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Abstract

We have recently developed two quasi-reversibility techniques in combination with
Euler and Crank-Nicolson schemes and applied successfully to solve for smooth solu-
tions of backward heat equation. In this paper, we test the viability of using these
techniques to recover non-smooth solutions of backward heat equation. In particular,
we numerically integrate the backward heat equation with smooth initial data up to
a time of singularity (corners and discontinuities) formation. Using three examples, it
is shown that the numerical solutions are very good smooth approximations to these
singular exact solutions. The errors are shown using pseudo-L- and U— curves and
compared where available with existing works. The limitations of these methods in
terms of time of simulation and accuracy with emphasis on the precise set of numerical
parameters suitable for producing smooth approximations are discussed. This paper
also provides an opportunity to gain some insight into developing more sophisticated
filtering techniques that can produce the fine-scale features (singularities) of the final
solutions. Techniques are general and can be applied to many problems of scientific

and technological interests.
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1 Introduction

Recovering non-smooth solutions of an illposed problem is a highly non-trivial task. Nonethe-
less, such problems arise in many applications of practical interest and many such problems
are parabolic in nature. For example, such problems arise in many applied areas such as in
contaminant transport, in medical imaging, in geophysics and exploration and so on. There
are many such problems that arise also in modeling of fluid flows in a variety of applications
such as vortex dyanmics, water waves, free or moving boundary problems and so on (see
2], [3], [14], [22]). Due to short wave instability that are associated with these kinds of
illposed problems, development of robust numerical methods is still an unsolved problem in
computational science. There is not a single numerical method known-to-date that can be
used (without any a priori knowledge of the singularity in the associted PDE) in an algo-
rithmic fashion to find the nature of singularity and its time of formation numerically. It
is almost always that such problems have been dealt numerically in combination with some
theoretical knowledge that facilitates choice of numerical parameters to recover what one
has prior knowledge of (see [16], [27]). The development of robust methods is needed so that
numercally these issues of time of and nature of singularity formations for illposed problems
suffering from short waves can be addressed numercailly. For making progress in this direc-
tion, it is necessary first to carefully develop numerical methods for linear illposed problems
before attacking nonlear problems of the kind arising in fluid mechanics and other applied
areas. Numerical experiments with linear problems can be rewarding in gaining insight and
developing robust methods. This has been the primary motivation for this paper.

In this paper we take such a prototype linear illposed problem, namely recovering smooth
approximations of non-smooth solutions of a backward heat equation subject to smooth
initial data. We apply our recently developed two quasi-reversibility techniques (see Ternat,
Orellana, & Daripa [28]) in combination with Euler and Crank-Nicolson schemes. Numerical
results as well as errors using pseudo-L— and U— curves are presented and analyzed.

The problem of heat conduction through a conducting medium occupying a unit space

[0, 1] subject to no heat flux across the boundary of the region is formulated as follows.

U — Vg, = 0. z€[0,1], t>0,
Ugloo =0, t>0, (1)
u(z,0) = ug(x), x € [0,1].

Here u(x,t) is the temperature and wug(z) is the initial temperature distribution. This prob-

lem is known to be well-posed in the sense of Hadamard, i.e. existence, uniqueness and



continuous dependence of the solution on the boundary data are well-established for this
problem. The above problem is usually referred as a forward problem in the context of heat
equation.

The corresponding backward problem is the problem of finding the initial temperature
distribution of the forward problem from a knowledge of the final temperature distribution
vo(x) at time Tp.

U — Vg, =0, €0, tel0,T],
Uglon = 0, (2)
uw(z, T) = vo(x), x € 10,1].
It is convenient to rewrite this problem, by the change of variable t — Ty — ¢, in terms of
backward variable v(x,t) = u(x, Ty — t):

Vv, =0, z€Q, tel0,T,
U:E|8fl = 07 (3)
v(x,0) = vo(x), x € [0,1].

It is well known that there is a lack of existence, uniqueness and continuous dependence of
solutions of this backward problem on any arbitrary initial data (see Nash [24], John [13],
Miranker [21] and Hollig [10]). Although, for some specific initial data, this problem can be
well-posed [21] in theory, existence of such data is rare in practice due to the presence of noise
in the data for various reasons including error in the measured data. Numerical integration
of such equations by any numerical scheme further compounds this problem due to the effect
of truncation and round-off errors. (see Daripa [5], Douglas [7], John [13], Pucci [25]).

A constructive approach to circumvent this computational challenge is to analyze first
the dispersion relation. The dispersion relation associated with the backward heat equation
is w = k?, i.e. a mode with wave number k grows quadratically. This kind of catastrophic
growth of short waves is also an indication that (classical) solutions of the backward problem
may not always exist for all time for arbitrary initial data. This is all too well known for
the backward heat equation because we know that any discontinuous temperature profile
gets smoothed out instantaneously by forward heat equation. Another consequence of this
is the undesirable catastrophic growth of errors (in particular in high wave number modes)
arising due to numerical approximation of the equation (truncation error), the machine
representation of the data (roundoff error) and noise in any measured data.

In a recent paper (see [28]), we presented results of our numerical study on the backward
heat equation with initial data which were finite time solutions of the forward problem with

smooth initial data. Purpose in [28] was to (i) propose two schemes for solving this equation
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in conjunction with regularization techniques including filtering (see [16], [26], [5], [6], [9])
and structural perturbation of the heat equation; and (ii) then to test their suitability for
stable computations by proper choice of numerical and regularization parameters. There we
have shown suitability of these methods and their limitations by showing various error plots.
In this paper, we continue similar study but with initial data which are final solutions of
the forward heat equation starting with non-smooth data. The goal here is to test whether
these numerical methods are also suitable for computing smooth solutions which are good
approximations to the exact non-smooth solutions. The numerical results including error
plots suggest that these methods when applied properly are suitable for this purpose.

In closing this section, it is worth pointing out that the backward heat equation has been a
hot topic in recent years. In this connection, it is worth citing the group preserving scheme of
Liu [18], operator-splitting method of Kirkup & Wadsworth [15], lattice-free finite difference
method of Iijima & Onishi [12], global space-time multiquadric method of Li & Mao [17],
and discretized Tikhonov regularization by reproducing kernel Hilbert space method of Hon
& Takeushi [11]. As mentioned earlier, the method used in this paper is much different from
these methods. Our method is an improvement over existing quasi-reversibilty methods in
two specific ways: careful use of filtering of high frequency modes and careful selection of
space and time steps so that numerical dispersion relation agrees very closely to that of the
exact dispersion relation over most participating wave numbers. No application of filtering
technique in a clever way as in the technique presented in this paper has been attempted
in the past with the backward heat conduction problem. Whereas the regularization by
structural perturbation of the backward equation is known, it has not been used with a
purely spatial derivative term as a regularizing term, unlike Xiong [25] who uses a partial
time-spatial derivative term.

The paper is laid out as follows. For the sake of completeness, we describe the numerical
discretization schemes in subsections 2.1 and 2.2 of section 2. The subsection 2.3 details
results of numerical computations with these schemes on two examples without any use of
the regularization techniques. The purpose is to show the need of regularization techniques
which we do in sections 3 and 4. In section 3, we show the results of using filters and in
section 4, we show results obtained using structural perturbation, a kind of regularization,

of the heat equation. Finally, we conclude in section 5.



2 Numerical schemes and results

The computational domain €2 is taken to be one-dimensional, in particular 2 = [0, 1]. We
discretize the interval [0, 1] with M subintervals Az = 1/M of equal length with grid points
denoted by z,,,m = 0,..., M. Integration in time is done in time step of At up to time
T = N x At, for some integer N. We denote t,, =n x At,n =0,..., N. The exact value of
the solution at (z,,%,) is denoted by v(x,,t,) and numerical value by v".. Zero Neumann
boundary conditions at both end points of the interval [0, 1] are approximated that results

in the following third order accurate end point values of v for ¢t > 0.

o(0,0) = MBITEAD 4 O((Ag)), 0

U(L, t) _ 4v(1—A:c,t)gv(l—2A:c,t) + O((Ax)g) (5)

2.1 Euler Scheme

In terms of forward and backward finite difference operators Dt and D™, the finite difference
equation for the backward heat equation is

Do DID; v
m_ _gyrrm 1. M 2.

For numerical construction of solutions, it is useful to choose appropriate values of Ax and

At so that numerical and exact dispersion relations do not deviate too much from each other
over a range of participating wave numbers. Using the ansatz v = p"e®™, (where p = /2!

and & = kmAx) in the finite difference equation (6) yields the dispersion relation
p=1+4vrsin® (krAz/2), (7)

where 7 = At/Az?. When Az — 0, we have p ~ 1 + (km)? v At which gives, in the limit
At — 0, B =1In|p|/At ~ v (kmr)? which is same as the exact growth rate.

2.2 Crank-Nicolson scheme

The backward heat equation in this scheme is discretized as
Difvl v
At 2Aa?

For dispersion relation, same ansatz for v, as in the Euler scheme is inserted in the finite

(D Doy + DD o) . (8)

difference equation (8). This yields the dispersion relation

B 1+ 2vrsin? (%)

P 9)

1—2vrsin?§’
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where r = At/Axz? as before. When Az — 0, we have
14w (km)? £t
1—v (k)24
which gives, in the limit At — 0, 8 = In|p|/At ~ v (kn)? which is the same as the exact

dispersion relation. For r > 1/2v, the dispersion relation has a singularity at k = k, given

by
2 Az
k, = —— arcsin | —— |. 10
PN (x/zym) (10)

Figures 1(a) and 1(b) compare the exact dispersion relations with the numerical ones for
several values of space and time steps respectively for both the Euler and CN schemes. The
plots are log-log plots due to the large values of growth rates. Numerical dispersion plot
for the CN scheme corresponding to Az = 1073 and At = 10~ for which r > 1/2v clearly
shows the location of the singularity at k, = 45.05. Since the singularity and high values of
the growth rate are very localized near a very high wave number with rest of the dispersion
curves comparing favorably with the exact one, larger time steps may still be able to yield
reasonably accurate solutions on the same grid Ax as for the other dispersion curves in the
figure. We will test below whether this is indeed true or not. For the other choice of grid
values used with CN scheme in the figure, » < 1/2v. This figure shows that numerical
dispersion curves compare favorably with the exact one up to a higher wave number for the
CN scheme than for the Euler scheme. However, they all are almost same for up to a wave
number approximately 25 for the CN scheme and 10 for the Euler scheme. For the numerical
experiments presented in the next sections, the time step has been fixed at 10™* and the
number of space steps M = 33. These choices are in agreement with the analysis of the

finite difference equation.

2.3 Numerical results

Numerical experiments have been performed on two problems: Problem 1 deals with the
triangle function and the problem 2 deals with the Heaviside function.

2.3.1 Initial conditions

Example 1: Triangle function

A triangular function on [0, 1] is expressed in dimensionless variable by the relation

{2x if x < 3,

uol) = 2(1—z) ifx>1 (11)
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Figure 1: Comparison in log-log scale of dispersion relations for the PDE and numerical
schemes at various values of space and time steps. FDE stands for “Finite Difference Equa-
tion”. Note the singularity at k, = 45.05 of the Crank-Nicolson FDE for At = 10~% and
Ax = 1073,

The exact solution at any time ¢ of the forward problem with initial data (11) is given by

u(x,t) :a0+22ak cos (2kmx)e  BFm7 (12)
k=1
where (1)
-1 -1
=1/2 =-—"——  k>1. 13
o /2, Ak (kr)2 =z (13)
It then follows that the exact solution of the backward heat equation with initial data
vo(x) = v(w,0) = ag+2 Y _ ajcos (2kmz)e ™ @D T, (14)
k=1
is given by
v(x,t) =ag+ 2 Z ay cos (2kmz)e ™ CET Tt o <y < T, (15)
k=1

Example 2: Heaviside function
The Heaviside function is given by
Hz) :{ 0, if z<1/2 (16)
1, if x>1/2.
The exact solution of the forward problem with this Heaviside function as initial data is
given by

u(z,t) = ag + 2 Z aj cos (k) e ", (17)
k=1



where

1 k

a=1/2, @ =——sin (7”) . (18)

It then follows that the exact solution of the backward heat equation with initial data
vo(x) = v(x,0) = ag + 2 Z ay cos (km z) e F T, (19)

k=1
is given by
v(x,t) =ag+ 2 Z agcos (kma)e M T0 0 <t < Ty, (20)
k=1

It is found that fifty modes are more than sufficient to construct reasonably good smooth
approximations of the above two singular functions with corners and discontinuities. There-
fore, the initial data v(z, 0) for the backward heat equation for these two examples has been
generated with fifty modes. For each of the examples above, using both the Euler and the
Crank-Nicolson schemes we compute numerical solutions v(z, t) from initial data vy(z) using
14-digit accurate arithmetic.

First of all, we want to emphasize that we solve the backward heat equation in a finite
interval. For a solution to exist, following condition on initial data should be satisfied:
“amplitude of the Fourier coefficient should decay faster than e % for a mode with wave
number k for large k (see also section 2.2 of [8])”. Since we construct the initial data from
finite number of modes as explained mode, for both the examples, the above condition is
satisfied initially. At later times, this condition is also satisfied because of our use of sharp
filter and regularization parameter (see next two sections). Our method thus does not try
to recover the exact singular solutions but their smooth approximations. For this purpose,
always finite number of modes participate in constructing the solution at any given time,
thereby ensuring that the above condition is satisfied. Alternatively, this implies that the
initial data we use for these examples satisfy the Picard criterion (see page 39 of [8]) which
for the problem of backward heat conduction is Z e’ | f,] < oo (see section 1.5 of [8]).

2.3.2 Error growth

In each of the examples above, solution (., Ty) for some choice of Ty is used as the initial
data v(.,0) (see (14), (19)) of the backward problem to numerically compute the solution
v(.,t) of the backward heat equation for ¢ < Tj. Exact solution v.(.,t) of the backward
heat equation is thus the initial data of the forward problem, i.e., v.(.,t) = u(., Ty — ).

Comparison between exact solution v.(.,¢) and numerical solution v(.,t) at time ¢ is done

10
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(a) Example 1: t =Ty =2 x 1073, (b) Example 2: t =Ty = 4.7 x 1073.

Figure 2: Comparison of exact (solid line) and numerical solutions (Euler in diamonds and

CN in plus, they are on the top of each other) at fixed time for the two examples.

through the normalized L, norm of the error defined by

o) = vl
()= ol

Figure 2(a) shows plots of exact (triangle data (11)) and numerical solutions for Example 1
based on the initial data (14) with Ty = 2 x 1073, We see that the solutions are in good

(21)

agreement except near the end points. Similar numerical results are obtained for the Exam-
ple 2 with initial data (19) and Ty = 4.7 x 1073, This is shown in Figure 2(b) compares the
numerical solution at ¢ = Ty with the initial data. These results shown in Figure 2(a) have
been obtained with time step size At = 107°.

For time levels beyond these, i.e. for larger values of T in each of these examples,
the accuracy of solutions gradually deteriorates due to growth of participating short waves
present in the round-off and the truncation errors. Growth of errors in time is shown in
Figure 3 for both the schemes on two examples when there is no noise. In log—log scale,
these plots clearly show a quadratic growth of the error as a function of time. The catastropic
growth of error as t — T} is expected due to severe illposedness. We show later suitability
of the filtering and regularizing techniques in suppressing this growth to some extent and
in providing smooth numerical solutions which agree almost everywhere to the non-smooth

exact solutions. But first we assess the effect of noise on the error.
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Figure 3: Log—log plot of Ly error versus time for two different examples (no noise)

2.3.3 Influence of Noise

Errors with noisy initial data usually depend on the noise level. Consider the noisy initial
data v°(x,0) defined by

v*(x,0) = vo(2) + 8(w) x [Jvg()]|ocs (22)
where vg(x) = v(z,0) (see (14) for Example 1 and (19) for Example 2) and §(x) defined by
0(x) = 6, X rand(x), (23)

is the noise generated using the MatLab function “rand” multiplied by a noise parameter
0m. Notice that the noise is introduced in such a way that it is proportional to the data
vo(z). For a fixed time ¢t = 1072, Figure 4 shows the plots of the L, error as a function of the
noise parameter o, for both the Euler and the Crank-Nicolson schemes. For the noisy initial
data for Example 1, noise increases the error when the noise parameter becomes larger than
10~%. For Example 2 with noisy initial data, Figure 4(b) shows that error is more sensitive
when the noise parameter exceeds the value 107%. Below these values, the error remains at a
constant level (O(10'9) for Euler and O(10*?) for CN) corresponding to the values that can be
observed without noise at t = Ty = 1072 in Figure 3. Under same numerical conditions and
same noise parameter, error with the Crank-Nicolson scheme is three orders of magnitude
larger than that with the Euler scheme.

Next two sections discuss a filtering technique and a regularization technique respectively.
These have been found suitable to delay the growth of errors. This helps in finding smooth

solutions at least for longer time than otherwise possible. The goal below is to show that

12
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Figure 4: Log-log plot of Ly error at t = 1072 versus noise parameter §,, for two different

examples.

these numerical solutions are in good agreement with exact non-smooth solutions almost
everywhere except near the singularities such as corners and discontinuities for the examples

discussed before.

3 Filtering method and results

3.1 Presentation of filtering technique

We have applied five different filters to control the spurious effects on the solution due to
catastrophic growth of participating short wave components of the round-off and truncation

errors. This results in the filtered spectrum defined by
ay, (ki ke) = @ (k; ke)ar (k). (24)

where a;, and aj, denote respectively the unfiltered and filtered Fourier coefficients and &, is
a parameter, called cut-off wave number, on which the filter depends (see below). Since high
wavenumber modes are more problematic, all these filters are low-pass filters differing only
on their degree of smoothness. All these filters have been discussed in [28]. The simplest of
these filters is the sharp filter ®, defined by

1, k <k, (25)

(1)8(1‘7) =
0, k> k..

This and other filters have been applied to control the error growth but results with the

above sharp filter will only be presented as no significant improvement in numerical results
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(a) Example 1: t =T, =0.1, k. = 4 and p = 3. (b) Example 2: ¢t =Ty = 0.01, k. = 10 and p = 4.

Figure 5: Comparison of exact (solid line) and filtered numerical solutions (Euler in diamonds
and CN in plus, they may be on the top of each other) for the two examples. Black dash
dot line plots the initial condition of the backward problem.

was noticed with the other filters. The application of this filter essentially sets amplitudes
of all the modes above the cut-off k. to zero but the filter is applied periodically every p
time steps. This application procedure has been used before on other illposed problems (see
Daripa [6]). It is worth mentioning here that filters can be applied in more sophisticated
ways such as filtering only those modes of the solution whose magnitudes are below a pre-
determined threshold 107 slightly above the roundoff error while allowing modes whose
values jump above this threshold in one time step to grow (see Krasny [16]). But such
sophisticated techniques are not necessary if the goal is to obtain a smooth approximations

even when the exact solutions may may not be C'°.

3.2 Numerical results

Figures 5(a) and 5(b) compare the exact solutions against the numerical solutions. Table 1
recaps the error as a function of the filter parameters: k. and p. In each case, these parameters
have been selected after many runs in order to reach the maximum simulation time under the
constraint of constructing the best approximate solutions to the exact ones. These figures
show that application of the filter enables computation of solutions which are in agreement
with exact ones for times longer than what is otherwise possible without filtering.

Next we show results obtained with noisy initial data (22). Solutions analogous to those
shown in Figures 5(a) and 5(b) but with these noisy initial data are shown in Figures 6(a)

and 6(b). Table 2 shows the error norms and values of the different parameters that have

14



IC At Time Filter param. | Scheme €L,
Example 1 | 107* | t=0.1 k.=4 Euler | 6.66 x 1072
Tp=0.1 p=3 CN 6.41 x 1072
Example 2 | 107* | ¢ =0.01 k.= 10 Euler | 9.91 x 1072
To = 0.01 p=4 CN 9.46 x 1072

Table 1: Relative error norms using filtering.

1227
0.81

0.6

S~ [ A 1T
.~ R ~ .

sol
‘A
‘I
[}
sol

0.47

0.2[

0 02 04 06 08 1
X

(a) Example 1: t =T, =0.1, k. = 3 and p = 3. (b) Example 2: t =Ty = 0.01, k. = 6 and p = 4.

Figure 6: Comparison of exact (solid line) and filtered numerical solutions (Euler in diamonds
and CN in plus, they may be on the top of each other) for two different examples with noise.

Black dash dot line plots the initial condition of the backward problem. Noise parameter is
Om = 5%.

been used.

Finally, we test the suitability of the method on a third problem which is constructed as
follows. We construct a smooth initial data from superposition of initial data (14) (which is
the solution at time T} of the forward heat equation with triangle initial data (11)) and an
initial data (which is the solution at time 7} of forward heat equation with Gaussian initial
data) taken from [28]. This superposed new initial data for the backward heat equation
is shown as black dash dot plot in Figure 7(a). The exact solution of the backward heat
equation with this initial data is shown as the solid line in this figure. The numerical solutions
as seen in this figure are in reasonably good agreement with the exact solutions except near
the corner which is expected since the procedure used is not suitable for producing fine scale

features of solutions such as corners. In this case, error er, = 9.77 x 1072. Figure 7(b) shows

15



IC At Time Filter param. || Schemes €L,
Example 1 | 107% | ¢t =0.1 k.=3 Euler 9.08 x 1072
To =0.1 p=3 CN 8.34 x 1072
Example 2 | 107* | t+ = 0.01 k.=6 Euler | 1.54 x 107!
Ty = 0.01 p=4 CN | 154 x 107"

Table 2: Relative error norms with the two examples using filtering on noisy initial data.

1.2

sol
sol

0 02 04 06 08 1 0 02 04 06 08 1
X X

(a) Case without noise: t =1 =Ty =1, k. =10 (b) Case with noise (6,, = 5%): t = Top = 0.5,
and p = 4. k. =8 and p = 4.

Figure 7: Comparison of exact (solid line) and filtered numerical solutions (Euler in diamonds
and CN in plus, they may be on the top of each other) for superposition of two different
examples: Gaussian (v = 107?) with Heaviside initial data (11). Black dash dot line plots

the initial condition of the backward problem.

analogous results but with noise. Again numerical solutions compare well with the exact
solutions. In this case, error ey, = 1.08 x 107"

Next we show plots of Ly error against time for both the numerical schemes in Figure 8,
without any random noise added on the initial data. Then we show results of simulations
from initial data with random noise added as per ansatz (22). Figure 9 shows L, error at a
fixed time level as a function of the noise parameter d,, (see (23)). Comparison of Figure 8
with Figure 3 shows the effectiveness of the filters in limiting the contamination of the results
by spurious growth of the high wave number modes of the round-off and discretization errors.
On the other hand, comparison of Figure 9 with Figure 4 shows that noise levels 6,, < 10~*
does not affect the Ly error for the initial condition v(z,0) of Example 2 whereas it does

beyond 1073 for the initial condition v(z,0) of Example 2. However, as seen in these figures
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Figure 8: Log-log plot of Ly error versus time using filter for two different examples without
noise. Filter cut-off is k. = 10 and p = 4.
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Figure 9: Log-log plot of Ly error at ¢t = 1072 versus the noise parameter using filter for two
different examples. Filter cut off is k. = 6 and p = 4.
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Figure 10: Semilog plot of Ly error at t = 2 x 1073 versus the filter cut off (taken herein as
the regularization parameter) with the triangle and Heaviside initial data (T, = 2 x 107%)

for three values of the noise parameter ¢,, and p = 1.

the error in Figure 9 converges towards much smaller values than those obtained without
filter as shown in Figure 4. The growth of the error is clearly suppressed.

For our purposes below, values of the regularization parameters, k. (filter cut off) and
p (period of application of the filter) for which the Ly error is least will be called optimal
values, denoted by k) and p* respectively. These optimal values certainly depend on the
noise parameter ¢,, which is a measure of the signal to noise ratio modulo some constant
depending on the examples. A strategy that will allow selection of k) and p* depending on
the noise parameter 9,, is certainly helpful. However, it is not clear how to do this a priori.
To get some insight into how to do this even a posteriori, plots of Ly error are shown against
the cut off (Figure 10) and the period of application of the filter (Figure 11) for Example 1
and Example 2 respectively.  The results obtained with the CN scheme only are shown
because the results obtained with the Euler scheme show similar plots. The global trend of
the Figure 10 shows a stair function because the filter cut off varies discretely from 1 to 40
and the numerical filter uses a FFT algorithm. Existence of an optimal filter parameter in
the range 5 < £k} < 10 is suggested by these plots which is in good agreement with the value
chosen for the results presented earlier (see Figure 5(a) and 5(b), Figure 6(a) and 6(b)).
With the filter cut off £} = 6 which is in the optimal range of the filter cut off, effect of p on
the solution accuracy is shown through several plots in Figure 11. In this plot, the Ly error
is minimal and grows very slowly for p < 20. Beyond this value, there is small window in p

around p = 20 where the error grows significantly in most (but not all, see Figure 11) cases.
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Figure 11: Semilog plot of L, error at t = 2x 1073 versus p (taken herein as the regularization

parameter) with the triangle and Heaviside initial data (75 = 2 x 1073) for three values of

the noise parameter 9, and k. = 6.

Beyond this value of p (which is between 20 and 22), error hardly grows.

4 Regularization by structural perturbation

4.1 Preliminaries on the technique and schemes

We present this section, even though this section overlaps somewhat with [28], as it is relevant

for presenting and understanding the numerical results presented later.

4.1.1 Structural perturbation of the problem

There exists different types of regularization techniques (see [1], [23], [20], [9], [29]). Here we

regularize the backward heat equation by adding a fourth order term. The resulting problem

is given by
(U + VVpp + €Uppae = 0, 1 €Q=10,1] te€][0,T],
Vzloa =0, t € 0,7, (26)
Veze|on = 0, t € 0,7,
L v(2,0) = Y(x), x e Q.

The dispersion relation of this equation (26), is given by:
w=(7k)*(v—e(mk)?). (27)
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The most dangerous wave number k; with the maximum growth rate wp., and the wave
number £* of the neutral mode are given by

1 1% V2 1 Jv
€

(28)

ki=—1\/7+ Winax = 7 k*:;
An appropriate choice of small value for the regularizing parameter € can significantly curtail
the spurious growth of short waves. We can see from the above formulas that we can
equivalently treat k; or k* as regularizing parameter instead of € as value of € is automatically

chosen if we choose either k; or £*. Next we discuss the schemes to be used for solving the

above regularized problem.

4.1.2 FEuler Scheme

The finite difference equation for the regularized equation (26) is

Dy, DfD;v),  DID;D}fD vl
NN R AL Vm#{L, M}, VYn>2 (29)

For numerical construction of the accurate solutions, it is also necessary to choose appropriate
values of Ax and At so that numerical and exact dispersion relations do not deviate too much
from each other over a range of participating wave numbers. Using the ansatz v? = pme®™,
(where p = €2 and ¢ = kwAz) in the finite difference equation (29) yields the following

dispersion relation for the numerical scheme (29).

p =1+ 4rsin” <g> — 16y sin* (g) (30)
eAt

where = %, Figure 12(a) compares the exact (see equation (27)) and the numerical

(see equation (30)) dispersion relations for several choices of parameter values. This figure
shows that the optimal choice for the step sizes are Az = 107* and At = 102 when v = 1
and k; = 10. Note that with this set of parameters, the dispersion relation seems to be
discontinuous in the range [12,26] of k. In fact, this is due to the representation in log scale

of the function that reaches a value close to zero.

4.1.3 Crank-Nicolson Scheme

The finite difference equation for the above regularized equation is

+,n
D vy, v

N ~ A (DD vt + DD ) a1
31
~ 557 (DED; DD v + DY D; D} D;vy)
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Figure 12: Comparison in log-log scale of the exact (w versus k) and numerical (|p| /At
versus k) dispersion relations for the regularized problem for several values of space and

time steps. For these plots ¥ =1 and k; = 10.

For dispersion relation, same ansatz for v, as in the Euler scheme is inserted in the finite
difference equation (31) of the Crank-Nicolson scheme. This yields the following dispersion
relation.

1 +2r sin? (g) — 8usin? (%)

1 — 2rsin? (%) + 8 sin’ (g)

p (32)

Figure 12(b) compares the exact (see equation (27)) and the numerical (see equation (30))
dispersion relations for several choices of parameter values. This figure shows that the
optimal choice for the step sizes are Ax = 10~* and At = 1072 when v = 1 and kg = 10.
Note that sometimes the growth factor is undefined in a defined range of wavenumber because

some values of p are smaller than 1 and plot is done in log scale.

4.1.4 Numerical Boundary Conditions

This kind of regularization introduces a fourth order term in the equation and a second
boundary condition at each boundary (see (26)). The fourth order derivative term is evalu-

ated by finite central differences using five points as follows.

J J J J J
Vipg — 4Avi g + 6v; —4v;_y + v,

Azt

U:c:c:c:c(xia t]) - (33)

Because of this term in the discrete approximation of the regularized equation at the interior
grid points, solutions at two points outside the domain, namely vl , and vﬁ/l 41, are required.

This is done the following way using the second boundary condition (26). The third order
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(a) Example 1: t =Ty = 0.01, kg = 7. (b) Example 2: t =Ty = 0.01, kg = 10.

Figure 13: Comparison of exact (solid line) and numerical solutions (Euler in diamonds and
CN in plus, they may be on the top of each other) for the two examples with regularization.

Black dash dot line plots the initial condition of the backward problem.

derivative term v,,, is approximated to second order accuracy as

_% v(=Az) +5v(0) — 6v(Az) + 3v(2Ax) — %v(SAm)

Ummm‘xz(] - A3

+ O(Az?). (34)

Using the boundary condition v,,, = 0 and the third order accurate approximation (4) in

the above formula, we obtain third order accurate formulae:

_ Av(Az) + 8v(2Az) — 3v(3Ax)

and similarly at = L (using equation (5)):
o(L + Ax) ~ 4v(L — Az) + 8v(L — 2Az) — 3v(L — 3Ax) (36)

9

4.2 Numerical Results

Figures 13(a) and 13(b) compare the numerical solutions of the regularized problem with the
exact solutions of the backward heat equation. The normalized Ly error norms are shown in
the Table 3. The parameters for which we obtain the best results for each of these schemes
are mentioned in the caption of the figures and are also shown in Table 3. These numerical
results confirm that under a given tolerance of error, the simulation time can be increased
significantly using regularization.

Finally, we present numerical results for regularized backward problem subject to initial
conditions (22) with noise (23). Plots are shown in figures 14(a) and 14(b). Table 4 recaps
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IC At Time kg Schemes €L,
Example 1 | 107* |t = 0.01 | ky=7 Euler | 4.54 x 1072
Ty = 0.01 CN || 4.53 x 1072
Example 2 | 107* |t = 0.01 | kg = 10 Euler 1.35 x 107!
To = 0.01 CN 1.34 x 1071

Table 3: Relative error norms with regularization.
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(a) Example 1: t = Ty = 0.01, kg = 6.

(b) Example 2: t =Ty = 0.01, kg = 6.

Figure 14: Comparison of exact (solid line) and numerical solutions (Euler in diamonds and
CN in plus, they may be on the top of each other) for the two examples with regularization.

Black dash dot line plots the initial condition of the backward problem. Noise parameter is

O = 5%.

IC At Time kq Schemes €L,
Example 1 | 107* | t=0.01 | k;=6 | FEuler | 6.40 x 1072
Ty = 0.01 CN 6.47 x 1072
Example 2 | 107* | t=0.01 | k; =6 Euler 1.60 x 107¢
Ty = 0.01 CN | 1.60 x 10

Table 4: Relative error norms with regularization on noisy initial conditions.
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(a) Case without noise: t =Ty =1, kg = 10. (b) Case with noise (6,, = 5%): t = Tp = 0.5,
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Figure 15: Comparison of exact (solid line) and numerical solutions (Euler in diamonds and
CN in plus, they may be on the top of each other) using regularization for superposition of
two different examples: Gaussian (v = 107%) with Heaviside initial data (11). Black dash

dot line plots the initial condition of the backward problem.

the error norms. We have also done numerical experiments with the third example discussed
earlier where the initial data is constructed from superposition of initial data (14) (which
is the solution at time 7T of the forward heat equation with triangle initial data (11)) and
an initial data (which is the solution at time 7 of forward heat equation with Gaussian
initial data) taken from [28]. These initial data with and without noise are same as the
ones (dot-dash curves) shown in Figure 7(a) and 7(b)). In Figures 15(a) and 15(b)), these
initial data and corresponding solutions for the regularized case are shown and compared
with exact solutions (solid lines). In these cases, the errors are ey, = 1.42 x 10~! without
noise and ey, = 8.76 x 1072 with noise.

As before, we present in Figure 16 the error growth as a function of time for the reg-
ularized problem. For these simulations, no random noise has been added on the initial
data. The sensitivity of the solutions to noise has also been found to be interesting which is
shown through the plots of Ly error versus noise parameter d,, in Figure 17. Comparing
Figure 16 with Figure 3 and Figure 17 with Figure 4 respectively, it is observed that regu-
larization suppresses the growth of the error with or without noise. Moreover, its effect is
fully comparable to that of the filter (see Figures 8 and 9).

For our purposes below, value of the regularization parameter e for which the L, error

is least will be called optimal value, denoted by €*, of the parameter e. The choice of the
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Figure 16: Log—log plot of Ly error versus time for the regularized problem for two examples

without noise. Regularization parameter is given by k; = 10.
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Figure 17: Log-log plot of Ly error at t = 0.01 versus the noise parameter ¢,, for the

regularized problem for two examples. Regularization parameter is given by k; = 10.
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optimal value €* certainly depends on the noise parameter ¢,, which is a measure of the
signal to noise ratio modulo some constant depending on the examples. A strategy that will
allow selection of € which depends on the noise parameter ¢,, is certainly helpful. How-
ever, it is not clear how to do this a priori. To get some insight into how to do this even a
posteriori, plots of Ly error is shown against the regularization parameter € in Figure 18(a)
and Figure 18(c) for Example 1 and Example 2 respectively. Plots of Ls error is also shown
against the residual norm (||€ X vzppz||2) in Figure 18(b) and Figure 18(d) for Example 1 and
Example 2 respectively. Here again, only the results obtained with CN scheme are presented
because of the similarity with the plots for Euler scheme. The plots in Figures 18(a) and
18(c) resemble U—curves and those in Figures 18(b) and 18(d) resemble distorted L—curves.
Closure scrutiny of the plots 18(d) in the blow-up 18(e) shows that for Example 2, the error
versus residual plot for no noise case is more of a stair case type, unlike most of the other
plots. It is worth mentioning here that computations of Ly errors and the residual norms
were computed for decreasing values of the regularization parameter ¢ and then these plots
were done. Therefore, it should be understood that the parameter € decreases as any of the
so called distorted L—curves in Figures 18(b) and 18(d) are traced from right to left. We
see from the U—curves in Figures 18(a) and 18(c) that both, the minimal value of Ly error
(corresponding to €*) and the optimal value €* decrease monotonically with decreasing values
of the noise parameter 9,,. Notice that the effect of € decreasing away from the optimal value
€* has much more dramatic effect on the Ly error than on the residual, with both L —2 error
and residual increasing. In the presence of noise, Ly error increases rapidly with very little
change in the residual (the L-part of the L—curves). Therefore, either of the curves can be

used for choosing the optimal value €*.

It is worth noting that the U—curve for Example 2 with no noise in the initial data does
not seem to have a minimum. Actually, this is due to the combination of a small simulation
time and the absence of noise that does not lead to any divergence of the computation.

Second, for this case Ly error versus residual plot is really not monotonic. This is made clear
in the Figure 18(e).

For the case of Example 1, we find by closure scrutiny of the data corresponding to
plots of Figure 18(a) that optimal values of the regularization parameter are in the range
29 x 107 < € < 1.2 x 1072 for the noise level 6,, in the range 0% to 10%. Using

relation (28), this corresponds to the wave number range 6 < k; < 14, in good agreement
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with the values we have used for Figures 13(a) and 14(a).

In general, smaller the magnitude of the noise, smaller the optimal value of the regular-
ization parameter €*. The value of ¢* seems to remain constant when the noise parameter
dm reaches a value less than 0.01 (figure is not shown here). Indeed, for such a value of
Om < 0.01 and such time level, the error is only slightly affected by the noise in agreement
with the observation made in figure 4. As seen in the U—curves, for optimal choice €* of the
regularizing parameter with noise level ¢,, < 0.01 in the initial data, the regularized solution
approximates the original one having an Ly error of the order of O(1071). In concluding this
section, we want to emphasize that the discussion here on U— and L— curves are based on
plots made from data obtained at a specific time level. More research is needed (which will
be a topic of research in the future) to determine, even a posteriori, an optimal value of the

regularizing parameter based on time of simulation.

5 Discussions and Conclusions

Before finally summarizing our conclusions, it is appropriate to make comparisons of our
numerical results on these two examples with existing works if any. In the case of Exam-
ple 1, numerical results of Muniz et al [23] can be compared with ours. Muniz et al [23]
uses “Entropy- and Tikhonov-based regularization techniques” to solve the backward heat
equation. In Muniz et al [23], initial data for the backward problem v(z,0) is obtained from
the exact solution at some time 7 of the forward problem using the initial data u(x,0) given
by (11). Noisy data is created there in the same way as we have done here except that
the random variable they used is based on the normal distribution as opposed to the one
used here which is based on uniform distribution. At the same simulation time ¢ = 0.01,
they obtain error estimates in the range of [1072,107!], exactly the same range we obtained
for our results with noise. To the best of our knowledge to-date, numerical results on re-
covering Heaviside function with the backward heat equation (from late time solution of
the forward heat equation with Heaviside function as initial data) are not available in the
literature. Therefore, no comparison of our results for this example (Example 2) is provided
here except with the exact solution.

In both the (filtering and structural perturbation) methods, associated partial differential
equations are integrated on a finite difference grid. Time integration is performed by two
schemes, Euler and Crank-Nicholson (CN), instead of only Euler scheme because of following

two primary reasons: (i) Euler scheme has time step restriction for stability whereas CN
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scheme does not; (ii) CN scheme’s numerical dispersion relation has a singularity meaning
the numerical growth rate of a certain wave becomes unbounded (see Fig. 1(b) in [28]).
Therefore, it is not only a curiosity and a challenge to make the CN scheme work but also
compare its performance with the Euler scheme. Thus, even though for the purpose of solving
the inverse problem Euler scheme will suffice, using both schemes allows us to understand
the CN scheme for this problem as well as allows a comparison of these two schemes.

It is worth commenting in conclusion on the comparative analysis of the inverse solutions
from the filtering and structural perturbation methods. Such an analysis of Ly errors from
Tables 1, 2, 3 and 4 for eight cases tested show the following. Crank-Nicholson scheme
gives best results in 5 occurrences, particularly in every case where initial conditions are
not contaminated with noise (Tables 1, 2, 3). Euler scheme is the better numerical scheme
with regularization technique using triangle initial data (example 1, table 4) without noise,
whereas both the numerical schemes give similar results with example 2 with noise (table 2
and 4). These results were obtained by optimizing the regularization parameters which may
be different in each case. In this situation, CN appears to be a better numerical scheme. On
the other hand, when comparing the error maximum in figures 3 & 4, 8 & 9 and 16 & 17,
Ly error in the CN scheme reaches higher value than those in the Euler scheme, because the
regularization parameters can not be optimal for both schemes at the same time. From our
computational experience with these cases and many others not presented here, we can say
that any of these methods can be used so long as the right set of regularization parameters
are chosen which, as these examples show, is partly science and art at this stage because
these can not set a priori. However, no significant difference in the results using these
different methods could be observed if computations were done with the optimal values
of the regularization parameters which are difficult to set a priori. The critical values of
time and noise parameter ¢,, in these two methods can be different, problem specific and
parameter dependent. This issue is addressed next.

Since the ill-posedness become more severe as time interval t and noise level 9, increase,
it is useful to show the critical point of t and d,, after which the solution error grows
catastrophically for various cases listed in the table 5. Table 5 tabulates the values of the
time and noise parameters that cause a catastrophic growth of the solution errors with or
without regularization. Simulations at various time levels corresponding to the six cases in
the table have been shown earlier in Figures 3, 4, 8, 9, 16 & 17 respectively. This table
shows, in another way, the effect of regularization methods on the error growth: values

of these critical points are delayed to larger values due to regularization, thus extending
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Regularization IC t* or
No reg. Example 1 | 6 x 1073 1074
Example 2 | 1073 1076
Filtering Example 1 | 4 x 107* | 3 x 1073
Example 2 ? ?
Struct. pert. | Example 1 | 8 x 1073 | 8 x 1073
Example 2 ? ?

Table 5: Values of time and noise parameter after which the solution error grows catastroph-

ically.

the range of quasi-reversibility of the problems. Comparing the range of the L2 error, no
catastrophic growth is observed when using regularization with example 2 since the plots for
this case (dotted lines in Figures 8 and 16) have concave shapes and the use of catastrophic
growth is not appropriate here. Without regularization (Figure 3), the critical time is smaller
than in other cases and the error grows more rapidly and reaches values much larger (Figures
8 and 16) early.

In summary, two stable ways of computing solutions of the backward heat equation,
namely filtering (direct filtering of short waves) and regularization techniques (structural
perturbation of the heat equation), have been used in this paper in conjunction with Euler
and Crank-Nicolson methods. The goal here has been to test the suitability of these for
producing approximate solutions to exact non-smooth solution from smooth initial data.
We have shown results on three examples in which final data either has a corner or a jump
discontinuity. The methods are found suitable for computing solutions in a stable manner
for times longer than otherwise possible. The methods can recover solutions which are
in good agreement with the exact singular solutions almost everywhere except in a small
neighborhood of the singularities where the numerical solutions are solutions for times longer
than otherwise possible. It will be interesting to investigate these issues in higher dimension,
specially in two- and three-dimension, using similar methods. In principle, the methods
developed here in one-dimension can be extended to higher dimension and should be straight-

forward. This is a topic of future research.
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