,...,f m 〉R

However, I  has extra structure: it is invariant under
G = S∞.  The previous theorem should apply:

I  = 〈x1,x2,...〉R  =  〈x1〉R[G] = { h áx1 : h in R[G] }

The point is that  by allowing action of bigger ring
R[G] instead of R, we get Þnite presentations  of I

-  Not e: I  might  need arbit rar ily large numbers of  generat ors
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Symmet ric  Cancella t ion
Part ial Order on Monomials

Let <lex be the lexicographic ordering  of monomials with
x1 <lex x2 <lex x3 <lex ááá.  E.g., x2x3

3 <lex x1x4

DeÞnition/Lemma: Symmetric cancellation partial order

    u < v :⇔  u <lex v, there exists  !  in G

         with ! u | v, and for all
  w <lex u, we have ! w  <lex ! u

Example:
x1

2  <  x1x2
2 <  x1

3x2x3
2

-  This order ing reÞnes monomial division
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A Closer I nspect ion
(1)  u <lex v  A variable in u is not bigger than  one in v

(2)  ! u | v  Symmetric division

(3)  w <lex u  ⇒ ! w  <lex ! u f or the  witness !  in (2)

3rd Condit ion allows f or  ÒniceÓ leading t erm cancellat ion.

Let  g in R.  I f   lm<lex(g) < v  f or  some v and wit ness !  t hen:

!  lm<lex(g) = lm<lex(!  g)

I .e. σ commut es wit h t aking leading (lex) monomials
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Symmet ric  SG- Polynomial
This looks quite t echnical, but  is remembered by t he

Cancellation Property :  If m1 < m2 and if f 1 and f 2

have leading (lexicographic) terms m1 and m2,
then the SG-polynomial

SG!  (f 1,f 2)   =  f 2 Ð       ! f 1

has a smaller (lex) leading monomial than f 2.

Proof : f 1 = (m1 + w + ..), f 2 = (m2 + ...). SG!  (f 1,f 2) kills
off m2. Terms bigger ( lex) than m2 come from w in f 1:

w <lex m1 => ! w <lex ! m1 =>      ! w <lex      ! m1 = m2   

  

! 

m2

"m1

  

!  

m
2

" m
1   

! 

m
2

"m
1
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Example Cancella t ion
Example:  x1x2

2  <  x1
3x2x3

2

f 1  = x1x2
2 + x2 + x1

2,    f 2 = x1
3x2x3

2 + x3
2 + x1

4x3

m1 = x1x2
2,      m2 = x1

3x2x3
2

!  = (123),      = x1
3

SG!  (f 1,f 2)  =  f 2 Ð x1
3 (123)f 1

      =  x1
4x3 + x3

2 Ð x1
3x3 Ð x1

3x2
2

has leading term: x3
2  <lex  x1

3x2x3
2

  

! 

m2

"m1
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Basic Theory  of  Reduct ion
We now explain reduction in the  R[G]- module R, G = S∞

DeÞnition: lm(f  ) = largest lexicographic monomial in f .

DeÞnition: f  in R is reducible by a set of polynomials B
means that for  some g in B, we have

lm(g ) < lm(f  )     so !  lm(g) | lm(f )

In this case, we write    f  -->  h    where

h = f  - cm (! g)

m is a monomial and c is the coefÞcient of lm(f  ) in f
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Reduct ion I nt uit ion
The point:  if I  is invariant , f  and g in I , and f  --> h,
then h is in I

In analog to classical GB, we would like to Þnd a
(Þnite ) subset B of  I  such that being in I  is same as
there being a sequence of reductions

  f  --> h1 --> h2 -->  ... --> 0

Example: B = {x1x2
2 + x2, x1 - 1}, f  = x1

3x2x3
2 + x1

4x3

f  -->   x1
4x3 - x1

3x3  - -> 0

So f  = x1
3(123)(x1x2

2 + x2) + x1
3x3(x1 - 1) is in 〈B 〉R[G]
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Groebner Bases
DeÞinition: f or a set of polynomials B, let

lm(B) = {  m : m > lm(g) for some g in B\ {0} }

All monomials bigger (w.r.t >) t han monomials in B.

Note: f or I  invariant, lm(I ) = { lm( f   ) : f  in I \ {0}  }

DeÞnition: A Groebner Basis of an invariant ideal I  is
a subset B of nonzero elements of I  such that

lm(B) = lm(I )

- One can show that  f or G = {1} and R = K[x1,...,xn] this notion
coincides with the classical one
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Groebner Bases
and Normal Forms

Proposition: Let I  be an invariant ideal and B
a set of nonzero polynomials. The following
are equivalent

    (1) B is a Groebner Basis for I
    (2) Every f  in I  has unique normal form  0

Notice that (2) implies that   I  = 〈B 〉R[G]

So our main theorem may be deduced from the

Theorem: An invariant ideal of R has a Þnite
Groebner basis B
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Example Groebner Basis
Achtung!  Classical intuition sometimes fails here.

Example: Let  I  = 〈x1x2
2

 〉R[G], which is a monomial ideal.

The set B = {x1x2
2 } is not  a Groebner Basis for I .

Reason:  x 1
2x2 is in I , however, neither

x1x2
2 < x1

2x2      nor     x1
2x2 < x1x2

2

so that x1
2x2 is not in lm( B).

But B = {x1x2
2, x 1

2x2} is a minimal Groebner basis.

Example: x3x4x6
3 = x4x6(13)(26)x1x2

2 is in I , and indeed

x3x4x6
3 > x1x2

2 (although x3x4x6
3 <> x1

2x2)
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I nvariant  Chains of  I deals
Let Sn denote the symmetric group on n elements,
acting naturally on Rn = K[x1,...,xn]

DeÞnition: An invariant chain of ideals  is a chain

I 1 ⊆ I 2 ⊆ I 3 ⊆ ááá

in which SmI n ⊆ I m, m > n

DeÞnition: An invariant chain stabilizes  if there is an
N such that for all m  > N,

I m = 〈I N 〉Rm[Sm]

-  I n ot her  words, up t o symmet r ic act ion, t hese ideals are t he
same f or  large enough m.
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Chain St abiliz at ion Theorem
Such chains arise in chemistry and algebraic statistics

Theorem: Every invariant chain stabilizes

Proof : Consider the ideal

I   =

which is an invariant ideal in R = K[x1,x2,...].  There is a
Þnite Groebner basis B for I .  This set resides in some
I N and therefore f or all m > N

〈I N 〉Rm[Sm] ⊆  I m ⊆ 〈B 〉Rm[Sm] ⊆ 〈I N 〉Rm[Sm]

Thus, I m = 〈I N 〉Rm[Sm]          

    

!  

I k
k "1
U
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Open Problems

1. Given a Þnite set of polynomials S, is there an
effective algorithm  for Þnding a Groebner basis of
I  = 〈S 〉R[G]

2. I s there a Buchberger-like criterion  for these
Groebner bases.

3. Extensions to other group actions G.

4. Applications to  Þnite dimensional situation.
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The End
(of  t alk)


