Solutions Final Exam Math 152, Spring 2007

There are fteen multiple choice problems and ve work-out problems. The
multiple choice problems are worth four points each, and theworkout problems
are worth eight points each, for a total of 100 possible.

1. Find Z 1
S
w=0 X2+2x+3
(@1
(b) 1
(c) 5=36
(d) In(2)

() In(9) In(4)

Answer (d). Substitute u= x2+2x+3, du=(2x +2)dx and gure out
the limits on u corﬁaspondmg tox =0 (u=3),and x =1 (u=6). The
integral turns into du u=In(6) In(3) =In(6 =3) =In(2).

. Py _ P
2. The series n:1( n n+1)

(a) Diverges because the terms go to in nity.
(b) Is a telescoping series that converges to 1
(c) Converges by comparison to a geometric series

(d) Diverges because thenth partial sum is 1 P n +1 which goes to
1

(e) Diverges because both the positive and negative sums aie nite.

T@e arbswer is (cB The second partial sum, for instance, is (1 i) +

=1 3. As to other answers, (a) is wrong because the terms
go to zero and (e) is wrong because all the terms are negativ&o there
aren't any positive terms to have an in nite sum of.



Find the area between the
arc of the curvex? = y® go- !
ing from (0;0) to (1; 1), and

the line y = x going from s
(0;0) to (1;1). as shown:

(a) 1=10 06
(b) 1=9
(c) 1=8
(d) 1=7
(e) 1=6

0.4

0.2

0.2 0.4 0.6 0.8 1

The answer is (a). Solve fory in y3 = x? and you gety = x?=3. So the
area is given by

Z 4 1

_ 3 1 6 5

2=3 — Y5=3 w2 = = -~

o X X=X T 16T 10

1 .

Find the volume of
the region got by
rotating about the
X axis the region
bounded between
the curve x? = y°
and the liney = x.
as shown (two

Views): l
(@ =25 05
(b) 2=21
(c) 3=17 ’
(d) 4=13 05
(e) 5=9 A
0 0B G5 S

The answer is (b). Integrate the area of the washer at cross sdon x
which is (x#73)  x 2. Limits are from 0 to 1, upshot is 2= 21.

5. Find
X 1)"(n@)"

|
n=0 n:



(@ InC )
(b) e

(c) In(2)
(d) In(6)
(e) 1=2.

This is the series fore* at x = In(2), so the result ise "® = 1=2
Answer is (e).

P
6. The series ~_,( 1)" (1 e M)"

(a) Is a geometric series that converges t@ ".

(b) Converges by the ratio test, though it is not geometric.
(c) Diverges by the ratio test.

(d) Converges although the ratio test does not give a verdictone way or
the other.

(e) Diverges although the ratio test does not give a verdict me way or
the other.

This diverges. The terms go to 1 becausee " is very small so that
essentially one has 1. Some care would be needed here if the question
had not been multiple choice. A more complete solution wouldbe to
observethat (1 a)" > 1 ansothat(l e ")">1 ne ". Now the
limtas n!1 of ne "iszero, sothelimitof (1 ne ")is 1, and our
expression is sandwiched between two sequences, one goinglt and the
other sitting at 1 all along. It limits to 1 as well. The ratio t est cannot
give a verdict of divergent unless the terms go to in nity in absolute value.
(And it cannot give a verdict of convergent, unless the termsgo to zero
exponentially fast.) Here, they don't go to in nity, (nor to zero, for that
matter), so the ratio test is not giving a verdict. The answer is (e).



7. Find the radius of convergence of the power series
X XN _
=0 (n+D!'+( n+2)!

(CYRY
(b) 2
(c) 4
(d) 8
(e) 1
The answer is (e), an in nite radius of convergence. The denminator is
larger than with the series fore*, where it is n! and already large enough to
force an in nite radius of convergence. The ratio test also vorks. The ratio

of absolute values oh+1st term over nth termis jxj(n+3) =((n+2)( n+4))
which goes to zero however larggx; is.

8. Find Z
1
2

o (x+2)(x+4)
(@) InB)+In(5) In(2)
(b)  In(3) +In(2) + In(5)
() (In(3) +In(2)) =In(5)
(d) In(3)+In(2)  In(5)
(e) In(3)In(2) In(5).
The answer is (d). Partial fractions puts the integral into t he form

z
R | 1

0o X+2 x+4
=(n(x+2) In(x+4)) jé =InB) In(2) In(5)+In(4)
=1In(3) +In(2) In(5):

dx

9. The arc tangent function, tan *(x), is the integral of the series for (1 +
x?). As a result, the Maclaurin series for tan 1(x) is
(@) P Lo X2+ =(2n + 1)1
(b) _ no( DPX2*L=(2n +1)!
(© _ a0 1"=(2n+1)
d) _ro( "X+ =(2n +1)
€ i, (x (2n+1)"=2n+1)!



10.

11.

12.

13.

The answer is (d). You just integrate term by term. The integral of
the general term ( 1)"x?" is ( 1)"x?"*1 =(2n+1) and you specify adding
them up by slapping a summation sign in front, indexed from 0 © in nity.

Ry

Find /_, xIn(x)dx.

(@) 3In(2)

(b) 32In(2) 1)

(c) 2In(2) 34

(d) 2In(2)

(e) (In(2))?
The answer is (c) by a routine integration by parts, beginning with U =
In(x) and dV =1 dx, then dU = 1=x;dx and V = Xx.
For the next several problems, leta = hl;2;2i and b = h2;1;2i.
Find a b.

(@ 2

(b) 4

(c) 6

(d) 8

(e) 10
It's (d), 8.
Finda b.

(@ 22 3i

(b) R, 2; 3i

(c) h2;2;4i

(d 12

(e) 16

It's (a).

Find the distance from (1; 2;2) to (2; 1, 2).
(& hL; 1;0i

(b) O

© "2

(d) 2
e) 6
It's (c).

©
)]



14.

15.

Find a vector p that is parallelto asothatp a=b a.

(a) (8=3)a
(b) (3=8)a
(c) (8=9)a
(d) (9=8)a
(€) p=b

If you check them one after the other, the rst one to work is (c). Answer
(e) doesn't even make sense. You cannot divide one vector bynather.
But there is another way than checking things one by one. You want a
vector of the form ca, because all vectors parallel taa have that form. So
now the requirement that p a = b a translates to this: ca a= b a. But
we know the values of these dot products. They are 9 and 8, respectilg
So now it has boiled down to just this: nd the right value of c so that
c 9=8. Soc=8=9.

Find the average value of the
length of a horizontal sec-
tion of a disk of radius 1.
(The thick part of the lines

in the diagram, but averaged 7/ N
over not just the ones shown, \
but all the ones in between.)

(@ =2
(b) In() \
(© In@2 )
(d) 2=

e) 2In
The a(ns)wer i(s )(a). You integrate the width of the cross sectias, and
divide by the length of the interval over which you did the int egration.
But that integration gives the area of a unit circle, so the integral gives
and the interval of integration was fromy = 1toy =1 so it has length
2. That gives an average width of = 2.




Show work on these problems

16. Consider the length of the arc of the curvex? = y3 going from (0;0) to
(1;1). There are three ways to set it up: usex as the variable and think
of y as a function of x, usey as the variable and think of x as a function
of y, or put in a parameter t going fromt =0 to t = 1 and set x = t3,
y = t2.

(a) Write down the integrals resulting from any two of these three ap-
proaches. The three integrals are all integrals based on thi&lea that
in a right triangle, the length of the hypotenuse is the squae root
of thﬁz sum of the squares of the lengths of the sides. Symboéty,
c= a?+ k. Now, if we think of x as the variable, and the curve
as made up of a string of tiny hypotenuses strung together, ten our

is dx, our bis dy, and our c is the contribution to the arc length,

(dx)2 + (dy)2 = = 1+ (dy=dx)2dx. We needdy=dx, and limits of
integration. The curve goes from (Q0) to (1;1), so our integral will
run from x = 0to x = 1. We can solve fory in terms of x; we
havey = x?73. Now that's a case ofy = x", with n = 2=3, so the
derivative is nx" ! =(2=3)x 3. Slotting that in to our hypotenuse
scheme gives

Z, 99— Z,q

. 2 _
s= 1+ 2x 178 “dx = 1+ 3gx 28 dx
x=0 Xx=0

This looks most unpromising! If we think of x as a function ofy and
proceed along the same lines we just did, we get
Z, 9
s= 1+ 2y dy:
y=0
Finally, the parametric approach hasx = t3, dx 3 3t2dt,y = t?,dy =
atdt and so our little hypotenuse now has length  (3t2dt)2 + (2tdt)2 =
ot* + 4t2dt and so

p
S= ot4 + 4t2dt:
t=0

(b) Choose one of these and evaluate it to actually get the arength. The
dy version can be integrated without too much trouble. Substitute
u=1+9y=4, du=(9=4)dy to get dy = (4 =9)du and get

Z 13-
4= 13=4p _ 8 ,,134 1 ,
s= < du= —u¥2 = 132 g
9, (MExY o, T
The parametric integral can also be done by the techniques ofhis
course. Bring the factor t> out, where it becomes justt, and you



R —
have 10 p9t2+4 dt. Setu = 9t? +4, du = 18tdt and you get

(1=18) u1:34 ul=2 du. This gives the same answer as we got with the
dy integral.

17. Find a function y = f (x), de ned on some interval about zero, so that
f(0) = 2 and f (x) satis es the di erential equation dy=dx = e Y. We
want dy = e Y dx, sody=e ¥ = dx and € dy = dx. Integrating this gives
¢ = x+ C. The "+C' must be taken into account immediately, before
any other algebra. Why? Because the algebra we do may scramblthe
e ect of + C.

So, taking logs givesy =In(x + C). We want y =2 when x = 0, because
\f (0) = 2" means that when x =0, f (x) = 2. Thus we needC = € and
the answer isf (x) = In( x + €).



18. Series methods as a numerical tool.

() The power serigs for H1+ x)is 1 x+x* x3®+ . Write this
in -notation. LO( 1)"x". A power series is a sum of terms,
each with the form (number) times (nonnegative integer powe of
the variable.)

(b) The power series for In(1 +x) is got by integrating. Give the power
series for In(1 + x). So, you get the power series for In(1 +x) by
integrating something. What to integrate? The derivative, of course.
That is,

X X nyn+l
In(1+ x) = & - ( 1)"x"dx= O™ :1)+X1 ;

n=0 n=0

(c) Use the power series for In(1 +x) to nd In(99 =100), good to ten
decimal places. (As in, 7 = 0:1428571429.) Hint; 9¢100 = 1 +
( 0:01). So, we takex = 0:01 in this last formula, factor out a
minus sign, and conclude that

In( 0:01) =0:010000000000+
0:000050000000+
0:000000333333+
0:000000002500+
0:000000000020 +

=0:010050335853

19. On the last hour exam, one of the questions was to give a ssible upper
bound for the error in estimating an alternating sum by a partial sum S,.
The answer was that the absolute value of the rst term not used, jan+1 j,
would serve.

(@) Let S = P ﬁzl( )" =n=1 1=2+1=3 1=4+1=5 . Find
S1, Sy, and Sz, and plot them on a line graph by connecting the
dots for the points (1;S;), (2;S;), and (3;S3). The essential point
to this is to know what the term “partial sum' means. It's not n ew,
having been a part of the course and part of common exam 3. As
indicated by the word “sum’, eachSy is a sum. (Well?) Here,S; =1,
S;=1 1=2=1=2,53=1 1=2+1=3=1=2+1=3=3=6+2=6 = 5=6,
and for good measureS; =5=6 1=4=10=12 3=12=7=12. Thus,
the picture one wants is (I threw in some extra points so you cald
see how the story plays out) and next to it, the graph for (T,),



(b)

(©

(d)

superimposed.

Let T, = (Sh + Sp+1)=2. Find Ty, T», and T3, and draw the graph
made of line segments connecting ¢(I;) to (2; T») to (3;T3). Well,
let's see.

1 1 ( "
== —+ +
=313 n
n n+1
1,01, L0y Y
2 2 n n+1
n n+l
I S S G L O
1 n 2(n+1)

So the T sequence goes=3&, 2=3, 17=24, and so on. (The plot is
above.)

Explainwhy lim n; T, =limp1  S,. For exam purposes, you can,
from the wording, take it as given that S, has a limit, call it L. For

exam purposes, this can be put in rough and ready language thi
way: whenevern is large, S, is close toL. And of course S+ is

also close toL. So (S, + Sp+1)=2iscloseto L + L)=2=L. It so

happens that the alternating series test applies toS so there really
is a limit, and it further happens that from series methods, based on
the exam question about In(1 +x), give L =1In(2) =0 :693147

Find a formula for T,+1  Tp, in general. We have

_ 1( 1)n+1
=St omnvt
1 n+1 1 1 n+2
T—s s LD 1O D

n+1 2 n+2
Subtracting gives

1 1 B ( 1)n+1 .
n+2 n+1  2(n+1)(n+2)°

1
Ther  Thn = E( 1)n

For exam purposes, because of a weakness in the wording, yooutd
have just written (Sh+2  Sp)=2. The intent of the question was
to ask for a useful formula for T,+;  T,, that would throw some
light on the fact, visible from the two zig-zag graphs, that the T,

10



sequence oscillates less violently than theS, sequence. From this
algebra, we now know that its oscillations are about the squee of
the already-going-to-zero oscillations ofS;,.

(e) What is the advantage in computing with T, instead of S, ?The two
sequences converge to the same limit, buf,, converges faster. Thus,
to get 4 places accuracy frons,, we would needn to be about 10000,
but for T, we could get away with 500 terms.

20. The set of all pointsu so that the distance fromu to (1;2; 2) is half the
distance fromu to the origin is a sphere. Find the equation of that sphere.
(Hint: rst nd two points that are both on the sphere, and on t he line
joining u to the origin.) Bonus: (Extra ve points) Prove that this poi nt
set really is a sphere, by reducing the vector equation that ases from the
de nition of the set to the standard form for a sphere.

Points in three-dimensional space have three coordinates, so ouropts

u have the formu = (x;y;z). We want two points on the line between

(0; 0;0), the origin, and (1;2;2), and satisfying the requirement about
distance. One such point would be (24; 4), and another, going double the
distance from (G; 0; 0) to (1; 2; 2). Another would be (2=3)(1; 2; 2), so that

our point is 2=3 of the way from the origin to (1; 2; 2) which makes it twice

as close to (12;2) as to (0;0;0). Now, these two points are the poles of
our sphere, and the line segment joining them is a diameter othe sphere,
and their midpoint is the center of the sphere. The center of he sphere
is thus (4=3)(1; 2; 2), and the radius is the distance from that to (2; 4; 4),

which is 2. Specifying the center and radius does the job of sifying the

sphere.

To show that one gets a sphere, observe that the condition om amounts
to this, in vector terms: ju h 1;2;2ij = %juj. Expanding, 4(u h 1;2;2i)

(vwu \1;2;2i)= u u. Cancelling gives3 u 8u hi;2;2i +36 =0,
and this can be put in the form

3u  (4=3)n;2;2i) (u (4=3)hL;2;2i)=12
which is the equation of a sphere, because it says thgu  (4=3)hL; 2; 2ij =

2.

For another solution, write the condition that is required as algebra: the
distance from (1; 2; 2) shall be half the distance from (Q0; 0), translates
to

p
Py 27r(z 2= ey

Square this out and simplify and complete the square to arrie at 3x?
8x+3y? 16y+3z?> 16z+36=0andthen3(x 4=3)2+3(y 8=3)°+
3(z 8=3)? =12. This also proves that the surface in question really is a
sphere.
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