Page 1 of 2
Name:

Quiz 10

Math 54 — Professor Craig Evans
TA: Chris Hillar

Note: There are two sides to this quiz.

Problem 1: Suppose that one would like to find differentiable functions x;(¢) and x»(¢) such that

x'l 13 -2 x .
| = : *)
x'| (4 -3|x,
(a) Determine the eigenvalues for the 2 x 2 matrix above and find bases for their corresponding
eigenspaces.

(b) Using part (a), write down the two fundamental solutions for this problem.
x,(1)

(c) A general solution is given by an arbitrary linear combination of the fundamental solutions in
part (b). However, given the initial condition that (x;(0),x2(0)) = (0,1), there is only one pair of
functions that solves (*). Find this pair of functions.

x,(1)
x, (1)

X1(l) = XQ(Z) =

(d) Consider the solution (x;(¢),x2(?)) in part (¢). As t—o0, the points (x;(¢),x2(¢)) in the plane get
asymptotically close to which line?
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Problem 2: Consider the following differential equation for a function y(x):
1 1
y"—(1+—)y'+—y=0 (1<x<2).
X X

(a) Verify that y; = ¢" is a solution to this equation. Also, find a real number ¢ such that
y2» =x + ¢ is also a solution to this equation.

(b) Verify that the conclusions of Abel’s Theorem are true for the two solutions y; and y» found
in part (a). In other words, if W(y1,),) is the Wronskian of y, and y,, then show that either

(1) W(y1,y2) =0 forall x such that 1 <x <2
or
(2) W(y1,02) = 0 forall xsuch that 1 <x <2

(¢) Are the two solutions y; = €" and y, = x + ¢ found in part (a) /inearly independent solutions
to this equation? Explain why or why not.



