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Setting

A self-adjoint operator on Hilbert space H, some vector ϕ

Here for simplicity A bounded and ϕ ∈ H
Consider family of rank one perturbations

A+ α( · , ϕ)ϕ for α ∈ R

WLOG ϕ ∈ H cyclic for A, i.e. H = span{Anϕ : n ∈ N}
Question: How stable is the embedded singular spectrum
when we change α?
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Reformulation using the spectral theorem

µ := µϕ denotes the unique spectral measure of A wrt ϕ,
i.e. (Anϕ,ϕ) =

∫
tndµ(t) for n ∈ N

There exists a unitary operator U : H → L2(µ) such that
UA = MtU and Uϕ = 1. Notation:

A,ϕ on H U∼ Mt,1 on L2(µ)

A+ α( · , ϕ)ϕ on H U∼ Aα := Mt + α( · ,1)1 on L2(µ)
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Definition of V

Recall Aα = Mt + α( · ,1t)1t on L2(µ)
For the perturbed operator

Aα,1t on L2(µ) V=Vα∼ Ms,1s on L2(µα),

i.e. for some unitary operator V = Vα : L2(µ)→ L2(µα) we
have MsV = V Aα and V 1t = 1s
µα contains all the spectral information of Aα, because vector
1t can be shown to be cyclic for Aα
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Statement

Theorem (Representation formula)

Under the all the above assumptions, the unitary operator
V : L2(µ)→ L2(µα), such that MsV = V Aα is given by

V f(s) = f(s)− α
∫
f(s)− f(t)

s− t
dµ(t)

for all compactly supported C1 functions f .
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Proof

Recall V : L2(µ)→ L2(µα), MsV = V Aα, V 1t = 1s and
Aα = Mt + α( · ,1t)1t. With this we have

MsV = V Aα = VMt + α( · ,1t)V 1t = VMt + α( · ,1t)1s

VMt = MsV − α( · ,1t)1s ⇒ V t = s− α
∫
dµ(t)

Inductively assume V tn−1 = Mn−1
s V 1t − α

∫ n−2∑
k=0

tksn−k−2dµ(t).

⇒ V tn = (VMt)tn−1 = Ms(V tn−1)− α
∫
tn−11sdµ(t)

= Mn
s V 1t − α

∫ n−2∑
k=0

tksn−k−1dµ(t)− α
∫
tn−1s0dµ(t)

= sn − α
∫
sn − tn

s− t
dµ(t)
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Statement

Theorem (Rigidity theorem)

Suppose µ on R is not a single atom and satisfies∫
(1 + |t|)−1 dµ(t) <∞. Assume that

Tf(s) = f(s)− α
∫
f(s)− f(t)

s− t
dµ(t) for f ∈ C1

0

extends to a bounded operator L2(µ)→ L2(ν) with KerT = {0}.

Then there exists a function h such that 1/h ∈ L∞(ν) and such
that MhT : L2(µ)→ L2(ν) is unitary.

Moreover the unitary operator U = MhT gives the spectral
representation of the operator Aα := Mt + α( · ,1t)1t in L2(µ),
namely UAα = MsU .
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Idea of proof

Recall from linear algebra: Similar (i.e. A = S−1BS)
hermitian matrices are unitary equivalent

Here MsT = T [Mt + α( · ,1t)1t]
KerT = {0} implies KerT ∗ = {0}
Conclusion MhT unitary for some h with 1/h ∈ L∞(ν)
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Singular integral operator V
Uniform bounds for regularizations

Singular integral operator V

f and g have separated compact supports, i.e. both supp f
and supp g are compact and dist(supp f, supp g) > 0
Bounded operator T : L2(µ)→ L2(ν) is a SIO, if

(Tf, g)
L2(ν)

=
∫ ∫

K(s, t)f(t)g(s) dµ(t) dν(s)

for all f ∈ L2(µ), g ∈ L2(ν) with separated compact supports

Lemma

Operator V : L2(µ)→ L2(µα) from the representation theorem is
a SIO with kernel K(s, t) = −α(s− t)−1.

In particular, Tµ := α−1V : L2(µ)→ L2(µα) is a SIO with kernel
(t− s)−1 and ‖Tµ‖L2(µ)→L2(µα)

≤ |α|−1.
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Uniform bounds for regularizations

Introduction

For ε > 0 consider regularized operators

Tεf(s) =
∫

f(t)
s− t+ iε

dµ(t) and

T̃εf(s) =
∫
|t−s|>ε

f(t)
s− t

dµ(t)

Tε, T̃ε well defined for compactly supported f

If
∫

(1 + x2)−1 dµ(x) <∞, then the operators are well defined
by the above formulas for all f ∈ L2(µ)
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Singular integral operator V
Uniform bounds for regularizations

Statement

Theorem (Regularizations)

Let µ and ν be inner regular Borel measures such that their
singular parts are mutually singular, i.e. µs ⊥ νs, and such that∣∣∣∣∣

∫∫
f(t)g(s)
s− t

dµ(t) dν(s)

∣∣∣∣∣ ≤ C‖f‖L2(µ)
‖g‖

L2(ν)

for all f ∈ L2(µ) and g ∈ L2(ν) with separated compact supports.

Then operators Tε, T̃ε : L2(µ)→ L2(ν) are uniformly bounded.

This theorem holds true for all kernels K(s, t) that satisfy
|K(s, t)(s− t)| ≤ C1 and 0 < C2 ≤ ReK(s, t)(s− t). Now

TKε · =
∫ K(s,t)(s−t) ·

s−t+iε dµ(t) and T̃Kε · =
∫

|t−s|>ε
K(s, t) · dµ(t).

Constanze Liaw (conni@math.brown.edu) Singular Integrals and Rank One Perturbations



Rank one perturbations and spectral representation V
Singular integral operators

Absence of singular spectrum

Singular integral operator V
Uniform bounds for regularizations

Statement

Theorem (Regularizations)

Let µ and ν be inner regular Borel measures such that their
singular parts are mutually singular, i.e. µs ⊥ νs, and such that∣∣∣∣∣

∫∫
f(t)g(s)
s− t

dµ(t) dν(s)

∣∣∣∣∣ ≤ C‖f‖L2(µ)
‖g‖

L2(ν)

for all f ∈ L2(µ) and g ∈ L2(ν) with separated compact supports.

Then operators Tε, T̃ε : L2(µ)→ L2(ν) are uniformly bounded.

This theorem holds true for all kernels K(s, t) that satisfy
|K(s, t)(s− t)| ≤ C1 and 0 < C2 ≤ ReK(s, t)(s− t). Now

TKε · =
∫ K(s,t)(s−t) ·

s−t+iε dµ(t) and T̃Kε · =
∫

|t−s|>ε
K(s, t) · dµ(t).

Constanze Liaw (conni@math.brown.edu) Singular Integrals and Rank One Perturbations



Rank one perturbations and spectral representation V
Singular integral operators

Absence of singular spectrum

Singular integral operator V
Uniform bounds for regularizations

Statement

Theorem (Regularizations)

Let µ and ν be inner regular Borel measures such that their
singular parts are mutually singular, i.e. µs ⊥ νs, and such that∣∣∣∣∣

∫∫
f(t)g(s)
s− t

dµ(t) dν(s)

∣∣∣∣∣ ≤ C‖f‖L2(µ)
‖g‖

L2(ν)

for all f ∈ L2(µ) and g ∈ L2(ν) with separated compact supports.

Then operators Tε, T̃ε : L2(µ)→ L2(ν) are uniformly bounded.

This theorem holds true for all kernels K(s, t) that satisfy
|K(s, t)(s− t)| ≤ C1 and 0 < C2 ≤ ReK(s, t)(s− t). Now

TKε · =
∫ K(s,t)(s−t) ·

s−t+iε dµ(t) and T̃Kε · =
∫

|t−s|>ε
K(s, t) · dµ(t).

Constanze Liaw (conni@math.brown.edu) Singular Integrals and Rank One Perturbations



Rank one perturbations and spectral representation V
Singular integral operators

Absence of singular spectrum

Absence of singular spectrum

Question: How stable is the embedded singular spectrum of
Aα = Mt + α( · ,1t)1t when we change α ∈ R?

Consider local weak Lebesgue space L1,∞
loc (I) :={

f : |{x ∈ K : |f | > ε−1}| = O(ε), ε→ 0, for all K ⊂⊂ I
}

Corollary (Absence of singular spectrum)

Let A and Aα be as described above. Let dµ = wdt+ dµs be the
Lebesgue decomposition of A’s spectral measure.

If for an open interval I we have 1
w ∈ L

1,∞
loc (I), then for all

α ∈ R \ {0} operator Aα = Mt + α( · ,1t)1t has empty singular
spectrum on I.
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Summary

Showed how rank one perturbations give rise to certain SIO

Rigidity

Uniformly bounded regularizations of SIO for Borel measures

Absence of singular spectrum for perturbed operators
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Absence of singular spectrum

Proof: Absence of singular spectrum (slide 1)

Tµα := −(Tµ)∗ : L2(µα)→ L2(µ) SIO with kernel (s− t)−1

and ‖Tµα‖L2(µα)→L2(µ)
≤ |α|−1

Fix α ∈ R, I0 ⊂6= I bounded open interval

ν := (µα)s|I0 and w0 := w|
I0

Regularization operators

(Tν)ε : L2(ν)→ L2(w0) : f 7→
∫

f(s)
s− t+ iε

dν(s)

are uniformly bounded

With Kν(t) := limε→0

∫ dν(s)
s−t+iε (exists dt a.e.) we have∫
|Kν|2w0 dt <∞
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Proof: Absence of singular spectrum (slide 2)

Assume ν 6= 0
Known |{|Kν| > a} ∩ I0| ≥ C/a > 0, large a

Distribution function dw(a) := |{w < a} ∩ I0| on I0
Increasing rearrangement w∗ = d−1

w of w on I0
So ∫

{|Kν|>a}∩I0
w dt ≥

∫ C/a

0
w∗dt ≥ C/a2 large a

1/w ∈ L1,∞
loc (I)⇒ dw(t) = |{1/w > 1/t} ∩ I0| ≤ Ct, small t

Therefore w∗(t) ≥ t/C and∫
|Kν|2w0 dt =

∫ ∞
0

2a
∫
{|Kν|>a}∩I0

w dtda =∞

Contradiction
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