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Setting

separable Hilbert space H
complete sequence {ϕn} ⊂ H
ω = (ω1, ω2, . . .) distribution given by a probability measure P
on R∞ which satisfies Kolmogorov’s 0-1 law

General Anderson-type Hamiltonian

Aω = A+
∑
n

ωn( · , ϕn)ϕn

Assume that Aω is almost surely essentially self-adjoint

Perturbation is almost surely a non-compact operator
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Related

Special case: discrete random Schrödinger operator on l2(Zd)

Af(x) = −4 f(x) = −
∑

n∈Zd,|n|=1

(f(x+ n)− f(x)),

ϕn(x) = δn(x) =
{

1 x = n,
0 else

Jaksic–Last 2000, 2006: Provide good picture of the spectral
properties, if {ϕn} form orthonormal basis

Main advantage of allowing non-orthogonal sequences of
vectors is that the general Anderson-type Hamiltonians are
connected to non-hermitian random matrices, while the
assumption that {ϕn} forms an orthonormal basis restricts to
hermitian ones
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Notation

Tac ∼
(
Mz

∣∣
⊕

R
H(z)dµac(z)

)
σess(T ) = σ(T )\{isolated point spectrum of finite mult.}

A ∼ B(mod Class X), if (UAU−1 −B) ∈ Class X
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General Perturbation Theory

Weyl–vonNeuman: σess(A) = σess(B) iff
A ∼ B(mod compact operators)
Kato–Rosenblum (Carey–Pincus): A ∼ B(mod trace class).
Then Aac ∼ Bac

Kolmogorov’s 0-1 law and Anderson-type Hamiltonians: If the
probability distribution P satisfies the 0-1 law, then those
spectral properties that are invariant under finite rank
perturbations are enjoyed by Aω almost surely or almost never
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Cauchy Transform

Cauchy transform

Kσ(z) =
1
π

∫
R

dσ(t)
t− z

, z ∈ C+

dσac(x) = limy↓0=Kσ(x+ iy) dx, x ∈ R
First moment of the Cauchy transform

K1σ(z) =
1
π

∫
R

1
t− z

− t

t2 + 1
dσ(t), z ∈ C+

Locally K1σ and Kσ behave alike

K1σ converges for any L∞ function
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Krein–Lifschits Spectral Shift of Rank One Perturbations

For every α ∈ R we can find u ∈ L∞(R) with −π < u ≤ π
and a constant c ∈ R such that

1 + παKµ = eK1u+c = (1− παKµα)−1

where µα is the spectral measure of Aα = A+α( · , ϕ)ϕ wrt ϕ

WLOG α > 0, define u via the principal argument

u = arg(1 + παKµ) = −arg(1− παKµ) ∈ [0, π]

u jumps from 0 to π at singular points of µ

Vice versa: Any function u ∈ L∞(R) with 0 ≤ u ≤ π is the
Krein spectral shift of the rank one perturbation
Mµ + α(·,1)1 for any α > 0
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Theorem

separable Hilbert space H, complete sequence {ϕn} ⊂ H,
ω = (ω1, ω2, . . .) distribution given by a probability measure P
on R∞ which satisfies Kolmogorov’s 0-1 law

Anderson-type Hamiltonian Aω = A+
∑

n ωn( · , ϕn)ϕn

Theorem

We have almost surely (ω, η) ∈ P× P :
1) (Aω)ac ∼ (Aη)ac,

2) Aω ∼ Aη(mod compact operator) and

3) If (Aω)ess is cyclic ω ∈ P almost surely, then
(Aω)ess ∼ (Aη)ess(mod rank one).
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Idea

µ and ν denote the spectra of (Aω)ess and (Aη)ess,
respectively

Produce {u∗n} which converges in measure. The pair of
spectral measures corresponding to this limit function is then
proven to be equivalent to the pair (µ, ν)
Sufficies to construct u∗n’s on S = suppess µac\∂ suppess µac,
because...(next slide)
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Proof: ’Sufficies to construct {u∗n} on S’

...on R\S = clos(σess(Aω)\ suppess µac) we can apply

Theorem (Poltoratski 2000)

Let A and B be two cyclic self-adjoint completely non-equivalent
operators with purely singular spectrum satisfying
σ(A) = σ(B) = K ⊂ R, and σpp(A) ∩ ∂K = σpp(B) ∩ ∂K = ∅.
Then we have A ∼ B(mod rank one)

Two operators A and B are completely non-equivalent, if and
only if their spectral measures are mutually singular

Corollary to Aronszajn–Donoghue: Aα = A+ α(·, ϕ)ϕ. Then
(µα)s ⊥ (µβ)s whenever α 6= β
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Definition of Mn and Nn

Take sequences {Mn} and {Nn} of closed sets such that
|Mn| = |Nn| = 0, µs(R\Mn) < 1/n, νs(R\Nn) < 1/n,...

First we define u∗n’s on S recursively

Then show the appropriate equivalency of measures
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Example of u∗1

-
x

( )

set S
��	x1 ux2 ux3 x4 ux5 x6 x7

x1, x4, x6, x7 ∈M1; x2, x3, x5 ∈ N1

p1

p1 ∈ suppµ′s; p2 ∈ supp ν′s

up2

-

u1(x)

x

-

u∗1(x)

x
XX

XX �� ��

���XX �� XX

XXX ���

��XX

XX

XX

XXX
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Example: Inserting narrow ’slice’ near Nn\Nn−1

xn,k ∈ Nn\Nn−1

-

un−1
∗(x)

x

XXXXX

XX
XXX

XXX

��

��

WLOG assume |{u∗n 6= u∗n−1}| ≤ n−12−n and∫
{u∗n 6=u∗n−1}

dx

|x− t|
< 2−n for all t ∈Mn−1 ∪Nn−1

In measure u∗n
n→∞−→ u0, and u0 yields measures µ0 and ν0

from the same family of rank one perturbations

Remains to prove the equivalencies µ ∼ µ0 and ν ∼ ν0
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µac ∼ (µ0)ac and νac ∼ (ν0)ac

Since u∗n
n→∞−→ u0 in measure and |{u∗n = 0} ∩ suppess µac| = 0

for all n, it follows that |{u0 = 0} ∩ suppess µac| = 0
Similarly |{u0 = π} ∩ suppess µac| = 0
So =Kσ(x+ iy) > 0 a.e. x ∈ suppess µac

Trivially =Kσ(x+ iy) = 0 a.e. x /∈ suppess µac

With dσac(x) = limy↓0=Kσ(x+ iy) dx we have

µac ∼ (µ0)ac

An analog argument yields νac ∼ (ν0)ac
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µs ∼ (µ∗n)s and νs ∼ (ν∗n)s

un and u∗n are Lipschitz in neighborhood of Mn and

|K1(un − u∗n)| <∞ on Mn

With 1 + παKµ = eK1u+c it follows that

Kµn
Kµ∗n

∼ eK1(un−u∗n)

in a neighborhood of Mn

Since µ ∼ µn on Mn, we have µ ∼ µ∗n on Mn

Similarly νs ∼ (ν∗n)s
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µs ∼ (µ0)s and νs ∼ (ν0)s

∗-weak convergence of u∗ndx and pointwise equality
1 + παKµ = eK1u+c imply ∗-weak convergence of {µ∗n}
Hence µ0 << µ (on Mn)

1 + παKµ = eK1u+c and
∫
{u∗n 6=u∗n−1}

dx
|x−t| < 2−n for all

t ∈Mn−1 ∪Nn−1 imply

1− C2−n <
dµ∗n
dµ∗n−1

(t) < 1 + C2−n

for all t ∈Mn−1 ∪Nn−1 and sufficiently large n

So
∫
X∩L∩Mn

dµ∗k(t)

t2+1

k→∞−→ δ > 0 and with the ∗-weak
convergence one can show that µ << µ0 (on Mn)
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