MATH 630—600. Enumerative Combinatorics
Solution of Assignment 7.

1. Let n be a square-free integer, n = pips---pr with the p; distinct primes. Show that the
maximum number of divisors of n which do not divide one another is (Lk% J)'

Solution. Identify the divisor m = p;, p;, - - - pi;, with the subset {i1,i2,...,4,} of [n], then
the poset of divisors of n, ordered by division, is isomorphic to the Boolean lattice B,,. By
Sperner’s Theorem, the size of a maximal antichain is (Uj? J)'

2. Fix k € N. For each n € Z™, let

or(n) = Z dr.

d|n
(a) Check that og(n) = v(n) (the number of divisors of n) and o1(n) = o(n) (the sum of
the divisors of n).
(b) Let p1,...,p, be the different prime divisors of n. Show that

= on(n) = 3D on() + Dol

i<j

n
p1--Pr

.pj)+~--+(—1)"0k( )-
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(c) Verify this identity when n = 12 and k = 2.

Solution. It is the classical Mobius inversion formula in number theory. We have

D ILCLACH (1)

where ¢(d) is the Mobius function in number theory. Note that p(d) = 0 if d has a square
factor,and p(d) = r if d is the product of r different primes. Then equation (1) can be
simplified by summing over those d with distinct prime factors.

Part (c) is easy to check once you write down the formulas.

3. For each n € Z*, let
od(n) = #{i € [n] : ged(i,n) = 1}.
This is the Euler function. For each positive divisor d of n, let
®(d,n) := {i € [n] : ged(i,n) = d}.
(a) Show that there is a disjoint decomposition
n =J@(d,n),
d|n

and a bijection ®(d,n) = ®(1,n/d).
Solution. The decomposition is obtained by classifying elements in [n] by its ged with
n. For the bijection, note that gcd(i,n) = d iff i = dk and gcd(k,n/d) = 1.



(b) Deduce that

n=> ¢(d).

din
Solution. By the bijection in (a), |®(d,n)| = |®(1,n/d)| = ¢(n/d). Hence

n=> |®(dn) =) é(n/d) =1 ¢(d).

dn dln din

The last equation is obtained by a change of index.
(¢) Deduce that
1
¢(n) =n][(1- ];),
pln
where p ranges over prime factors of n.

Solution. By Mobius inversion formula,

¢(n)=Zu(d)Z:n[1—Z;+Z Ly ——

dn P i< pipj p1---Pr
where p1,...,p, from the set of prime factors of n, (the argument is similar to part (b)
of Problem 2. ) The last formula is just n][,,,(1 - %)

4. Given a subspace V' of Fy, let a(V') be the number of subsets of V' and (V) the number

of spanning subsets of V. Here a subset W of V is spanning if V equals the vector space
spanned by all the vectors in W. (On the other hand, the vectors in W are not necessarily
independent.)

(a) Show that

and aV)—1= Z BU).

U<v
(Note that the empty subset of V' does not span a subspace. )

Solution. The first equation follows from the fact that there are ¢@™(V) many vectors in
V. The second one is true since all the non-empty subset of V' span a subspace U of V.

(b) Deduce that the number of spanning subsets of Fy is
" (n ke (PRY gk
> (k) (—1)m k(") 2 — 1),
k=0 q

Solution. By Mobius inversion formula,

BV)= > U V)(U)-1).

UeL,(V)

Now, if U is of dimension k, then a(U) = 24" and w(U, V) = pp_g in L,(V), which is
n—k
(—1)nkq("").



5. Let S = {s1,82,...,} be a set of positive integers. Let hg(n) be the number of partitions of
the set [n] into blocks so that each block size is an element of S. Let Hg(x) be the exponential
generating function of the sequence {hg(n)}. Prove that

Si

H(x) = exp(3

i>1

).

Si!

Solution. This is a direct application of the exponential formula. Let f(n) be the number of
such partitions with exactly one block. Then f(n) = 1iff n € S. Hence Ef(x) = ;5 2% /s;!,
and Hg(x) = Ep(x) = exp(Ef(z)).

6. An involution is a permutation 7 such that 72 = id. Let i(n) be the number of involutions
of length n. Compute the exponential generating function for the sequence {i(n)}.

Solution. An involution is a permutation with cycles of length 1 and 2 only. Using the
2
Exponential formula, permutation version, we have the E.G.F is exp(z + %).

7. A threshold graph is a simple (i.e. no loops or multiple edges) graph which may be defined
inductively as follows:
(a) The empty graph is a threshold graph.
(b) If G is a threshold graph, then so is the disjoint union of G with a one-vertex graph.
(c) If G is a threshold graph, then so is the (edge) complement of G.
Let ¢(n) be the number of threshold graphs with vertex set [n], with ¢(0) = 1, and let s(n)
denote the number of such graphs with no isolated vertex, (so s(0) = 1, s(1) = 0). Set
T(xz) = Ey(x) and S(z) = Es(z).
(a) List all threshold graph on [4], and compute ¢(n), s(n) for n = 2,3, 4.
(b) Show that
T(x) =e"S(z), and  T(x)=28(x)+x— 1.

Solution. To obtain a threshold graph G on [n], choose a subset I of [n] to be the set of
isolated vertices of GG, and choose a threshold graph without isolated vertices on [n] — I.
This implies that T'(z) = e*S(x).

A threshold graph G with n > 2 vertices has no isolated vertices if and only if the
complement G has isolated vertices. Hence t(n) = 2s(n) with n > 2. Since s() = t(0) =
1, t(1) =1 and s(1) = 0, it follows that T(x) = 25(x) + = — 1.

(¢) Deduce that

T(x) = e(1-2)/(2-¢€),
S(z) = (1—=x)/(2—¢€").

Solution. This is obtained by solving S(z) and T'(X) from the two equations in part (b).



8. Find the unique power series F(x) such that for all n € N, we have [z"]F(x)"*! = 1.
Solution. Let y be a formal power series satisfying y = xF(y). By Lagrange inversion formula
with £ =1,

nlz"y = [z"F

Soy =3 ,512"/n = —log(1—x). Hence y=~'>

9. (Optional) A tree on {0,1,...,n} is called alternating if for every vertex i all neighbors are
either greater than 4, or all are smaller than 7. Let h,, be the number of alternating trees on

{0,1,...,n}.
(a) List all the alternating trees for ho.
(b) Prove that H(z) =3, hn% satisfies the equation

H(z) = e2(HEHD),

Solution. Removing the vertex 0 from an alternating tree on {0, 1,...,n}, one gets a
forest of rooted alternating trees, where the root is a vertex whose neighbors are greater
than it. To count the number of rooted alternating trees with the root being a “local
minimal”, note that if the vertex v is a local minimal in an alternating tree T', then it is
a local maximal when we re-label vertex i by n — 4, for each i. Thus the total number
of such rooted trees on n vertices is nh(n —1)/2, for n > 2. For n =1, it is 1.

Therefore,

h(n)= > f(#B1)f(#ba) - f(#By),

n=DB,...,BLEIl,

where f(n) =nh(n —1)/2 for n > 2, and f(1) = 1. By the exponential formula,

H(z) = exp(Y hln) o) = exp(C (H(2) + 1)),

n>1

(¢) Deduce from above that

hy = tkzijo (Z) (k4 1)" L.

A-l:@A/Q
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Solution. Set A(z) = z(H(z)+1). Then the equation in part (a) becomes

so A=z(1+ e%). Thus
2

<—1> _
4 S 14/



By Lagrange

The claim follows.
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