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Abstract

Let u be a sequence of non-decreasing positive integers. A u-parking function of length n
is a sequence (z1, 22, ..., Tn) Whose order statistics (the sequence (x(1), z(2), - - -, 2(n)) obtained
by rearranging the original sequence in non-decreasing order) satisfy ;) < u;. The Goncarov
polynomials g, (z;ag,as,...,a,_1) are polynomials defined by the biorthogonality relation:

E(az)ngn(Ia g, A1y ...y a’nfl) - n'(szna

where e(a) is evaluation at a and D is the differentiation operator. In this paper we show that
Goncarov polynomials form a natural basis of polynomials for working with u-parking func-
tions. For example, the number of u-parking functions of length n is (—1)"¢,(0; u1, ua, ..., up).
Various properties of Gon¢arov polynomials are discussed. In particular, Goncarov polynomials
satisfy a linear recursion obtained by expanding z™ as a linear combination of Goncarov poly-
nomials, which leads to a decomposition of an arbitrary sequence of positive integers into two
subsequences: a “maximum” u-parking function and a subsequence consisting of terms of higher
values. Many counting results for parking functions can be derived from this decomposition.
We give, as examples, formulas for sum enumerators, and a linear recursion and Appell relation
for factorial moments of sums of u-parking functions.
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1 Introduction

We shall think of finite sequences (x1,x9,...,2,) as sequences and functions with domain
{1,2,...,n}. If (z1,22,...,7,) is a sequence of real numbers, then the sequence (x(1), z(2), .. ., T(n))
of order statistics is obtained by rearranging the original sequence in non-decreasing order. Let u
be a non-decreasing sequence (ug, ug, us, ...) of positive integers. A u-parking function of length n
is a length-n sequence (z1, z9, ..., x,) of positive integers whose sequence of order statistics satisfies

We shall call (1,2,3,...)-parking functions ordinary parking functions. Ordinary parking func-
tions originated in the theory of hashing and searching in computer science. They derive their name
from a somewhat whimsical interpretation involving parking n cars in n spaces along a one-way
street (see [11] or [9], p. 545). There is a similar interpretation for u-parking functions when the
numbers u; are distinct: one wishes to park n cars in a longer one-way street with at least wu,
spaces, but only n spaces, at positions ui, us,...,u,, are still empty.

Ordinary parking functions have been extensively studied. In particular, it is known that the
number of ordinary parking functions of length n is

(n+1)"1,

a formula which is closely related to Cayley’s formula for the number of labeled trees. This relation
with trees had motivated much work in this area, particularly in finding bijections between ordinary
parking functions and labeled trees. See [6] for an extensive list of references. Less obvious, perhaps,
is the observation that the formula is (up to a sign) an evaluation of an Abel polynomial. It is this
observation which led us to Gonéarov polynomials.

Goncarov polynomials (see [1, 2, 7, 13]) arose in the following special case of Hermite interpo-
lation in numerical analysis.
Goncarov Interpolation. Given two sequences of real or complex numbers ag,a,...,a, and
do,d1,....dy, find a polynomial p(z) of degree n such that for each i,0 < i < n, the ith derivative
p(z) evaluated at a; equals d;.

The natural basis of polynomials for this interpolation problem is the sequence of Goncarov poly-
nomials defined in Section 3. A special case of this is Abel interpolation, where the point a; is the
integer 7. The Goncarov polynomials for this case are the Abel polynomials.

The appearance of Abel polynomials in both the enumeration of parking functions and Abel
interpolation was one of the motivations behind this paper. We shall show that the Goncarov
polynomials are the natural basis of polynomials for working with parking functions, even in the
ordinary case, and the enumerative theory of ordinary parking functions can be generalized to
u-parking functions using Goncarov polynomials.

The approach in this paper is to apply results about Goncarov polynomials to parking functions.
We start with a discussion of a general theory of biorthogonal polynomials in Section 2 and spe-
cialize this theory to Goncarov polynomials in Section 3. In Section 4, we present a combinatorial
description of the coefficients of Goncarov polynomials in terms of rankings on ordered partitions.
The key idea connecting Goncéorav polynomials to parking functions is a decomposition of an ar-
bitrary sequence of positive integers into two subsequences, a “maximum” u-parking functions of
length m and a subsequence all of whose terms are strictly larger than wu,,. This is given in Section
5. An immediate application yields formulas for the number of parking functions. In Section 6, we
use this decomposition to obtain linear recursions and generating function identities for sum enu-
merators of u-parking functions. Finally, in Section 7, we derive a linear recursion for moments of



sums of u-parking functions. Such moments have applications in the analysis of probing algorithms
[3, 10] and the enumeration of sparsely-edged graphs [23, 28]. In two later papers [14, 15], we shall
obtain simple exact formulas for these moments using the linear recursion.

2 Sequences of biorthogonal polynomials

We shall need several results about Goncéarov polynomials in this paper. Many of these results
are special cases of a general algebraic, that is to say, non-analytic, theory of sequences of polyno-
mials biorthogonal to a sequence of linear functionals. Although this theory must be well-known
(for some examples, see [1] or [2]), we have not been able to find an explicit description in the
literature.

Consider the vector space P of all polynomials in the variable z over a field F' of characteristic
zero. Let D : P — P be the differentiation operator. For a scalar a in the field F, let

gla) : P — F, p(z) — p(a)

be the linear functional which evaluates p(x) at a.
Let ps(D),s =0,1,2,... be a sequence of linear operators on P of the form

o
ps(D) = D*Y by D",
r=0

where the coefficients by, are assumed to be non-zero. Note that, although ¢4(D) are infinite formal
sums, they become finite sums when applied to a specific polynomial. Then there exists a unique
sequence p,(x),n = 0,1,2,... of polynomials such that p,(x) has degree n and

£(0)ps(D)pn(z) = nldsn, (2.1)

where J,,, is the Kronecker delta. To see this, let

n

pn(l') = Z anl'k-

k=0

Then, for a given index n, the orthogonality relations are equivalent to the following upper triangular
system of linear equations in the unknowns ¢, o, ¢n1,¢n2, .., Cop ¢

boocno + bo1cn1 + 2lboacn + 3lbozcns + ...+ nlbopcnn =
biocn1 + 2!b11¢n2 + 3lb12cp3 + ...+ nlbypo1Cpn =
2lbogcpo + 3lborcps + ... + n!bg’n_gc,m =

nlbnocnn = nl.

This system of linear equations can be solved uniquely for every index n. Hence, the polynomials
pn(x) exist and they are uniquely determined by the orthogonality relations (2.1). Note also that
pn(x) depends only on the operators ¢o(D), ¢1(D),...,¢n—1(D). When solving this system, we
need only divide by the diagonal entries bsg. Hence, if we put on the extra assumption that the



entries by all equal 1, then p,(z) is monic and the coefficients of p,(z) are polynomials in the
entries bg,.

The polynomial sequence p, () is said to be biorthogonal to the sequence (D) of operators, or,
as some would prefer, the sequence €(0)ps(D) of linear functionals. Using Cramer’s rule to solve the
linear system and Laplace’s expansion to group the results, we obtain the following determinantal

formula:
boo bor  bo2 ... bo,n—1 bon,
0 b b ... b1,—2 b1,n—1
n! 0 0 by ... b2 n—3 b2 p—2
DnlT) = —F——— . . ) 2.2
n(2) boobio--bpo | i : » : : (22
0 0 0 . bn—1,0 bn—1,1
1z 2%2/2! ... 2"/ (n—1)! 2"/n!
Another important consequence of the fact that the initial segment ¢s(D),s = 0,1,2,...,n gives

a non-singular upper triangular system of linear equations is that if p(z) is a degree-n polynomial,
then the conditions
e(0)i(D)p(x) =0 for 0<i<n

imply that p(x) is identically zero. In particular, if p(x) has degree n, then
"L £(0)g; (D)p(z
o) = 3 QDD (2.
i=0 :

This gives an expansion formula. Furthermore, the unique solution to the interpolation problem,
given numbers dy, d1, ... ,d,, find a degree-n polynomial p(x) such that for i = 0,1,...,n,

is given by the formula

ple) =3 dipil) (2.4)

Since
e(0)pi(D)x™ = nlb; n—i,

a special case of equation (2.3) or equation (2.4) is

" nlb; pip;
" = Z n77p(x) (2.5)

7!
i=0

Equation (2.5) gives a linear recursion for p,(z). These linear recursions are perhaps the most
efficient way to calculate the sequence p,(x) explicitly on a computer. Multiplying these equations
by ¢"/n!, summing over all non-negative integers n, and rearranging the right-hand side into prod-
ucts, we obtain the following formal power series equation (which is an instance of what one might
call an Appell relation):

ea:t — i ZM (26)



where ¢, () =73 72 bsrt".

Another way to prove the Appell relation (2.6) is to observe that when one applies €(0)ps(D)
to both sides, one obtains the same result. Observe also that when restricted to the subspace P,
of all polynomials of degree less than or equal to m in P, the operators D* are expressible as linear
combinations of the operators £(0)¢(D),t = 0,1,2,...,m. Hence, one also obtains the same result
when D? is applied to both sides of the Appell relation, that is, the coefficient of z° are the same
on both sides.

We end with a matrix version of the linear recursion. We can rewrite the first n + 1 instances
of equation (2.5) as the matrix equation

- —
)
T

= Bpi(z),

where R , ,
7 ol
=1z, z*, ... 2",

T
pz(x) = [P0($),p1($),p2($), s 7pn($)] ’
and B is the (n+ 1) x (n 4 1) lower triangular matrix

[(2) (- j)!bj’ij} 0<ij<n

We use the convention that the binomial coefficient (;) is zero if j > 4. For example, when n = 3,
we have

1 1 0 0 0 1

z | | b 1 0 0 pi(z)

332 N 21)02 2b11 1 0 pz(l‘)

333 6b03 6b12 3b21 1 pg(l‘)

However, we also have
= -
pi(z) =Ca',
where C is the (n 4+ 1) x (n + 1) lower triangular coefficient matrix
[cijlo<ij<n

whose entries ¢;; are coefficients of the polynomials p;(x). We use the convention that c;; is zero
when j > i. Hence, we conclude that the two lower triangular matrices B and C are inverses of each
other. In particular,

—_— —
pi(x) = B~ 2. (2.7)
This gives a determinantal formula for p,(x) which is row and column reducible to equation (2.2).
Summarizing, we have shown that the biorthogonality relations, the linear recursions, the Ap-
pell relation, and the matrix form of the linear recursions all define the same sequence p,(z) of
polynomials.
Sequences of polynomials of binomial type are special cases of sequences of biorthogonal poly-
nomials. We shall use a description of polynomials of binomial type given in the classic paper of
Mullin and Rota [17]. Recall that a sequence p,(z) of polynomials is of binomial type if and only if

n!

oo tn
> pula) = = O, (2.8)
n=0



for some formal power series f(t) such that f(0) = 0 and D f(0) # 0. These conditions are equivalent
to the condition that f(¢) have a compositional inverse in the ring of formal power series. Let g(t)
be the compositional inverse of f(¢). Then, substituting g(¢) for ¢ in equation (2.8), we obtain the
Appell relation

n!

e:vt _ ipn(x) [g(t)]n .

From this, we conclude that sequences of polynomials of binomial type are precisely sequences of
polynomials biorthogonal to operator sequences of the form

ws(D) = [g(D)],

where ¢(t) is a formal power series with g(0) = 0 and Dg(0) # 0.

3 Algebraic properties of Goncarov polynomials

Let (ap, a1, ag, .. .) be a sequence of numbers or variables called nodes. The sequence of Gon¢arov
polynomials
gn($a ap, at, ... 7an—1)7 n= 07 ]-7 27 s

is the sequence of polynomials biorthogonal to the operators
E% D,
where for any number or variable a, the operator E? is the shift by a, that is,
E*pl(z) = p(z + a).

Because £(0)E* = e(a), the sequence of Goncarov polynomials g, (z;ag,as,...,a,—1) are defined
by the orthogonality relations

e(as) D’ gy (500,01, ..., an—1) = nldg,.
Since
X ryr
E* = Z a"D _ 6aD
7! ’
r=0

the sequence of Goncarov polynomials is biorthogonal to the sequence

X  _rpr
DSE :asD
rl

r=0

As indicated by the notation, g,(x;ag,aq,...,a,—1) depends only on the nodes ag,ay,...,a,—1.
Indeed, from equation (2.2), we have the determinantal formula,

2 3 n—1 n

a4 9 %o %

Lag o 3 (n—1)! n]

0 1 o LA
ar (=21 (n—1J1

n— n—
) _ 110 0 1 a 2
gn(T300,01, ..., ap—1) = n! =31 (-2
00 0 0 1 ap

1 172 1173 wnfl "

2 3 (n—1)! n!




From equations (2.5) and (2.6), we have the linear recursion

n

n .
n n— .
T = E (Z)az gi(xaamala"wai—l)

1=0

and the Appell relation

. oo tneant
e’ = Z gn(x; ap,ag, ... 7an—1)T
n=0

Finally, from equation (2.3), we have the expansion formula. If p(z) is a polynomial of degree n,
then

p(z) = gi(z;a0,a1,...,a;1).

Zn: e(a;) D'p(z)
1!
i=0
We turn now to properties specific to the sequence of Goncarov polynomials. The Goncarov
polynomials can be equivalently defined by the differential relations

Dgy(z;a0,a1,...,0,-1) = ngp—1(x;a1,a2,...,a,-1),

with initial conditions

gn(ao; ao, ai, ..., an—1) = don.
(To see this, check that the orthogonality relations are satisfied.) Integrating the differential rela-
tions, we obtain the integral relation

T

gn(T500,01,. .. 00 1) :n/ gn-1(t;a1,a2,...,a, 1)dt.

ao

Iterating this, we obtain the integral formula

€ t1 th_1
gn(x500,01, ..., 0n_1) :n!/ dtl/ dtg---/ dt,.
ag ay an—1

The integral relation makes it clear (by induction) that g,(z;ap,a1,...,a,—1) is a homogeneous
polynomial with integer coefficients in the variables x, ag, a1, . . ., a,_1 of total degree n. It also gives
a quick way to calculate Goncéarov polynomials of low degree by hand. For example,

go(z) 1,
gi(z;a0) = = —a,
g2(ria0,a1) = % —2a12 + 2a0a; — a?,
g3(x;a0,a1,a0) = 2% — 3asx’ + (6ajas — 3a%)x — ag + 3a(2)a2 — 6agajaz + 3a0a%.

Using a change of variable, the integral relation and induction, or, observing that the differential
operator is “shift-invariant” or commutes with shifts, one obtains the following useful shift formula:

gn($ +$a ap +£7a1 +§7 vy, n—1 +$) = gn($§a07@1; e 7an—l)'

The integral formula also suggests a formula which shows the effect of shifting or perturbing a
single node. Using the identity

t am~+bm t
/ F(t)dt = / F(t)dt + / F(t)dt
am, am am~+bm

7



at the mth integral in the integral formula, we obtain the perturbation formula:

gn(l'a agy...,qm—1,0am + bm7am+17 e 7an71) = g’n(xa ag,...-am—1,m, Adm+41,- - - 7an71)

n
- m gn—m(am + bm; Ay Am+41y - - - 7an—1)gm(x; ap,ai, ... 7am—1>-

Applying the perturbation formula repeatedly, we can perturb any subset of nodes. For example,
the following formula allows us to perturb an initial segment of length n —m + 1 :

gn(x; ap + bo, a1 + bla R bn—ma An—m+1y--- :an—l)

= gn(x; ap, a1, ... ,an—m,an—m+1,- - - 7an71)

n—m

n
-3 <i>gni(ai +bi3ai, @it - - an-1)gi (3 a0 + bo, a1 + br,. .. a1 + bi1).
i=0

In general, perturbation formulas can also be obtained by expanding the unperturbed polynomial
gn(x;a9,a1,...,a,—1) as a series in suitably perturbed Gonéarov polynomials.

In general, there are no nice closed-form expressions for Goncarov polynomials. But such
expressions exist for two special cases studied in analysis. The first is the case when all the nodes
a; equals a. In this case,

gn(z50,a,...,0) = (z —a)"

and Goncarov interpolation is just expansion as a power series at * = a. For this case, the linear
recursion specializes to the binomial identity

=0

The second case (which includes the first as a special case) is when ag, a1, ag, ... form an arithmetic
progression. This is the case of Abel polynomials and we have

In particular,
gn(2;0,1,2,...,n—1) = z(z —n)" L.

The linear recursion is

n

2 =3 (M) e -y -

. )
i=0

Substituting z 4+ y for x in the second identity, we obtain Abel’s binomial theorem, (see, e.g., [20]),

(z+y)" = Zn: <7Z> (y +ib)""a(z — ib) .

i=0
With the substitution x + y + nb for x, y + nb for y, and —b for b, we obtain Hurwitz’s versions of
Abel’s binomial theorem:

n

(+y+nb)"=>" <7Z> (y + (n —9)b)"‘x(x + ib)" !,

=0



or, changing indices from i to n — 1,

(x+y+nb)" = (n) (y +ib)lx(z + (n —4)b)" L. (3.2)

‘ 7
=0

4 Coefficients of Goncarov polynomials

The main result in this section is a combinatorial interpretation of the coefficients of Goncarov
polynomials. We first show that it suffices to consider only the constant terms.

Expanding g, (z+y; ag, - .., a,—1) as a Taylor expansion in z and using the differential relations,
we obtain
n
gn(x +y500,01,...,05-1) = Z (T;)gn_i(y; Qiy Qi 1se e Q)T (4.1)
i=0

This is a shifted or parametrized analogue of a Sheffer relation, but not an actual Sheffer relation
unless all the nodes a; are equal. Thus, the Goncarov polynomials may be viewed as a “shifted”
Sheffer sequence for the operator D (see [18]). The beginnings of a theory of “shifted” or “decen-
tralized” umbral calculus has been developed in [21].

Setting y = 0 in equation (4.1), we obtain

n

n .

gn(T500,01, ... ,0n_1) = E <i>gn_i(0; iy Qi 1y - ey Ap_1)T". (4.2)
i=0

Thus, coefficients of Goncarov polynomials are constant terms of (shifted) Goncarov polynomials.
In particular, we have the following special case of equation (2.7).

(4.1) Lemma. Let A be the lower triangular matrix

j)i o
0<i,j<n

Then, its inverse A1 is the lower triangular coefficient matrix

7
[(-)gi—j(o;ajaaj+la"' >ai—1):| .
J 0<i,j<n

In particular,

—
-1 :
./4 - )
x' = gi(z;a0,a1,...,a,-1).

We shall now give a combinatorial interpretation of the constant terms of Gonc¢arov polynomials.
This interpretation is obtained by considering the number f,, of monomials in the constant term
9n(05a9,a1,...,a,—1), counted with multiplicity. The sequence f,, starts 1,1,3,13,75,... . Using,
say, the integral relation, it is easy to show that the numbers f,, satisfy the recurrence

n

=3 <’Z> fosi (1),

i=1



and have exponential generating function

nt”
Z ! - t'

From this, we see (from [22], say) that f, is the number of preferential arrangements, or ordered
partitions of the set with n elements. These observations suggest that there is an interpretation of

the constant term g,(0;ap,ai,...,a,—1) in terms of objects related to ordered partitions.
From an ordered partition By, B, ..., By, of a set {z1,2z9,...,2,} with n elements, one can
associate a ranking p : {x1,29,...,2,} — {0,1,2,...,n — 1} as follows: if an element x; is in the

jth block Bj, then defined

p(xi) =Y |Bil.

1<j

In particular, p(z;) = 0 whenever z; is in the first block B;. We define the order |p| to be the size
of the image of p, which is also the number of blocks in the ordered partition associated with p.
For example, from the ordered partition {2,4}, {5}, {1,3} of {1,2,3,4,5}, one obtains the ranking
defined by p(2) = p(4) = 0, p(5) = 2, and p(1) = p(3) = 3. Rankings are characterized by the
property: for every element z;, there are exactly p(z;) elements x; such that p(z;) < p(x;).

(4.2) Theorem.

n—1
gn(oa ap,at, .- - 7an71) = Z(*l)'ﬂ H Ap(4)»
=0

p

where the sum ranges over all rankings p of {1,2,...,n}.

Proof. The theorem holds when n = 0. When n > 0, the constant terms of Goncarov polynomials
satisfy the recursion

n—1
gn(0;a0,a1,...,an1) Z< >a;1 9i(0;ap,a1,...,a;1)

=0

obtained by setting z = 0 in the linear recursion. We shall show that the sum on the right hand
side of the equation in Theorem 4.2 satisfies the same recursion. Let R[n] be the set of all rankings
on {1,2,...,n}. Divide R[n] into groups R[n,i] according to the maximum value i taken by the

ranking, so that
Rin.i] = {p: max{p(1),p(2)....,p(n)} = i}.

If p is in R[n, i], then the inverse image p~!(i) must contain exactly n —i numbers. Thus, there is a
bijection between rankings p in R; and pairs consisting of an i-element subset of {1,2,...,n} (the
complement of p~1(i)) and a ranking o’ (having order |p| — 1) on that i-element subset obtained
by restricting p. Hence,

. . i1
> O e == e (?) 2 D e

pER|n] j=1 i=0

Since both sides of the equation in Theorem 4.2 satisfy the same recursion and initial condition,
they are equal by induction.

10



By Theorem 4.2 and the shift formula, we obtain the following formula for Goncéarov polyno-
mials.

gn(z;a(bal:"'van—l) = 9n(0§a0_$7---:an—1—$)
n
= > ()P (a0 — )
P i=1
Abel polynomials are intimately related to the enumeration of trees. In particular, the constant
term (—1)"g,(0;1,2,...,n) is the number of labeled trees on n + 1 vertices. An interpretation for
(—1)"gn(0;u1, ug, ..., uy,) in terms of labeled trees can be obtained by extending the Foata-Riordan

bijection [5] between acyclic and ordinary parking functions. There may be other interpretations.

5 A decomposition for sequences of positive integers

In this section, we describe the combinatorial decomposition underlying the theory of parking
functions. For us, this decomposition was motivated by the linear recursion for Goncarov polyno-
mials. After discovering this decomposition, we found out from Julian Gilbey that the special case
of this decomposition for ordinary parking functions was already used by Konheim and Weiss in
the first paper [11] on the subject.

(5.1) Theorem. Let (ui,us,...,u,) be a sequence of non-decreasing positive integers and let x
be a positive integer. Then, every sequence (x1, z2,...,x,) of length n with terms z; integers from
the discrete interval [1,z]| can be decomposed into a pair of subsequences

(Tiys Tigs oo s Tiny)s (Tjrs Ty e v s Tj 1)

such that the first subsequence (z;,,x;,,...,x;,) is a u-parking function of length m, and all
the terms in the second subsequence, the complementary subsequence of length n — m obtained
by removing the terms in the first subsequence from (z1,z2,...,z,) are in the discrete interval
[tm+1 + 1, z]. This decomposition provides a bijection between all sequences of length n with terms
in [1, z] and all pairs of complementary subsequences of total length n, where the first is a u-parking
function of length m, and the second is a sequence of length n — m taking values in [uy,41 + 1, z].

Proof. Consider the sequence (x(l), T(2)s-- - ,x(n)) of order statistics. Let m be the maximum
index such that

Ty <w; for i=1,2,...,m. (5.1)

Then, the subsequence (;,, Ziy, . . . , Zi,,) from which the sequence (x(1), Z(a); - . . , T()) Was obtained
by rearrangement is a u-parking function of length m. Furthermore, m is the maximum index

satisfying condition (5.1) if and only if

T(n) = T(n=1) = -+ = T(mt1) > Um+1s

or, equivalently, the complementary subsequence (zj,,2j,,...,;j,_,.), obtained by deleting the
subsequence (z;,, T, . .., ;) from the original sequence, takes values in the interval [u,,11 + 1, x].
Since the maximum index m and hence, the set {i1,i2,...,%,} are uniquely determined by the

11



sequence (x1,x9,...,T,), and any pair of subsequences satisfying the conditions in the theorem can
be reassembled into a sequence in [1, z]™, this decomposition yields a bijection.

It will be useful to state the decomposition more explicitly.

(5.2) Corollary. There is a bijection between the set [1,z]" of all length-n integer sequences with
terms in the discrete interval [1,z] and the disjoint union of Cartesian products

U Park(i1,i2,...,im) X [Ums1 + 1, 2],
{il,iz,...,im}

where Park(i1, ia, . . ., 4,,) is the set of length-m u-parking functions indexed by the set {i1,d9,... %y}
and [up,41 + 1,2]"™ is the set of length-(n — m) integer sequences with terms in [w,,+1 + 1, ]
indexed by the complement of {ij,ia,... 9y}

Let P,(u) be the number of u-parking functions of length n. Since P,(u) depends only on
the first n terms of u, we will often write P,(u1,us,...,uy) instead of P,(u) to make explicit the
parameters on which P,(u) is dependent. The decomposition in Theorem 5.1 yields the following

identity.

(5.3) Corollary. Let z be an integer greater than or equal to w,. Then

n
n J—
" = Z <m> (@ = Um1)" " P (ur, ugy . oy Uy
m=0

Comparing the recursion in Corollary 5.3 with the linear recursion for Goncéarov polynomials
given in Section 3, we obtain

P (uy,ugy .. yun) = gn(T; 2 — U1, — Uz, ..., T — Up).

By the shift formula, the Gon¢arov polynomial equals

gn(o; —Ur, —U2,..., _un)-
Since the Gonéarov polynomial g, (x; ag, a1, ..., a,—1) is a homogeneous polynomial of total degree
n in z,ag, a1,...,0,_1, we have
. — n .
gn(0; —ug, —ug, ..., —up) = (—1)"gn(0; uy, ug, ..., up).

All three forms of the formula for P,(u) are useful.

(5.4) Theorem.

P, (u1,u2,...,up) = gn(x;z —ui,x—uz,...,T — uy)
= gn(O, —UL, —U2y .- -y —Un)

= (—1)"gn(0;ur,ug, ..., up).

When u; = a+ (i — 1)b, we obtain the following special case.

12



(5.5) Corollary.
Py(a,a+b,a+2b,...,a+ (n—1)b) = a(a +nb)" L.

In particular, we have re-derived the classic formula for ordinary parking functions:
Pn(1,2,3,...,n) = (n+1)" L

From the fact that Goncarov polynomials are homogeneous, we obtain another consequence of
Theorem 5.4.

(5.6) Corollary.
P, (buy,bug, ... bu,) = 0" P(u1,us,. .., uy,).

Any reasonable formula for Goncarov polynomials yields a reasonable formula for parking func-
tions. We give an example which is motivated by results in [18] and [29]. Consider the sequence
ag, a1y .-, ap—m,c+(n—m+1)d,c+ (n—m+2)d,...,c+ (n—1)d of n nodes. This sequence can
be obtained by perturbing the arithmetic progression ¢,c+d,...,c+ (n—1)d by b; = a; — (¢ +id)
for i =0,1,...,n—m. Using the perturbation formula, we have

gn(zia0,a1, ... ap—m,c+ (n—m+1)d,c+ (n—m+2)d,...,c+ (n—1)d)

= (z—¢)(x—c—nd)" !
'« (n . n—i—1
—Z ) (a; — ¢ —id)(a; — ¢ — nd) gi(x;ap,a1,...,a;_1).
i
i=0
Using this and Theorem 5.4, we obtain the following result.

(5.7) Corollary. If c+ (n —m+ 1)d > ay_,, then

Py(ui,ug, ..., up—mi1,c+ (m—m+1)d,c+ (n—m+2)d,...,c+ (n—1)d)
= c(c—}—nd)”_1 — Z <n> (c+id —ujy1)(c+id — ui+1)"_i_1Pi(u1,u2, Cee ).
)
i=0

Note that ¢ need not be positive and some of the terms in the sum may be negative in Corollary
5.7.

By the determinantal formula for Goncarov polynomials in Section 3, we have the discrete
analog of a result for real-valued parking functions usually attributed to Steck [27].

(5.8) Corollary. The number P, (u1, usg, ..., u,) of u-parking functions of length n equals n! det D,
where D is the matrix with ¢jth entry equal to

j—i+1
wl~F

(j—i+1)!
if j —i74+ 1> 0 and 0 otherwise.

Note that Lemma 4.1 and Jacobi’s formula for the inverse of a matrix yields another determi-

nantal formula for P,(u). However, this formula can easily be derived from the formula in Corollary
5.8 by row and column operations.

13



6 Sum enumerators of parking functions

For ordinary parking functions, two interesting and closely related statistics are the sum S, of
all its terms and the reversed sum or total displacement D,,, defined by D,, = ("'2"1) — S,,. See, for
example, [3, 4, 10]). One way to study sums and reversed sums is through their enumerators. The
sum enumerator S, (q;u) for the set of u-parking functions is the polynomial in ¢ defined by

S(giu)= )~ gutetetomn

(a1,a2,...,an)

where the sum ranges over all u-parking functions (aq,as,...,a,). The sum enumerator may be
regarded as a “g-analogue” of B,(u). The sum enumerator for a subset S of [1,z]" is defined
analogously by summing over all sequences in S. Sum enumerators are multiplicative in the following
sense. Suppose that §; and Sy are two sets of subsequences on disjoint index sets. Then the sum
enumerator of the Cartesian product S; x S consisting of all sequences formed by combining a
subsequence from S and a subsequence from &7 is the product of the sum enumerators of S; and
So.

For a u-parking function, the maximum value of the ith order statistic z(;) is at most u; and
hence, u; — z(;y > 0. The reversed sum enumerator Ry, (g;u) is defined by

Rp(q;u) = Z qU1+U2+...+un—(a1+a2+...+an),
(a1,a2,-,an)
where the sum ranges over all u-parking functions (ay, as, ..., a,). Equivalently,
R, (q;u) = g tuet—tun=ng (1/q:u). (6.1)

The reversed sum enumerator is a polynomial in the variable g of degree uy + us + ... + u, — n.

(6.1) Lemma.

n
n
A+g+a+...+¢ =) (m) (¢"m*t + g )T S (g ).
m=0

Proof. Since sum enumerators are multiplicative, the sum enumerator of [1, z]" is
(I+q+¢+...+¢&Hn

For the same reason, the sum enumerator of functions which are decomposed into a u-parking
function of length m and a sequence in [uy,41 + 1, 2]"™™ is

(qum+1 + qum+1+1 4.+ qw—l)n—msm (q’ u).

The recursion now follows.

Comparing this recursion with the linear recursion in Corollary 5.3, we obtain the following
theorem.
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(6.2) Theorem.

Su(@w) = P14+ q+...+¢" LT +g+..+¢ o T gt g™,

Theorem 6.2 can also be obtain directly using a decomposition for the set of u-parking functions

due to Pitman and Stanley [19]. Given a u-parking function (5, [2,...,05,), we can associate
an ordinary parking function (aj,aq,...,q,) by setting «; = r if §; is in the discrete interval
[ur—1 + 1, u,]. Conversely, given an ordinary parking function (aq, @, ..., ), there are

(Uay = Uay—1)(Uay = Uag—1) ** (Vap — Uan—1)

u-parking functions associated with it. These are obtained by choosing a number from each discrete
interval [uq, 1+ 1,uq,]. Here, we use the convention that ug = 0. Hence,

Po(ur,ug, ... up) = Z (Uay — ta;—1)(Uay — Uay—1) - (Uay — Uay—1),

(a17a27---7an)

where the sum ranges over all ordinary parking functions of length n. Replacing the number of
elements w,; — uq,; 1 in the discrete interval [ua,_, + 1,uq,] by its sum enumerator and using the
fact that sum enumerators are multiplicative, we obtain Theorem 6.2.

Using Theorem 5.3, Theorem 6.1, and the shift formula, we can express sum enumerators in
terms of Goncarov polynomials:

Loog q* q
Sn(Q; 11) =0n ( ; ) .

1—¢'1—q¢'1—q¢  "'1—¢q
By homogeneity of Goncarov polynomials,
(1—q)"Sn(gu) = gn(15¢", 4", ... .q"").

Hence, sum enumerators satisfy the simpler linear recursion

n

1= 3 (2 )armen - )", s (6.2

m=0
They also satisfy the following Appell relation

o

tn
exp(t) = > (1 q)"Su(q; ) oxp(q“n ) .
n=0 ’

In the case of ordinary parking functions, u; = ¢ and we have

(1-9)"Su(q;1,2,...,n) = gu(1; 4,6, .., ")

For example,

(1—q)%S2(q;1,2) = 1-3¢°+2¢°
(1—q)393(q;1,2,3) = 1—4¢> —3¢* +12¢° — 6¢°.
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One does not expect simple generating functions for sum enumerators in general. However,
when wu; is an arithmetic progression, we can group terms together to obtain a recursion which
yields a simple exponential generating function. We shall show how this can be done for reversed
sum enumerators.

Substituting 1/¢ for ¢ in equation (6.2) and using equation (6.1), we obtain

n
q1t1+u2+---+un — Z (n) (q - 1)mRm(q; u)q—(n—m)um+1+Um+1+um+2+...+U'n'
m

m=0

If the exponent
—(n —m)Umi1 + Ung1 + Ung2 o U

is a function 7(n — m) depending only on n — m, then we have

n

gutuztetin = N (:L) (= 1) Ry (q;u)g" "™,

m=0

Multiplying this by ¢ /n!, summing over all non-negative integers n, and manipulating the resulting
formal power series, we obtain

oo tn
Z qU1+uz+...+un v
|

o n!

o0 tn

> (0= D" Ru(gi0)—~ = < —

o Y GO+ @+t
n!

n=0

The condition that the exponent is a function 7(n —m) of n —m is in fact very strong. Consider
the case n —m = 2. Then the condition implies that for all m, —2u,,+1 + Umt1 + Umyo equals a
number 7(2) independently of m, that is, w42 —um+1 18 a constant b for all m. This in turn implies
that u is an arithmetic progression with common difference b. Conversely, if u; = a + (¢ — 1)b, then

Zn:uj —an+b<g>

and

We have thus proved the following theorem, which is best possible.

(6.3) Theorem. Let u be the arithmetic progression (a,a + b,a + 2b,...). Then

o

() 2
an
5 i > ¢ ol
> (4= 1" Ra(gu)~ = "
n! AL
n=0 Y
n!
n=0

The reversed sum enumerator R, (¢;u) also enumerates the number of inversions for certain
sequences of rooted b-forests, see [30]. As a special case of Theorem 6.3, for a = b = 1 we obtain
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the following result of Stanley ([25, 26]):

o
n+1 tTL
=0
Z(q — 1)”In(Q)m = noointn’
n=0 Zq(2)—
e n!

where I,,(q) is the inversion enumerator for labeled trees [16, 12, 25, 26].

7 Factorial moments of sums of parking functions

In this section, we shall use some elementary probability theory. A subset S of the set [1,z]" of
length-n sequences with terms in the discrete interval [1, z] can be made into a discrete probability
space by assigning a probability of 1/|S| to each sequence in S. Given a subset S of length-n
sequences, we define the random variable S,, on § to be the sum x1 + z9 + ... + x,, of a random
sequence in S. The expected sum of a random sequence from S is the expectation E[S,]. Let (x)g
be the k-falling factorial x(x — 1)---(x — k + 1). The kth (falling) factorial moment of the sum of
a random sequence in S is the expectation F[(S,)x]. Explicitly, F[(S,)x] equals

1

(z1,@25...,Tn ) ES

In particular, let Ex(n;u) be the kth falling factorial moment of the sum of a random u-parking
function, that is,

1
Ei(n;u) = Z (1 +z2+... +2p)ks

(21,22, yTn)

where the sum ranges over all u-parking functions of length n.

Let a and 3 be integers with a < 3 and let U;(«, ) be the sum of a random sequence chosen
with uniform distribution from the space [, 5]’ of all length-i sequences with terms in the discrete
interval [a, 3]. A random sequence in [a, 3]° can also be thought of as a length-i random sequence
obtained by choosing each term independently with uniform distribution from [«, 3]. The factorial
moments of U;(a, ) are known and they can be expressed in a compact form by exponential
generating functions (see, for example, [8]). Indeed, if

x k
Uh(ts o, ) = S BI(Uier Bl
k=0

then

A e (RN
i) = (S

The combinatorial decomposition in Section 5 can also be used to obtain linear recursions for
higher factorial moments of sums of random parking functions. Let a be the sequence defined by
a; =z — uj+1 and let

k
6(- )(CIS, ag, - - - 7an*1) = E[(Sl)k]v

2
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the k-factorial moment of the sum of a random u-parking function as a function of x, ag, a1, ..., a;_1.

(7.1) Theorem. Let k be a positive integer. Then the factorial moments of the sum of a random
u-parking function of length n satisfies the following linear recursion:

B 2] = 3 ME= 3 (%)l s ) BI(On e + L2

m ™
m=0 j=0

Proof. Consider the event that the maximum subsequence forming a u-parking function is in-
dexed by {i1,12,...,%y}. Because the length-m u-parking function and the length-(n —m) sequence
from [wup41 + 1, 2]"™" are chosen independently and an analogue of the binomial theorem holds for
falling factorials, the expected value of (U, (1, z)); conditioned on this event is

k

B\
> (M) el @ BV + 1)

Jj=0

Summing over the conditional expectations, we obtain the linear recursion.

The factorial moment generating function S;(t;a) for u-parking functions of length 7 is defined
by the following formula:

)y
Si(t;a) = Zei (m;a)g.
k=0
Restating Theorem 7.1 in terms of exponential generating functions, we obtain the following linear
recursion for the moment generating functions S;(¢;a) :

n

z"Un(t;1,x) = Z <7Z> a} ™' gi(w; 2)Si(t; @)U i (t;ui1 + 1, ), (7.1)

1=0

From this recursion, we can obtain a simple Appell relation for S;(¢;a). First observe that

SN s N N O A e O O N

t n!
n=0

= oxp(y La+n= = (1+1))

and - '
S 6 Uy + 1) g = expl(L((1 07— (1)),

Hence, multiplying equation (7.1) by ¢"/n!, summing over all non-negative integers n, and dividing
both sides by exp(q(i + t)**1/t), we obtain

i

exp(—— (1+41)) ZgZ i(t) exp(— t(1+t)1+w “1)3,.

Changing variables from ¢ to ¢t, we obtain the following Appell relation.
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(7.2) Theorem.

1+x—a;\~ 1
exp(—q(l+1)) Zgl z;a)S;(t;a) exp(—q(1 +t) ) i

The left hand side of the Appell relation does not depend on x (which is not surprising, as the
linear recursion from which it is derived holds for all sufficiently large integer x). Hence, simpler
Appell relations can be obtained by setting x to be 0 or any convenient constant or variable.

It requires much more work to “solve” the linear recursion and obtain explicit formulas for the
moments. This will be done in [14, 15].

Acknowledgment. The authors thank the referee for many valuable comments. In particular,
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