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Abstract

To improve the predictions in dynamic data driven simulations (DDDAS) for subsurface problems, we
propose the permeability update based on observed measurements. Based on measurement errors and
a priori information about the permeability field, such as covariance of permeability field and its values at
the measurement locations, the permeability field is sampled. This sampling problem is highly nonlinear
and Markov chain Monte Carlo (MCMC) method is used. We show that using the sampled realizations of
the permeability field, the predictions can be significantly improved and the uncertainties can be assessed
for this highly nonlinear problem.

AMS Subject Classifications: 65N99.
Keywords: MCMC, porous media flow, uncertainty, permeability, DDDAS.

1. Introduction

Dynamic data driven simulations (DDDAS) are important for many practical
applications. Consider an extreme example of a disaster scenario in which a ma-
jor waste spill occurs in a subsurface near a clean water aquifer. Sensors can now be
used to measure where the contamination is, where the contaminant is going to go,
and to monitor the environmental impact of the spill.

One of the objectives of dynamic data driven simulations is to incorporate the sensor
data into real-time simulations that run continuously. Unlike traditional approaches,
in which a static input data set is used as initial conditions only, our approach assim-
ilates many sets of data and corrects computed errors above a given level (which can
change during the course of the simulation) as part of the computational process.
Many important issues are involved in DDDAS for this application and some of
them are described in [3].

Subsurface formations typically exhibit heterogeneities over a wide range of length
scales whereas the sensors are usually located at sparse locations and sparse data
from these discrete points in a domain is broad-casted. Because the sensor data
usually contains noise, it can be imposed either as a hard or a soft constraint.
Previously, to incorporate the sensor data into the simulations, we introduced a
multiscale interpolation operator. This is done in the context of general nonlinear
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parabolic operators that include many subsurface processes. The main idea of this
interpolation is that we do not alter the heterogeneities of the random field that
drives the contaminant. Instead, based on the sensor data, we rescale the solution
in a manner that it preserves the heterogeneities. This interpolation technique fits
nicely with a new multiscale framework for solving nonlinear partial differential
equations.

The interpolation technique is only a temporary remedy because it does not correct
the error sources that occur in the initial data, as well as in the permeability field.
Previously, we addressed the initial data correction. However, one of the main
sources of the errors is the permeability field. Indeed, permeability fields are typically
given by their covariance matrix and some local measurements. In this setting, one
can have large uncertainties, and, consequently, it is important to reduce the uncer-
tainties by incorporating the additional data, such as the available information about
the contaminant.

In this paper, our goal is to study the permeability correction. The permeability rep-
resents the properties of the porous media. Its correction is substantially different
from the correction of the initial data. In particular, the problem of permeability
correction is strongly nonlinear and stochastic.

In this paper, we also assume that the covariance of the permeability field and some
of its values at the measurement points are known. Using Karhunen-Loéve expan-
sion, the permeability is expanded based on the covariance matrix. This allows some
dimension reduction, which can be further reduced by incorporating the permeabil-
ity values at sensor locations. Furthermore, based on measurement errors and a priori
information about the permeability field, we consider the sampling of the permeabil-
ity field. This sampling problem is highly nonlinear and the posterior distribution is
multimodal. We use the Markov Chain Monte Carlo (MCMC) method to sample
from this multimodal distribution. We show that using the sampled realizations of
the permeability field, the predictions can be significantly improved. Moreover, the
proposed technique allows assessment of the uncertainties for this highly nonlinear
problem. The proposed approach is general and can be applied to more complicated
porous media problems.

The paper is organized as follows. In the next section, we describe the methodology.
Section 3 is devoted to numerical results. Conclusions are presented in Sect. 4.

2. Methodology

We study the problem of contaminant transport in heterogeneous porous media.

The model equations are
oC .
S FUVC-V(DVO) =0 in Q, (1)

where by Darcy’s Law, v = —kV p, in which the pressure p satisfies

—V . (kVp) =0. (2
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Here, k is a generated permeability with a certain statistical variogram and correlation
structure, and D is the diffusion coefficient. One of the problems in dynamic data
driven simulation is the estimation of the permeability field k(x) given a set of spa-
tially sparse concentration measurements at certain times.

Before presenting the procedure, we shall introduce several relevant notations. Let
N be the number of sensors installed in various points in the porous medium and
{x j}j.v;l denote such points. Let N; be the number of times the concentration is

measured in time and {tk},ivél denote such times. Furthermore, let y;(#) denote the

measured concentration at the sensor located in x; and at time 7. We set

My)={yjw),j=1,....Ng.k=1,.... N} 3)

Due to measurement errors, the data obtained from the sensors will not necessarily
be imposed exactly. Hence, the general idea is to draw a sample of the initial condi-
tion from its posterior distribution, which we denote by P (k(x)|M (y)). From Bayes’
theorem we have

P(k(x) | M(y)) o< P(M(y) | k(x)) P (k(x)), “4)

where P(M(y) | k(x)) is the likelihood probability distribution, and P (k(x)) is the
prior probability distribution.

Our main goal is to sample the posterior distribution correctly. The posterior dis-
tribution, which is a conditional probability distribution, maps the observed data
into the permeability fields. This mapping is multi-valued because many permeabil-
ity fields can give the same observed data. Thus, the posterior distribution is often
multimodal. To reduce the effect of multimodality, one can use the prior informa-
tion. In particular, if the prior has a large weight, then the posterior distribution
may have one minimum. However, for the examples that are considered in the paper
the posterior distribution is multi-modal, and its efficient sampling is a difficult and
computationally expensive task.

To draw a sample from the posterior distribution, we will be using the Markov Chain
Monte Carlo (MCMC) approach with the Metropolis-Hasting rule. This way, the
minimization procedure is carried out in a Bayesian framework. The MCMC scheme
can be carried out by updating the permeability field using the Metropolis-Hasting
algorithm. To describe the algorithm, we denote 7 (k) = P (k(x)|M(y)).

Algorithm (Metropolis-Hasting MCMC [7])
e Step 1: At k,, generate k from ¢ (k|k,) (instrumental proposal distribution).
e Step 2: Accept k as a sample with probability
q (kn k)7 (k) >
" qklkn)7 (kn) )

ie., k,o1 = k with probability p(k,,k) and k,,; = k, with probability
1 — p(ky, k).

P(k,, k) = min (1
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The main idea of Metropolis-Hasting MCMC is to create a Markov chain which
converges to the steady state distribution P (k(x)|M (y)). It was shown (e.g., [7]) that
the realizations accepted in Metropolis-Hasting MCMC will constitute the Markov
chain which converges to the desired probability distribution. One can view Metrop-
olis-Hasting rule as a selection criteria which allows us to sample from the desired
probability distribution. For example, if ¢ (k,|k) = q (k|k,), then Metropolis-Hasting
MCMC will accept realizations that reduce the value of the objective function, while
it will also accept the realizations that increase the value of the objective function.
The acceptance probability of the latter will be equal to the rate of the increase of
the objective function. For general instrumental distributions, one also needs to take
into account the ratio g (k,|k)/q (k|k,).

To perform the sampling, we use the Karhunen-Log¢ve expansion to parameterize
the permeability field. We assume the permeability field is given ona N x N grid with
a prescribed covariance matrix. Consequently, the permeability field is the vector
of size N2. Because the covariance structure of the permeability is known, we can
reduce the dimensionality of permeability space by considering the eigenvectors of
the covariance matrix.

Using Karhunen-Loéve expansion [5], the permeability field will be expanded in
terms of an optimal L? basis. We will truncate the expansion using the eigenvalue
structure of the covariance matrix.To impose the hard constraint (the values of the
permeability at the prescribed locations), we will find a linear subspace of our param-
eter space (a hyperplane) that yields the corresponding values of the permeability
field. First, we will briefly recall the essentials of the Karhunen-Loéve expansion.
Denote Y (x, w) = log[k(x, )], where x € Q@ = [0, 1], and  is a random element
in a probability space. Suppose Y (x, w) is a second-order stochastic process, that
is, Y (x, w) € L?(2) with a probability of one. We will assume that E[Y (x, w)] = 0.
Given an arbitrary orthonormal basis {¢;} in L?(€2), we can expand Y (x, ) as
Y(x,0) =Y po ) Ye(w)gi(x), where

Yi(w) = / Y () (x)dx

Q

are random variables. We are interested in the special L? basis {¢y}, which makes
Y) uncorrelated, E(Y;Y;) = 0 for all i # j. Denote the covariance function of ¥ as
R(x,y) = E[Y(x)Y(»)]. Then such basis functions {¢y} satisfy

E[Y;Y)] :/‘Pi(x)dx/R(xv}’)(ﬁj(y)dy:Ov i # ]
Q Q

Because {¢} is a complete basis in L2(2), it follows that ¢y (x) are eigenfunctions
of R(x, y):

/R(x,ym(y)dy — (), k=12 5)

Q
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where Ay = E [Ykz] > 0. Furthermore, we have

R, y) =) Mr ()i (y). (6)

k=1

Denote 6, = Yi/+/Ak, then 6 satisfies E(6;) = 0 and E(6;6;) = §;;. Then

Y(x,0) =Y v/ Ibi(@) (x), (7)
k=1

where ¢ and A, satisfy (5). We assume that eigenvalues A; are ordered so that
A1 > A2 > .... The expansion (7) is called the Karhunen-Lo¢ve expansion (KLE).
In (7), the L? basis functions ¢ (x) are deterministic and resolve the spatial depen-
dence of the permeability field. The randomness is represented by the scalar random
variables 6. Generally, we only need to keep the leading order terms (quantified by
the magnitude of A;) and still capture most of the energy of the stochastic process

Y (x, w). For a N—term KLE approximation Yy = Z,?’:l ArOr i, we define the
energy ratio of the approximation as

_ENYNIE Y
e(N) = T = oo .
ENYI? — X2

If A decays very fast, then the truncated KLE would be a good approximation of
the stochastic process in the L? sense.

Suppose the permeability field k(x, w) is a log normal homogeneous stochastic pro-
cess, then Y (x, w) is a Gaussian process and 6; are independent standard Gaussian
random variables. We assume that the covariance function of Y (x, @) bears the form

i —yl> v - )’2|2)

2
R(x.y) = o exp (- ®)
> Y
212 212
1 2
1
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Fig. 1. The initial condition profile and sensors
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Fig. 2. Concentration at different time instances for random walk sampler with ¢ = 0.01 — the solid

line designates the observed concentration, the dashed line designates the first match, and the data

marked with “+” designates the concentration after the measurement information is incorporated into the
simulations

In the above formula, L| and L, are the correlation length in each dimension and
0% = E(Y?)is a constant. We first solve the eigenvalue problem (5) numerically and
obtain the eigenpairs {Ag, ¢x}. Hence, the truncated KLE should approximate the
stochastic process Y (x, w) fairly well. Therefore, we can sample Y (x, ) from the
truncated KLE (7) by generating Gaussian random variables 6.

The Karhunen-Loéve expansion is used only for the purpose of efficient
parameterization of permeability field. Typically, the permeability fields are defined
over the underlying grid where the number of grid blocks are large. Direct param-
eterization of the permeability field over large number of grid blocks results to the
very large dimensional parameter spaces that can not be handled in rigorous sam-
pling procedures. Karhunen-Loéve expansion allows us to reduce the parameter
space dimension by using only dominant eigenvectors of the covariance matrix.

3. Numerical Results

In the simulation, we first generate a true (reference) permeability field using all
eigenvectors and compute corresponding observed data at sensor locations. To
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Fig. 3. Concentration at different time instances for independent sampler with o = 0.01 — the solid

line designates the observed concentration, the dashed line designates the first match, and the data

marked with “+” designates the concentration after the measurement information is incorporated into the
simulations

propose permeability fields from the prior distribution, we assume that at sensor
locations, the permeability field is known. This condition is imposed by setting

20
> Vil (x)) = e )
k=1

where «j (j = 1,..., 6) are prescribed constants. In our simulations, we propose

14 6; and calculate the rest of 6; from (9). The permeability values at points x; are
assumed to be 1. The prior distribution is taken to be Gaussian with correlation
lengths Ly = 0.4, L, = 0.1, and 02 = 2.

Using (7) expansion of the permeability field, the problem reduced the sampling
from

() o< P(M(y)lk(x)) P (k(x)),
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Fig. 4. Concentration at different time instances for random walk sampler with ¢ = 0.005 — the solid

line designates the observed concentration, the dashed line designates the first match, and the data

marked with “+” designates the concentration after the measurement information is incorporated into
the simulations

where M (y) is computed by (3) that involves the solution of (1). As for the likelihood,
we take

o (g ) = i)

o

P(M(y)lk(x)) =exp | —

Note that C(x;, #) depends on 6 in a strongly nonlinear manner.

Next, we briefly describe the sampling procedure. At each iteration, new permeability
field is proposed and the response (the concentration at sensor location as a func-
tion of time) is computed. Further, the acceptance probability is computed based
on the values of objective function. Thus, each iteration requires a forward solution
of (2.1)—~(2.2). In our numerical examples, we use independent sampler and random
walk sampler as a proposal. Random walk sampler has high acceptance rate, how-
ever, it can get stuck in a local extrema. One can use gradient based proposals, such
as Langevin proposals, in sampling the posterior distribution. Langevin proposals
require the computation of the gradient of objective functions and the proposal
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Fig. 5. Concentration at different time instances for independent sampler with o = 0.005 — the solid

line designates the observed concentration, the dashed line designates the first match, and the data

marked with “+” designates the concentration after the measurement information is incorporated into the
simulations

is computed using this gradient information. This is in a sense similar to gradient
based minimization procedures with the goal to sample the posterior distribution.

In the case of independent samplers, the proposal distribution g (k|k,) is chosen to
be independent of &, and equal to the prior (unconditioned) distribution. In the
random walk sampler, the proposal distribution depends on the previous value of
the permeability field and is given by

q(klky) =k, + €n, (10)

where ¢, is a random perturbation with a prescribed variance. If the variance is
chosen to be very large, then the random walk sampler becomes similar to the
independent sampler. Although the random walk sampler allows us to accept more
realizations, it often gets stuck in the neighborhood of a local maximum of the target
distribution. In all the simulations, we use 10000 proposals.

As for boundary conditions for (1), we assume that the equations are solved in a
square domain [0, 1]*> with the following boundary conditions: p = 1 at x = 0;
p = 1 at x = 1; no flow boundary conditions on the lateral boundaries (y = 0 and
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exact realization realization

realization realization realization

—
—_—
[

realization realization realization

Fig. 6. Permeability realizations after each update. Random walk sampler with o = 0.01 is used

y = 1) for the pressure equation. As for the concentration equation, we assume no
flow boundary conditions. The initial distribution of the contaminant is taken to be
C = 1 in a subregion, as it is shown in Fig. 1. In this figure, we also illustrate the
sensor locations.

To solve the contaminant transport described by (2.1)—(2.2), we use finite volume
methods. First, the pressure equation (2.1) is solved and the edge velocity field is
computed on the grid. This velocity field is used to solve the transport equation.
The convection term is treated explicitly using upwind methods with higher-order
limiter, while the diffusion term is treated implicitly in order to avoid diffusive time
step restriction.

For our first set of numerical results, we plot the contaminant concentration at sen-
sor locations in Figs. 2-5. In these figures, the solid line designates the observed
measurement, the dashed line designates the measurement results obtained using
our initial permeability field sampled only from the prior distribution, and the line
marked with “+” designates the contaminant concentration for a sampled reali-
zation by using MCMC. Each figure represents measurement data (contaminant
concentration) as a function of time for each sensor. In these figures, we use the
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exact realization realization
realization realization realization
realization realization realization

-

Fig. 7. Permeability realizations after each update. Independent sampler with o = 0.01 is used

random walk sampler and independent sampler for measurement errors o = 0.01
and o = 0.005. It is clear from these figures that the sampled realizations provide
good agreement with the observed measurement. Contrary, realizations sampled
from prior distribution that are not sampled from 7 (6) are not accurate. Moreover,
comparing the results for different measurement errors, we observe that smaller
measurement errors provide closer agreement with observed data. However, as we
mentioned before, the measurement errors are associated with sensor errors, which
are dictated by experiments.

In Figs. 6 and 7, we plot the permeability samples obtained using MCMC. We have
used o = 0.01 for both the independent sampler and random walk sampler. We
can observe from this figure that some of the permeability samples are very close to
the true permeability field. Typically, using the independent sampler, the acceptance
ratio (total number of accepted realizations divided by the total number of pro-
posals) is smaller compared to the case of the random walk sampler. However, the
samples obtained using the independent sampler differ from each other significantly.

Finally, we present prediction results in Fig. 8. The left two columns are the re-
sults obtained from the MCMC samples, and the right column presents the results



332 C. Douglas et al.

0.4

predicted

predicted

0.2 0.2
0 0
0 0
0.2 - 0.2
| predicted

‘predkicted -

0.1
0
0 20 40
0.2 0.2 0.2 -
predicted predicted predicted

predicted predicted predicted

predicted

predicted
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Fig. 8. Each row corresponds to the time history [0, 20] of the concentration at the measurement point
and forward prediction. The (o) denotes the measured concentration, whereas the dotted line corre-
sponds to the predicted concentration using the sampled permeability. The first column uses MCMC

witho = 10*2, the second column uses MCMC with o = 0.005, and the third column uses realizations
from the prior distribution

obtained without the use of the MCMC samples. In particular, for the results on the
left two columns, forward simulations are run using properly sampled permeabil-
ity fields based on measurements on [0, 20] with two different measurement errors,
o = 0.005 and o = 0.01. As we see from this figure, our method allows us to
make accurate predictions for both contaminant concentration as well as possi-
ble spread. The latter will allow us to assess the uncertainties in our predictions.
Because the sampling problem is highly nonlinear, there is no unique permeability
field which gives the measured data. Consequently, it is important to properly sample
the posterior distribution to make an accurate assessment of the uncertainties.

4. Conclusions

In this paper, we proposed the procedure for the permeability update based on ob-
served measurements, such as contaminant concentration. Based on measurement
errors and a priori information about the permeability field, such as covariance of
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permeability field and its values at the measurement locations, the permeability field
is sampled from complicated, multimodal, posterior distribution. This sampling
problem is highly nonlinear and the Markov Chain Monte Carlo (MCMC) method
is used. We show that using the sampled realizations of the permeability field, the
predictions can be significantly improved and the uncertainties can be assessed for
this highly nonlinear problem. In the future, we plan to use preconditioners for the
MCMC sampling to reduce the cost. In particular, the solutions of deterministic
inverse problems can be used for this purpose.
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