Inertial manifolds for strongly damped wave equations
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Consider the boundary value problem for a semilinear strongly damped wave
equation in a bounded domain Q:

uge — 27Au = Au+ f(u), u|6Q =0, (1)
= up(z) € H)(Q), ut’t:o =po() € L2(9). (2)

u‘t:O

Here v > 0 is a coefficient of strong dissipation, and the nonlinearity f(u)
satisfies the global Lipschitz condition:

|f(v1) = f(v2)] < L|vi —vg] Vi, v2 € R.

The following theorem gives sufficient condition for the existence of an iner-
tial manifold for equation (1).

Theorem 1 Let A\, 0 < A1 < Ao < --- — +00, be eigenvalues of the operator
—A in the domain Q under the Dirichlet boundary conditions. Suppose that
there is an N such that the following inequalities hold

AN < Avg1 < 1/(292), (3)
oL < sup  {(WAvg1 — @) min{se (®), 2n (®), 2envi1(VAN11) ), (4)

YANKSP<YAN+1

where we have used the notation

25 (D) = B — YA, + VB2 — 290D + N

Then, in the phase space H}(Q) x La(QQ), there exists a 2N -dimensional in-
ertial manifold that exponentially attracts (as t — +o00) all the solutions of
problem (1), (2).

The proof is based on the construction of a new inner product in the phase
space in which gap property holds and thus an inertial manifold exists (the
corresponding general theorem for an abstract differential equation in a Hilbert
space one can find, e.g., in [1]).

Remark. If v, Ay and Ay are fixed and they satisfy (3), then we state the
existence of an inetial manifold for sufficiently small L.
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