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Abstract. In this paper we study homogenization of nonlinear hyperbolic equations. The weak limit of
the solutions is investigated by approximating the flux functions with piecewise linear functions. We study
mostly Riemann problems for layered velocity fields as well as for the heterogeneous divergence free velocity
fields.

1. Introduction. The homogenization of transport phenomena plays an important role in many applica-
tions such as flow in porous media, turbulent diffusion [9, 20]. In many practical applications, the velocity
field that transports the substance varies over a wide range of length scales, and, numerical flow models
cannot in general resolve all of the scales of variations. Therefore, upscaling (numerical homogenization)
approaches are needed for representing the effects of small scale variations on larger scale.

The homogenization of hyperbolic equations with periodic velocity field has been studied previously [21, 12]
by considering the limit of the solutions as the period size approaches to zero. In [6] the homogenization
of nonlinear hyperbolic equation using the two-scale convergence concept is studied, where strong two-scale
convergence of the solutions was investigated. The homogenized equation is obtained at the expense of the
velocity “averaging” along the trajectories. For example, for the layered velocity field this approach yields
the same homogenized equation as the underlying fine-scale equation.

In this work our objective is to derive the homogenized equation for “the averages” of the solutions. A
motivation for our paper stems from porous media applications, where the upscaled models for the solution
on the coarse grid are needed. In a recent work [7], a coarse scale model, generalized convection-diffusion
method is proposed. The starting point of this approach is the description of the homogenized equations.
Once this description is postulated the calculations of the coarse scale quantities can be carried out. Our
present paper helps to understand the form of the macroscopic equations which is important in designing
numerical coarse models.

In this paper we consider two cases, layered flow and the flow driven by a divergence-free velocity field.
The main idea in deriving a homogenized equation is to approximate the nonlinear flux function with
piecewise linear functions. Similar ideas have used in investigating nonlinear hyperbolic equations with
stochastic flux function [11]. In the case of the Riemann problem if the flux function is piecewise linear
then the solution along each layer can be represented as a linear combination of linear waves [3]. We
have extended the analysis to Cauchy problems for the layered media. For the homogenization in layered
media we first obtain the homogenized solution. Then we propose a homogenized equation that has similar
form as the one corresponding to the linear problem with unknown parameters (see [21]). These unknown
parameters are found by substituting the homogenized solution. Properties of the effective parameters
involved in homogenized equation are discussed in the paper. In the case of the Riemann problem the
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2 ON HOMOGENIZATION OF HYPERBOLIC EQUATIONS

effective parameters depend only on one point statistics of the velocity field and the derivative of the flux
function, and the effects of nonlinearities and heterogeneities can be separated. For the Cauchy problem we
discretize the initial condition with piecewise constant function. In this case the effective parameters have
more complex form and it is not possible in general to separate the heterogeneities from nonlinearities.

Using the flux discretization idea we also study the homogenization of nonlinear transport in a divergence
free field. We consider the Riemann problem that is often used in applications of water flooding of the
reservoir. By separating the nonlinearities from heterogeneities and using the homogenization results for
linear transport we derive the average equation.

The paper is organized as follows. In the next section we present homogenization results for layered media.
Section 3 is devoted to the homogenization in a divergence-free field.

2. Homogenization in layered media. For simplicity we assume that the stratification is along the
horizontal direction, and consider the following governing equation for a convected substance,

Sǫ
t + vǫ(y)f(Sǫ)x = 0, (1)

where Sǫ is the mass concentration of the transported substance and ǫ designates the small scale of the
problem. Throughout the paper we will consider the two-dimensional case, though the results can be
extended to higher dimensions. We assume that the domain for (1) is an infinite slab Ω = [−∞,∞]× [0, Ly],
and Sǫ(x, y, 0) = H(x), where H does not depend on ǫ. In the section 2.2.2. we will also discuss the case
Sǫ(x, y, 0) = H(x, y). For the Riemann problem it is assumed that H(x) = {SL, if x ≤ 0; SR, otherwise}.

In the analysis of the layered flow we consider the velocity field to be discrete. In particular, we assume
that the velocity field has n distinct values vi with the volume fraction mi, i.e., v(z) = {vi} and mi =
meas{v(z) = vi}. We assume that the layering has periodic structure with period size ǫ. The homogenized
field in this case S = limǫ→0 Sǫ is the average of Sǫ across the layers in y direction, i.e.,

S(x, t) =

∫ Ly

0

Sǫ(x, y, t)dy, (2)

and Sǫ → S as ǫ → 0 weakly in Lγ(R) (γ ≥ 1, see e.g. [13]) for any t. Note that the periodicity of layers is
not necessary for our analysis. We will derive an equation for S that is the average solution of interest. The
homogenization equation is derived based on solutions S (see [21]).

2.1. Riemann Problem. To study the numerical homogenization of nonlinear hyperbolic equation we will
use a piecewise linear approximation of the flux functions f(S). It is known that [3] if fk(w) is a piecewise
linear approximation to f(w) such that fk → f in Lipschitz norm then the solution of

∂wk

∂t
+ fk(wk)x = 0

converges to the solution of

wt + f(w)x = 0

in L1 norm, provided wk(t = 0) converges to w(t = 0) in L1 norm. One can also estimate the convergence
rate (see [18])

‖wk(t) − w(t)‖L1(R) ≤ ‖wk(t = 0) − w(t = 0)‖L1(R) + t‖fk − f‖Lip min(|wk(t = 0)|BV , |w(t = 0)|BV ), (3)

where the norm on the left hand side is taken with respect to the spatial variable. Here |g|BV = lim supt>0
1
t

∫

R
|g(x+

t)−g(x)|dx. Taking into account that ‖fk−f‖Lip ≤ C
k
‖f ′′‖L∞(R) if f is piecewise C2 (see [18]) and assuming

accurate initial approximation (3) becomes

‖wk(t) − w(t)‖L1(R) ≤
Ct

k
|w(t = 0)|BV . (4)

Our study of numerical homogenization will focus on piecewise linear flux functions,

∂Sǫ
k

∂t
+ v(

y

ǫ
)
∂fk(Sǫ

k)

∂x
= 0.
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We recall that the velocity is assumed to be a discrete value function, v(z) = vi, mi = meas(v(z) = vi),
i = 1, . . . , n. Using (4) we have

‖

∫ Ly

0

Sǫ
k(x, y, t)dy −

∫ Ly

0

Sǫ(x, y, t)dy‖L1(R) ≤
Ct

k
|Sǫ(x, t = 0)|BV , (5)

where C also depends on max of the velocity field. Denoting the homogenized field for Sǫ
k by Sk =

∫ Ly

0
Sǫ

k(x, y, t)dy we have

‖Sk(t) − S(t)‖L1(R) ≤
Ct

k
|Sǫ(t = 0)|BV .

In the rest of this section our focus is on the derivation of the equation for Sk. First we restrict ourselves
to the Riemann problem, i.e., Sǫ(t = 0) = Sǫ

k(t = 0) = {SL, if x ≤ 0; SR, if x > 0}.
Next we present the result from [3] where the solution of the Riemann problem for piecewise linear flux

is computed. Consider
∂wk

∂t
+ fk(wk)x = 0,

wk(t = 0) = {wL, if x ≤ 0; wR, if x > 0}. Without loss of generality we assume that wL > wR. As-
sume that the boundary of the convex hull {(w, v)|wR ≤ w ≤ wL, v ≤ f(w)} is discretized at points
(wR, f(wR)), (wk−1, f(wk−1)), . . . , (w1, f(w1)), (wL, f(wL)), wR < wk−1 < · · · < w1 < wL. Then the admis-
sible weak solution of the Riemann problem

∂wk

∂t
+ fk(wk)x = 0,

wk(t = 0) = {wL, if x ≤ 0; wR, if x > 0} is given by

wk(x, t) = wL, for −∞ <
x

t
≤

f(w1) − f(wL)

w1 − wL

,

wk(x, t) = w1, for
f(w1) − f(wL)

w1 − wL

<
x

t
≤

f(w2) − f(w1)

w2 − w1
,

. . .

wk(x, t) = wk−1, for
f(wk−1) − f(wk−2)

wk−1 − wk−2
<

x

t
≤

f(wR) − f(wk−1)

wR − wk−1
,

wk(x, t) = wR, for
f(wR) − f(wk−1)

wR − wk−1
<

x

t
< ∞.

(6)

For our analysis we write the solution wk(x, t) in the following form,

wk(x, t) =

k
∑

i=0

h(x − uit)∆i + wR, (7)

where

ui =
f(wi) − f(wi−1)

wi − wi−1
, ∆i = wi − wi−1,

w0 = wL, wk = wR, and h(x) = {1, if x ≤ 0; 0 if x > 0}. Here ∆i are the strength of shock waves, and ui

can be regarded as f ′(w∗
i ), where wi−1 ≤ w∗

i ≤ wi. Note that f ′ from now on will refer to the derivative of
the modified flux.

For further convenience assume SR = 0. Using the representation (7) for each layer we can write Sk as

Sk(x, t) =

k
∑

i=1

n
∑

j=1

h(x − vjuit)∆imj, (8)

where

ui =
f(Si) − f(Si−1)

Si − Si−1
, ∆i = Si−1 − Si.
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For further convenience, we denote ui by f ′(S∗
i ), where S∗

i ∈ [Si, Si−1]. Next we will find the homogenized

equation Sk (see (8)). For this purpose we need the following lemma whose proof is in Appendix A.

Lemma 2.1. If

S(x, t) =

n
∑

i=1

miH(x − vit), (9)

then S satisfies

∂S

∂t
+ v

∂S

∂x
=

n−1
∑

i=1

∫ t

0

βi

∂2

∂x2
S(x − ui(t − τ), τ)dτ, (10)

where βi and ui (i = 1, . . . , n − 1) satisfy
n
∑

k=1

mk

ui − vk

= 0, i = 1, . . . , n − 1 (11)

n−1
∑

i=1

βi

ui − vk

= (v − vk), k = 1, . . . , n. (12)

and v =
∑n

i=1 mivi. Moreover, βi and ui exist, are unique, depend only on one point statistics of the media,

Ml =
∑n

i=1 miv
l
i, and have the following properties:

i) v1 ≤ u1 ≤ v2 ≤ · · · ≤ un−1 ≤ vn

ii)
∑n−1

i=1 βi = var(v), where var(v) denotes the variance of the velocity field and given by var(v) =
∑n

i=1 miv
2
i − (

∑n
i=1 mivi)

2

Applying the Lemma 2.1 we find the homogenized equation:

∂Sk

∂t
+ U

∂Sk

∂x
=

nk−1
∑

i=1

∫ t

0

βi

∂2Sk

∂x2
(x − αi(t − τ), τ)dτ. (13)

Note that in this case there are nk layers with velocities vif
′(S∗

j ) and volume fractions mi∆j , where i =
1, . . . , n, j = 1, . . . , k.

The relationship that determines βi and αi follows from Lemma 2.1,

U − vif
′(S∗

j ) =

nk−1
∑

l=1

βl

αl − vif ′(S∗
j )

, (14)

n
∑

i=1

k
∑

j=1

mi∆j

1

αl − vif ′(S∗
j )

= 0. (15)

Note that (14) holds for each i, j, where i = 1, . . . , n, j = 1, . . . , k, and (15) holds for each l, l = 1, . . . , nk−1.
Applying

∑

i,j to (14), and taking into account (15) we obtain

U =
∑

i,j

vif
′(S∗

j )mi∆j =
∑

i

mivi

∑

j

f ′(S∗
j )∆j . (16)

It follows from Lemma 2.1 that αk are between the values of vif
′(Sj). Further as in the linear case the

following identity holds:




∑

i,j

mi∆j

1

z − vif ′(S∗
j )





−1

− z + U =
∑

k

βk

z − αk

, for all z ∈ C. (17)

Expanding (17) around z = ∞




∞
∑

m=0

∑

i,j

mi∆jv
m
i (f ′(S∗

j ))m

zm+1





−1

− z + U =

∞
∑

m=0

∑

k

βkαm
k

zm+1
(18)
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we see that βi and αi depend on one point statistics of the velocity field, Ml =
∑n

i=1 miv
l
i as well as one

point statistics of f ′, Ql =
∑k

i=1 ∆if
′(S∗

i )l.
Moreover, from Lemma 2.1 it follows that

∑

k

βk =

n
∑

i=1

miv
2
i

k
∑

j=1

(f ′(Sj))
2∆j −





n
∑

i=1

mivi

k
∑

j=1

(f ′(Sj))∆j





2

. (19)

Finalizing the above results we have the following theorem.

Theorem 2.2. Assume Sǫ is the solution of

Sǫ
t + v(

y

ǫ
)f(Sǫ

x) = 0,

where Sǫ(t = 0) = {SL, if x ≤ 0; SR, if x > 0}, the velocity is a periodic discrete value function, v(z) = vi,
mi = meas(v(z) = vi), i = 1, . . . , n, and f(S) is Lipschitz continuous and piecewise C2 function. Then
S(x, t) can be approximated in L1 norm on finite time interval by Sk(x, t) that is the solution of

∂Sk

∂t
+ U

∂Sk

∂x
=
∑

i

∫ t

0

βi

∂2Sk

∂x2
(x − αi(t − τ), τ)dτ, (20)

where U , αi and βi are defined by (16), (14), and (15). Moreover,

‖Sk(x, t) − S(x, t)‖L1(R) ≤
Ct

k
,

where k defines piecewise linear approximation of f and can be chosen an arbitrarily large, and C only
depends on |Sǫ(t = 0)|BV and max vi. Moreover, βi and αi depend on one point statistics of the velocity

field, Ml =
∑n

i=1 miv
l
i as well as one point statistics of f ′, Ql =

∑k
i=1 ∆if

′(S∗
i )l.

Remark 2.1. The above results can be extended to the continuous case. Assume that the velocity field is
given by v = (vǫ(y), 0). We write (17) in the following form:

(∫ ∫

dνn(λ)dµk(η)
1

z − λη

)−1

− z + U =

∫

dβkn(u)

z − u
, (21)

where dνn(λ) =
∑n

i=1 δ(λ − vi)mi, dµk(η) =
∑k

j=1 δ(η − f ′(S∗
j ))∆j, and dβkn(u) =

∑nk−1
i=1 δ(u − αi)βi. In

the continuum limit, as n → ∞, dνn converges to the Young measure, dν, associated with vǫ(y) and, in
the limit as k → ∞, dµk(η) converges to dµ(η) weakly. Moreover, it is easy to check that µk(η) is given
by 1 − wk(η), where wk(η) is the self-similar solution of Riemann problem given by (6). Consequently, the
limiting measure will be dµ(η) = 1 − w(η), where w(η) is the self-similar solution of Riemann problem.
Taking the continuum limit of the right hand side (21) (n → ∞, k → ∞) we have

(∫ ∫

dν(λ)dµ(η)
1

z − λη

)−1

− z + U. (22)

Here λ changes from vmin to vmax, and η changes from f ′
min to f ′

max. Further, it can be shown that there
exists a measure β(u) defined outside [(vf ′)min, (vf ′)max], such that (22) is equal to

(∫ ∫

dν(λ)dµ(η)
1

z − λη

)−1

− z + U =

∫

dβ(u)

z − u
. (23)

This can be proved following [21] by using the following representation theorem. If 1) F (z) is an analytic
function outside the interval I of the real axis, 2) Im F (z) > 0 for Im z > 0, and 3) limy→∞ yF (iy) < ∞,
then the function F (z) admits a representation

F (z) =

∫

I

dβ(u)

u − z
.

Denote G(z) by

G(z) = U − z +

(∫ ∞

0

∫

1

z − λα
dη(α)dνy(λ)

)−1

.
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It is easy to show that G(z) is analytic outside the interval [f ′
minv−, f ′

maxv+], and Im G(z) > 0 if Im z > 0.
Moreover, expanding the r.h.s. around z = ∞ it can be readily checked that limy→∞ yG(iy) < ∞. Thus, the
representation theorem holds. Consequently, the homogenized equation has the form

∂S

∂t
+ U

∂S

∂x
=

∫ t

0

∫

∂2S

∂x2
(x − u(t − τ), τ)dβ(u)dτ.

Expanding (23) at z → ∞ we see that β(u) depends on one point correlations
∫

λldν(λ) and
∫

ηldµ(η).

2.2. Remark on Cauchy Problem. Next we attempt to generalize the results to Cauchy problem. First
we discuss the form of the solution for

St + λf(S)x = 0.

With this example we will try to separate the heterogeneities from nonlinearities as much as possible.
For general Cauchy problem the time discretization is also needed. Following [3] we discretize both the
initial condition and the flux function by piecewise constant and piecewise linear functions respectively. In
particular, assume that the initial condition S(t = 0, x) is discretized at discrete points xi and the flux
function is discretized in between the points S(t = 0, xi) and S(t = 0, xi+1) with a number of points Sij

(e.g. Si = S(xi, t = 0) = Si1 < . . . Sil = Si+1 = S(xi+1, t = 0) if Si < Si+1). For further convenience one
index will be used describing locations and the values of S. When we have a finite number of S at the point
xi we assume that xij = xi. It is known that [3] the solution will be a J-valued function, where J = {Si}.
Further, we discretize the time interval [0, T ] by 0 ≤ t1 ≤ . . . tN = T , where ti are time instants when shock
collisions occur. Note that each shock interaction lowers the number of shocks or the number of oscillations
(see [4, 1] for details). The discrete approximation of the solution in this case for t ∈ [tk, tk+1] is given by

Sk(x, t) =
∑

h(x − xk
i (λ) − λpk

i (λ)t)∆k
i (λ). (24)

Here pk
i (λ) are shock speeds, ∆k

i (λ) are shock strengths and xk
i (λ) are used to define shock locations. The

scaling factor of the velocity (λ) affects the collision times, consequently the shock speeds and locations.
Note that here we assume that the initial condition is a function of bounded variation. The latter allows us
to state that there exists a finite number of points xi such that Sk(t = 0, x) can be approximated with

∑

h(x − xi)∆i.

For our analysis we need a slightly different formulation of (24). In particular, we will put all λ dependence
to ∆k

i (λ). For this reason we define a large finite set (see [4, 1]) of xi and vi that contains all xk
i (λ) and

vk
i (λ). This set can be defined independent of λ and is the same for all λ, consequently for λ = 1 (this follows

from the fact that entropy solutions for different λ’s can be obtained from the entropy solution for λ = 1 by
rescaling (see also [1])). Then the solution can be written as

Sk(x, t) =
∑

h(x − xi − λpit)∆
k
i (λ). (25)

Remark 2.2. The independence of the set of xi and pi of λ can be easily illustrated when no new shocks arise.
Assume that two shocks with velocities u1 and u2 and with strengths ∆1 and ∆2 and initial locations x1 and
x2 collide, i.e., h(x−x1−u1t)∆1 +h(x−x2−u2t)∆2. Then after collision new shock will be formed that has
form h(x−x0 −ut)∆, where ∆ = ∆1 +∆2, u = (v1∆1 + v2∆2)/(∆1 +∆2), x0 = (x1∆1 +x2∆2)/(∆1 +∆2).

Using the representation (25) for the solution in each layer we can obtain the homogenized solution for
the multi-layered system averaged across the layers. Denoting by vl the velocities of the layers and ml their
relative weights the homogenized solution in each time interval [tk, tk+1] is given by

Sk(x, t) =
∑

i,l

h(x − xi − vlpit)∆
k
ilml. (26)

Later on we present an example to illustrate the nature of (26). The above formulation assumes that the
initial condition is independent of the vertical variable y and has bounded variation. (26) holds also when
the initial condition slowly changes with respect to y. In this case the finite set of xi and pi are the union
of the sets of xi and pi for each layer.
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Using the discussion from previous sections we can look for the homogenized equation for each i and k in
the following form:

∂Sk

∂t
+ U

∂Sk

∂x
=
∑

q

∫ t

0

βq

∂2Sk

∂x2
(x − αq(t − τ), τ)dτ. (27)

Remark 2.3. βq and αq depend on i and k. Note that xi and time intervals do not depend on heterogeneities
and they are determined from the nonlinear Cauchy problem for λ = 1.

The relationship that determines βq and αq for each k and i follows from Lemma 2.1,

U − vlpi =
∑

q

βq

αq − vlpi

, ∀l, (28)

∑

l

ml∆
k
il

1

αq − vlpi

= 0, ∀q. (29)

Here q changes from 1 to n − 1, where n is the total number of layers as in the previous discussions.
Multiplying first equation (28) by ml∆

k
il and summing over all l and taking into account (29) we can easily

obtain that

U =
∑

l

vlpi∆
k
ilml.

Using our previous results, equations (28) and (29) can be written for each i and k as
(

∑

l

ml∆
k
il

1

z − vlpi

)−1

− z + Uk
i =

∑

q

βq

z − αq

. (30)

Expanding (30) around z = ∞ we see that βq and uq depends on Mvf ′ =
∑

vd
l pd

i ∆
k
ilml for each i and l.

This indicates that nonlinearities and heterogeneities interact on the coarse level. This is in contrast to the
Riemann problem. The reason for this is that in the case of the Riemann problem we convexify the flux and
the latter gets rid of wave interaction. If the separation of variables is possible for ∆il then nonlinearities
and heterogeneities can be separated. Next we present a simple example, where this does not hold.

Next we illustrate the nature of (26) on a simple example with two layers where each layer initially contains
two shock waves that will collide. Assume the velocities of the layers to be v1 and v2. Further, we assume
the solution in a layer i (i=1,2) at time t = 0 is given by

h(x − x1 − vip1t)δ1 + h(x − x2 − vip2t)δ2. (31)

From here assuming for simplicity m1 = m2 = 1 the averaged solution S before the first shock interaction is
given by

S1(x, t) =

2
∑

i,j=1

h(x − xj − vipjt)δj .

Assuming v2 > v1 we have that first shock interaction will occur in the second layer. The solution then
will have the form (31) in the first layer, but in the second layer the solution will have the form h(x − x3 −
v2p3t)(∆1 + ∆2). Consequently, the average solution has the form

S2(x, t) =
2
∑

i=1

h(x − x1 − v1pit)δi + h(x − x3 − v2p3t)(δ1 + δ2),

where p3 = (p1δ1 + p2δ2)/(δ1 + δ2) and x3 = (x1δ1 + x2δ2)/(δ1 + δ2). In the next time step the average
solution will have the form

S3(x, t) = h(x − x3 − v1p3t)(δ1 + δ2) + h(x − x3 − v2p3t)(δ1 + δ2).

Above we presented the solution that has different form in each time interval. This solution has the form
(26)

Sk(x, t) =
∑

h(x − xj − vipjt)∆
k
ij ,
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where

∆1 =

[

δ1 δ2 0
δ1 δ2 0

]

,

∆2 =

[

δ1 δ2 0
0 0 δ1 + δ2

]

,

∆3 =

[

0 0 δ1 + δ2

0 0 δ1 + δ2

]

.

We would like to note that using estimate (3) one can obtain that Sk(x, t) given by (27) approximates
the homogenized solution on a finite time interval when time and space intervals are sufficiently small.

3. Homogenization in a divergence-free field. In this section we study the homogenization of the
Riemann problem for general divergence free velocity fields,

∂Sǫ

∂t
+ vǫ(x) · ∇f(Sǫ) = 0, (32)

where ∇ · vǫ = 0.
The main idea is the following. First, we reduce the problem into the Riemann problems along each

streamline, defined by dxǫ/dt = vǫ. Second, along each streamline we reduce the problem into the superpo-
sition of linear Riemann problems by discretizing the flux with piecewise linear functions. This renders linear
problems for “fixed value” of Sǫ. Next, we consider the average motion of the linear problems under the as-
sumptions that the velocity possesses strong mixing properties. Using known results for the homogenization
of linear transport equation we derive weak limit of Sǫ.

As in the previous section, we assume fk(S) to be a piecewise linear functions that approximates the
boundary of the convex hull {(w, v)|wR ≤ w ≤ wL, v ≤ f(w)} in Lipschitz norm. In this section we consider
the Riemann problem. The results of this section hold in general if the transport along each streamline is a
Riemann problem.

Next we discuss the decomposition of the solution along each streamlines. For these purposes, we omit
the index ǫ. Along each streamline dx/dt = v we have

∂Sk

∂t
+ v · ∇fk(Sk) = 0. (33)

For further simplicity we assume that v = (vx, vy) and vx is positive at all times. Then each streamline is
defined by y(x) = y(x, y0), where y0 is the starting point for the streamline and y(x) solves

dy

dx
=

vy(x, y)

vx(x, y)
.

Along a streamline we introduce a new variable (known as a travel time, [2]) by

dτ

dx
=

1

vx(x, y)
. (34)

The equation (33) along each streamline then becomes

∂Sk

∂t
+

∂f(Sk)

∂τ
= 0. (35)

Indeed, it can be easily checked that

v · ∇ =
∂

∂τ
.

For the equation (35) Sk(x, t) is constant between the points moving according

dτ

dt
=

f(Si) − f(Si−1)

Si − Si−1
.
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Denoting f ′(S∗
i ) = f(Si)−f(Si−1)

Si−Si−1

, one can find that Sk(x, t) is constant between the points that travel

according
dxi

dt
= f ′(S∗

i )v

on a fixed streamline. Note that f ′ from now on will refer to the derivative of the modified flux. Thus, the
solution of the equation (33) along each streamline of dx/dt = v can be written as

Sk(x, t) = SL, for −∞ < x ≤ x1(t),

Sk(x, t) = S1, for x1(t) < x ≤ x2(t),

. . .

Sk(x, t) = Sk−1, for xk−1(t) < x ≤ xR(t),

Sk(x, t) = SR, for xR(t) < x < ∞.

(36)

Using the above decomposition, the solution of (32) can be represented as

Sǫ
k(x, t) =

∑

h(x − xǫ
i(t))∆i,

where (d/dt)xǫ
i(t) = vǫ(x)f ′(S∗

i ) and h(x) = {1 if x ≤ 0, 0 otherwise}. Introducing dµk(η) =
∑k

i=1 δ(η −
f ′(Si))∆i we have

Sǫ
k(x, t) =

∫

h(x − ηxǫ(t))dµk(η). (37)

Here the integral is taken over [f ′
min, f

′
max]. Note that the measure dµk(η) is independent of ǫ (heterogeneities)

and only depends on the nonlinear flux. Further as k → ∞ µk(η) → µ(η) in L1, where µ(η) depends on the
self-similar solution of the Riemann problem. Indeed, it is easy to check that µk(η) is given by 1−wk, where
wk is defined by (6). As k → ∞ µk(η) → µ(η), where µ(η) = 1 − w(η) and w(η) is the self similar solution
of 1-D Riemann problem. Taking limit as k → ∞ of (37) we obtain

Sǫ(x, t) =

∫

h(x − ηxǫ(t))dµ(η). (38)

Note that since µ(η) is a BV function, (38) is well defined for a.e. (x, t).
Next we note that Rǫ(x, t) = h(x − ηxǫ(t)) is the solution of the linear transport equation with velocity

ηvǫ(x),
∂Rǫ

∂t
+ ηvǫ(x) · ∇Rǫ = 0.

Moreover, the information about heterogeneities is in h(x− ηxǫ(t)) in the representation (38). The homoge-
nization of the linear equation, for the velocity field that has strong mixing property has been studied (see e.g.
[14, 16, 15, 19] for mathematical theory, also see [17, 5, 10, 22]). These results [14, 16, 15] are obtained using
probabilistic framework and involve some additional technical assumptions. Assuming vǫ = v + ǫu(x, ω) it
can be shown that under strong mixing and strict stationarity condition on the velocity field, Rǫ(x− ηvt, t)
converges weakly (in a probabilistic sense, see [14, 16, 15, 19]) in a time interval of order O( 1

ǫ2
) to a Markov

diffusion process with generator L = η2
∑d

i,j=1 bij
∂2

∂xi∂xj
+ η2

∑d
i=1 ci

∂
∂xi

, where bij and ci are functions of

two point correlations of u(x, ω) (see [14, 16, 15, 19]). To keep the presentation more concise we will simply
assume that Rη(x, t) = E(Rǫ(x, t, ω)) satisfies

∂Rη

∂t
+ ηv · ∇Rη = ∇iη

2aij∇jRη, (39)

where aij are determined from two point correlations of ǫu. We would like to note that (39) can be obtained
for deterministic flows using a perturbation argument (see [8]), where a macrodiffusion term appears as a
two-point correlation of the velocity field.

It is easy to see that Rη is invariant under the change of variable x → x/η, i.e.,

Rη(x, t) = g(
x

η
, t), (40)
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where g is the solution of
∂g

∂t
+ v · ∇g = ∇iaij∇jg. (41)

g is subject to the Riemann initial condition, g(x, 0) = {SL, if x ≤ 0; SR, otherwise} because of (40). From
(38) we have

S(x, t) =

∫

Rη(x, t)dµ(η). (42)

Using equation (39) one can derive the following equation for S,

∂S

∂t
+ v · ∇

∫

Rη(x, t)ηdµ(η) = ∇iaij∇j

∫

Rη(x, t)η2dµ(η). (43)

It is not difficult to see that the terms involving Rη can be written in terms of S and some other functions.

Using mean value theorem and assuming that Rη(x, t) is a positive function (e.g., assuming SL, SR ≥ 0) we
can obtain

∫

Rη(x, t)ηdµ(η)
(

=
∑

Rη=f ′(S∗

i
)(x, t)f ′(Si)∆i

)

= f ′(S∗(x, t))S(x, t),

for some function S∗(x, t). Similarly,
∫

Rη(x, t)η2dµ(η) = f ′(S∗∗)2S(x, t),

for some function S∗∗(x, t). Note that the functions S∗(x, t) and S∗∗(x, t) depend only g and µ, i.e., they
depend on both nonlinearities and the averaged properties of linear transport equations. With these notations
the homogenized equation becomes:

∂S

∂t
+ v · ∇f ′(S∗(x, t))S = ∇iaij∇jf

′(S∗∗(x, t))2S. (44)

Remark 3.1. (44) holds in general if the transport along each streamline is a Riemann problem. In this
case Rη is subject to the initial condition H(x, y). Using (42) we can readily obtain (44) in a same way as
we did above.

Remark 3.2. The interaction of the heterogeneities and nonlinearities in the case of general Cauchy problem
does not allow us to carry out the homogenization for general heterogeneous velocity fields.

4. Acknowledgments. The research of Y. E. is partially supported by NSF grants DMS-0327713 and EIA-
0218229. We would like to acknowledge anonymous reviewers for their helpful comments which helped to
improve the quality of the paper.

Appendix A. Proof of Lemma 2.1. Substituting the expression (9) for S into (10) yields

n
∑

k=1

mk(v − vk)H
′

(x − vkt) =

n
∑

k=1

n−1
∑

i=1

mkβi

∫ t

0

∂2

∂x2
H(x − ui(t − τ) − vkτ)dτ. (45)

The right hand side (r.h.s.) of (45) can be simplified in the following manner

n
∑

k=1

n−1
∑

i=1

mkβi

∫ t

0

1

ui − vk

d

dτ
H

′

(x − ui(t − τ) − vkτ)dτ =

n
∑

k=1

(

n−1
∑

i=1

mkβi

1

ui − vk

)

H
′

(x − vkτ) −

n−1
∑

i=1

(

n
∑

k=1

mkβi

1

ui − vk

)

H
′

(x − uiτ).

(46)

Further, equating the l.h.s. of (45) and the r.h.s. of (46) we have the following relations for our unknown
parameters v, βi, and ui (i = 1, . . . , n − 1)

n
∑

k=1

mkβi

1

ui − vk

= 0, i = 1, . . . , n − 1
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n−1
∑

i=1

mkβi

1

ui − vk

= mk(v − vk), k = 1, . . . , n.

Note that there are 2n − 1 equations for 2n − 1 unknowns v, βi, and ui (i = 1, . . . , n − 1). The above
expressions are equivalent to (11) and (12).

It is easy to see that n − 1 equations in (11) define the values of ui (i = 1, . . . , n − 1) and n equations in
(12) define the values of βi, (i = 1, . . . , n−1), and v. The value of v can be readily calculated by multiplying
(12) to mk and summing over k,

n
∑

k=1

mk(v − vk) =

n
∑

k=1

n−1
∑

i=1

mk

βi

ui − vk

.

The r.h.s of this equality is zero because of (11), therefore ,

v =

n
∑

k=1

mkvk.

From (11) one can find that ui (i = 1, . . . , n − 1) satisfy
n
∑

k=1

mk

n
∏

p6=k,p=1

(ui − vp) = 0.

This indicates that ui (i = 1, . . . , n − 1) are the roots of the following polynomial of the degree n − 1

R(z) =

n
∑

k=1

mk

n
∏

p6=k,p=1

(z − vp) = 0.

It is easy to check that R(z) changes sign from vi to vi+1, i.e., R(vi)R(vi+1) ≤ 0. Consequently, the roots of
the polynomial R(z) are between the values of vi. Therefore,

v1 ≤ u1 ≤ v2 ≤ u2 ≤ · · · ≤ un−1 ≤ vn.

The latter also proves the existence and uniqueness of ui’s.
It is more difficult to understand the behavior of individual βi (i = 1, . . . , n − 1), though their mean

properties can be computed. The equations (11) and (12) can be combined in the following identity:
(

n
∑

k=1

mk

z − vk

)−1

− z + v =

n−1
∑

i=1

βi

z − ui

. (47)

This is an identity for all z ∈ R. To prove this identity we note that (47) can be written as a polynomial of
the degree less than 2n − 1. The polynomial has degree 2n − 1 when all vi’s (i = 1, . . . , n) are distinct. In
the case of distinct vi’s the identity (47) holds since it holds at 2n − 1 distinct points, z = vi, (i = 1, . . . , n)
and z = ui, (i = 1, . . . , n − 1). Indeed, for the values of z = vi (i = 1, . . . , n) the identity (47) becomes (12)
and for the values of z = ui (i = 1, . . . , n − 1) the identity (47) becomes (11). In the event that some of
the values of vi are coincide the degree of the polynomial of (47) decreases. In a similar manner it can be
verified that the identity (47) holds in this case.

The existence and uniqueness of βi follow from (29) noting that the left hand side has the form

Pn−2(z)
∏n−1

i=1 (z − ui)
,

where Pn−2(z) is a polynomial of degree n − 2. It can be readily checked that the leading term of Pn−2(z)
has the form var(v)zn−2, where var(v) refers to the variance of the v. This implies that

∑

i βi = var(v).
The coefficient in front of zn−3 is skew(v) =

∑n
i=1 mi(vi − v)3.

Expanding (47) around z = ∞,
(

∞
∑

m=0

n
∑

i=1

miv
m
i

zm+1

)−1

− z + v =
∞
∑

m=0

n−1
∑

k=1

βkum
k

zm+1
, (48)
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we see that βi and ui depend only on Ml =
∑n

i=1 miv
l
i.

The homogenization results presented in Lemma 2.1 also can be derived from the results of Tartar, [21].
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