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Abstract

In this paper, we prove an individual homogenization result for a class
of almost periodic nonlinear parabolic operators. The spatial and tempo-
ral heterogeneities are almost periodic functions in the sense of Besicov-
itch. The latter allows discontinuities and suitable for many applications.
First, we derive stability and comparison estimates for sequences of G-
convergent nonlinear parabolic operators. Further, using these estimates,
the individual homogenization result is shown.
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1 Introduction

In the present paper, we consider the homogenization problem for nonlinear
parabolic operators of the form

t t
L. (u) = Dyu — div (a <<€%’ g—a,u,Dzu>) + ag (E%, E—Q,U,Dzu> , (D)

where the flux functions a(y, 7, -, -) and ag(y, 7, -, -) are almost periodic in (y, 1) €
R™+1 in the sense of Besicovitch.

We are interested in the asymptotic behavior of L. as € — 0. G-convergence
theory for parabolic operators guarantees that the limiting operator £ belongs
to the same class of parabolic operators. G-convergence of nonlinear parabolic
operators has been studied in [20]. To find the form of £ some assumptions
on the nature of spatial and temporal heterogeneities of a and ag need to be
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imposed. In the periodic setting, the homogenization of nonlinear parabolic
equations is carried out in [20]. In [4], time homogenization of random non-
linear abstract parabolic equations has been studied. The homogenization of
linear parabolic operators with almost periodic and random coefficients has been
studied in [24, 23]. The homogenization of general nonlinear random parabolic
operators is investigated in [11].

Also we would like to mention several results on homogenization of nonlinear
elliptic operators [2, 5, 12, 13, 17, 19]. Note that in [17, 19] general elliptic
operators in divergence form are considered, including random homogenization,
while articles [2, 5, 12, 13] are devoted to the case of monotone second order
elliptic operators. As for general references in the field of homogenization, we
refer to [1, 3, 6, 7, 15, 20].

We would like to point out that the general result of [11] is of statistical
nature, i.e., homogenization takes place for almost all realizations of a random
parabolic operator. As it will be shown, any almost periodic operator of the
form (1) can be considered as a particular realization of certain random homo-
geneous operator. But this realization is not generic and, therefore, the result
of [11] does not apply straightforwardly. Nevertheless, using almost periodic-
ity one can pass from a generic realization to every particular realization. For
this purpose, we first derive stability and comparison results for G-convergent
sequence of operators. These results allow to estimate the difference between
G-limits of two G-convergent sequence of parabolic operators. These estimates
are of independent interest. Introducing smoothing of almost periodic functions
(defined in the sense of Besicovitch), one can derive individual homogenization
results. However, to extend these results to almost periodic functions defined in
the sense of Besicovitch, we need a careful comparison estimates for sequences of
G-convergent parabolic operators. The latter allows us to obtain an individual
homogenization result for nonlinear parabolic operators.

Our motivation for considering homogenization of nonlinear parabolic equa-
tions comes from applications arisen in flow in porous media for both saturated
and unsaturated media, though one encounter nonlinear parabolic equations in
many different applications. We refer to [8, 9, 10] for numerical realization of
parabolic homogenization in applied problems. In particular, the fluxes that
arise in these applications can have discontinuities in space and time. For this
purpose, we consider almost periodic functions in the sense of Besicovitch.

The paper is organized as follows. In the next section, we present background
material on G-convergence, almost periodic functions and statistical homoge-
nization. In Section 3, we present stability and comparison results, which are
essential in deriving individual homogenization results. Finally, in Section 4, we
discuss the individual homogenization results.



2 Preliminaries

2.1 G-convergence

Let Qo € R™ be a bounded open set with Lipschitz boundary, T" > 0, and
Q= Qo x (0,T). On @, we consider parabolic operators of the form

L(u) = Dyu — div(a(z,t, u, Dyu)) + ag(a,t,u, Dyu). (2)

We suppose that the functions a : Q@ x R"*' — R™ and ag : Q x R**! — R
satisfy the Carathéodory condition and the following assumptions:

(i) for every ¢ = (n,&) € R+
a0, " + [ao(@, t.n, O < colCP + e (3)
a. e. on Q, wherep >1,co >0 and c > 0;

(ii) for every C € (n,€), (' = (n,€') € R

la(z,t,7,€) —alz,t,0,€)] - (€ =€) = [+ [P+ [CF] P Ple—€)P (@)
a. e. on Q, where k > 0, § > max(p,2), and h > 0;
(iii) for every ¢ = (n,€), ¢’ = (0, &) € R* T
(e, t.0,6) — alat,o,€)|" + |ao(z,t,0,€) — ao(e,t,n,€)]* <
< 0 [(h+Icl + 1) vl = n'l) +
+ (h+ el 11 T e - €1 (5)

a. e. on Q, where 8 > 0, 0 < s < min(p,q) and v(r) is a continuity
modulus, i. e. a continuous function v : [0,4+00) — [0,+00) such that
v(0)=0,v(r)>0ir>0andv(r)=14r>1

Here p > 1 is fixed and g stands for the conjugate exponent, ¢! +p~! = 1.
In addition, we always assume that p > 2n/(n + 2).

Given cg, ¢, Kk, h,0,v,s and 3, we denote by II = I(co, ¢, k, h,0,v, s, ) the
set of all operators of the form (2) satisfying (¢)—(éi).

Introduce

V= LP(()’ Ta W()l’p(QO))a V = Lp(07 Ta lep(QO))v
W ={ueV,Dwe L0, T,W 1Qo))},  (6)
W ={ueV,Dwue LU0, T, W 19Q))}, Wo={uecW,u(0)=0}.

For further analysis X  will denote the dual of the space X and || - ||,.o denotes
the norm in L?(Q). Any operator £ € II acts from W into V.



Now we introduce the notion of G-convergence. For an operator £ of the
form (2) we set
L' (u,v) = Dyu — div(a(z,t,v, Dyu)).

For every fixed v € V, the operator u +— L!(u,v) acts from Wy into V' and
satisfies the coerciveness and strict monotonicity conditions. Therefore, for
every f € V', v € V, the equation

o (u,v) = f

has a unique solution u € Wy (see, e. g. [16]).
Now let £ € II be a sequence of parabolic operators, with fluxes a* and af,
and £ € IT of the form (2). Given u € Wy and v € V, we set

Ik(u,v) = aF(x,t,v, Dyub),
TE(u,v) = ak(x,t,v, Dyub),
[(u,v) = a(z,t,v,Dyu),

and
To(u,v) = ag(z,t,v, Dyu),

where ug € Wy is a unique solution of the equation
Li(ug,v) = L (u,v).

The sequence Ly is called G-convergent to L (in symbols, Ly N L) if for every
v € V and u € W, we have that

limug = u
weakly in Wy and
limI*(u,v) = TI'(u,v),
lm Tk (u,v) = To(u,v)

weakly in L?(Q)™ and L4(Q), respectively, as k — co. In the following analysis,
k — oo will be omitted. This notion was introduced in [20], where the term
“strong G-convergence” was suggested. In this paper we abbreviate it to “G-
convergence” because no other type of such convergence is used here.

The following G-compactness theorem is one of the main results of G-
convergence theory (see [20], Theorem 4.1.1).

Theorem 2.1 Let Lj, be a sequence of parabolic operators of class II. Then
there exist an operator L of class 11, with possibly another values of parameters
co,C K, h,0,s, and v, and a subsequence Ly that G-converges to L.

The following theorem is about G-convergence of arbitrary solutions (]20]).



Theorem 2.2 Assume Ly, G-converges to L, uy, € W, fu, f € LU0, T,W=19(Qy)),
Lrur = fr, ux — uw weakly in W, and fi — f strongly in V. Then Lu = f,
and

ak(xatu Ul Dwuk) - G(CE, t7u7 Dwu)a

aO,k(Ia tv U, Dzuk) - CL()(.I, ta u, DIU’)

weakly in LY(Q)"™ and L1(Q), respectively.

2.2 Statistical homogenization results

Let (2, %, 1) be a probability space and LP(2) denote the space of all p-integrable

functions. Consider (n+ 1)-dimensional dynamical system on 2, T'(z) : Q — ,

z = (z,t) € R*™ (t € R, z € R™) that satisfies the following conditions:
1TO)=1, and T(z+y) = T(x)T(y);

2) T(z): Q — Q preserve the measure pu on §;

3) For any measurable function f(w) on Q, the function f(T(z)w) defined
on R x Q is also measurable.

U(z)f(w) = f(T(z)w) defines a (n + 1)-parameter group of isometries in
the space of LP(Q)). U(z) is strongly continuous. Further we assume that the
dynamical system 7T is ergodic, i.e., any measurable T-invariant function on €2
is constant. Denote by (-) the mean value over €,

(f) = | flw)duw).
Q

For further analysis we will need Birkhoff Ergodic Theorem. Denote

. 1
M{f}zsli{gom/& f(z)dz,
where K C R |K| # 0, and K, = {z € R"" : s71z € K}. Let f(£) be
bounded in L} (R"*1), 1 < p < co. Then f has mean value M{f} if and only
if f(z/e) — M{f} weakly in L} (R"*!) as e — 0 ([20], page 134). Birkhoff
Ergodic Theorem states that if f € LP(Q2), 1 < p < oo then

(f)y = M{f(T(z)w)} a.e. on Q.

To formulate the auxiliary problem for the homogenization we need the
following preliminaries. Following to [23] we define spaces similar to V on € in
the following way. Denote by 9y = (01, -+ ,On+1) the collection of generators
of the group U(z). There is a dense subspace S C LP(f2) that contains in the
domains of all operators 9%, = 97" --- 9,11, a € ZH1.

Further denote by V the completion of S with respect to the semi-norm

n 1/p
Ifllv = (Z |5if||§p(sz)> :
i=1



Note that the completion with respect to a seminorm “cuts off” the kernel of
the semi-norm. The operator & = (d4,...,0,) : V — LP(Q)™ is an isometric
embedding. Moreover, the space V is reflexive, with the dual denoted by V.
By duality we define the operator div : LI(Q)" — V' by

(divu, w) = —(u, dw), Yw € V. (7)

We note that the elements of V in general do not have independent meaning.
The space V contains fields that are not spatially homogeneous. Note that the
operators 9; may be viewed as derivatives along trajectories of the dynamical
system T'(z)
9]
0T () = o f(T(2)e) 3)
(3

for a.e. w € Q and f € Dom(9;, LP(R2)), [23, 20] (page 138 in [20]).
We set

Tl(t):T(O,...,O,f), Tg(,@):T(,Tl,...,LL'n,O). (9)
Let . T
Mi{f} = Jim o [ rmwn (10)
. 1
My{fu} = A S /K f(Ta(y)w)dy. (11)

These partial mean values are well-defined for f € LP(Q2), 1 < p < oo, and for
a generic w € 2. We note that the average of a

E(Wﬂ%f) = Mt{a(wvnag)}' (12)

is defined on LP(Q) for each n € R and £ € R™. Consider the subset of S
consisting of functions

flw) = M{f}.

Denote by Vs the completion of this set with respect to the norm

11 = (S 1015 )7
=1

Now we would like to consider the differentiation with respect to the time
along the trajectories as an unbounded operator in appropriate functional spaces.
Define an unbounded operator o from V into V' as follows. Vi, defined as the
image of operator 0, is a closed subspace of LP(2)" and 0 maps V onto V;
isomorphically. The dual space Vi can be identified with the factor space
LI(Q)"/Vi-, where Vi = ker(div) is the orthogonal complement to V; in
L1(2)™. Then the operator div can be considered as an operator div : V| — V'.
Let S; = 9(S) C V;. It is easy to see that 9;(S1) C S1. Now we say that v € V)
belongs to the domain D(oy) if there exists f € V] such that

(0, 0n110) = =(f, ), Vo €51



and set oyv = f. The (unbounded) operator o7 is a well-defined closed linear
operator from V; into V] and its domain is dense in V;. It can be verified [11]
that o] = —o1, where o] : V1 — V] is the adjoint operator to o1. Now we set

oc=divoog;00.

Then o is a closed linear operator from V into V', with dense domain W =
D(o), and ¢/ = —o. The space W is endowed with the usual graph norm. As
consequence, o is a maximal monotone operator (see [16], Lemma 1.2 of Ch. 3).
Note that in the case p = 2 this operator can be defined by means of spectral
decomposition theorem [23].

Consider the auxiliary problem

poN)' e —div a(w,n,£ + ON)' ) = 0. (13)
Define the operator A from W to W' as
(Au, v) = (a(w,n,§ + Ou), Ov).

It can be easily verified that A is strongly monotone, continuous, and coercive
operator from W to W'. Since ¢ is maximal monotone it follows from [16]
that the solution of (13) in W exists. Uniqueness follows from the fact that
(ou,u) =0 and A is strongly monotone. Thus we have the following lemma [8]

Lemma 1 Fgquation (13) has a unique solution, N:»f eW, and
INyellv < C. (14)
The homogenization of nonlinear parabolic equations depends on the ratio
between o and ( and is presented in [8]. The following cases are distinguished:
1) Self-similar case (o = 23); 2) Non self-similar case (o < 23); 3) Non self-
similar case (a > 20); 4) Spatial case (o = 0); 5) Temporal case (5 = 0).
Theorem 2.3 L. G-converges to L, where L is given by
Lu = Dyu — div(a(w, z, t,u, Dyu)) + do(w, z, t,u, Dyu). (15)
a and ao are defined as follows.

o For self-similar case (o =2(3),

d(nv g) = <a(wv n,§+ 8N77>§)>a
ao(n, &) = (ao(w,n,§ + ONy¢)),

where Ny ¢ = NP=Y € W is the unique solution of

oNF=1 — div a(w,n, & + NP1 =0. (16)



e For non self-similar case (o < 203),

d(naf) = <a(w= 7776 + 6Nn,$)>u
&0(777 g) = <CLO(W, m, § + 8N77>§)>a

where Ny ¢ = N° €V is the unique solution of
—div a(w,n,&+ ON) = 0. (17)

e For non self-similar case (o > 203),

d(naf) = <a(w= 7776 + 6Nn,$)>u
&0(777 g) = <CLO(W, m, § + 8N77>§)>a

where Ny, ¢ = N € V is the unique solution of
—div a@(w,n, £ +ON>) = 0. (18)
a is defined in (12).
e For spatial case (a=0),

a(Tr(t)w,n, ) = Ma{a(To(x)w, 0, € + ONy (To(2)w)) },
ao(Ty(t)w, n, &) = M{ao(Ta(x)w, 1, & + ONy & (To(z)w))},
where Ny ¢ = N, € V

—div a(w,n,§ + ON,) =0. (19)

e For temporal case (8 =0), the homogenized fluzes are defined by

d(wv m, g) = Mt{a(wa UR 6)}a
dO(wvnaf) = Mt{%(%ﬁaf)}v

where My is defined in (10).

(20)

For temporal case one can also define N, ¢ in the following way (see proof of
Theorem 4.8 in [8]). Define F = a(w,n,§) — Mia(w,n,§), and f = div F. Then
it can be shown that there exists N, such that

f=—-0N+g, (21)

where ||g[|,» < 6, for arbitrary small 6. The latter follows from the fact that
the range of ¢ is dense in the orthogonal complement of the kernel of o, and
f belongs to the kernel of o. The proof of this theorem extensively uses near
solutions of (13) since Nf; ¢ 18 1o longer a homogeneous random field.

The theorem on the convergence of arbitrary solutions (Theorem 2.2) for
G-convergent sequence of operators allows us not to restrict ourselves to a par-
ticular boundary or initial conditions. In particular, from Theorem 2.2 and
Theorem 2.3 we have



Theorem 2.4 Let u. € W be a solution of Loue = f, f € LY(0,T, W‘l’qgo)),

such that ||uc||yy is bounded. Then ue converges to u as € — 0 weakly in W (up
to a subsequence) where u is a solution of Lu = f, and L is defined in (15).

Remark 2.1 We note that the ergodicity assumption is not essential for the
proof of the theorem. One can carry out the proof for non-ergodic case essentially
in the same manner as that for the ergodic case. The homogenized operators for
non-ergodic case will be invariant functions with respect to T'(z).

2.3 Almost periodic functions

Let Cp(R™™1) be the Banach space of all bounded and continuous (complex
valued) functions on R"*! endowed with the standard supremum norm. Denote
by Trig(R™*1) the vector space of all trigonometric polynomials, i.e. all finite
sums of the form

u(z) = Zukexp(iﬁk cz), & € Ry € C.

The closure of the space Trig(R™"*!) in Cy(R™™1) is called the space of Bohr
almost periodic (a.p.) functions and is denoted by CAP(R"™*1).

Now we recall the concept of Bohr compactification of R™*1 [18]. There
exist a compact abelian group R%H and a continuous group monomorphism

ip: R — Rg"l
with the following property:

feg (R":”l) is almost periodic if and only if there exists a unique
function f € C(RE™) such that f(2) = f(ipz).

Such a couple (R%"’l, ip) is unique up to a natural equivalence and is called the
Bohr compactification. In the following we identity R"™! with its dense image
ig(R"1) in R%H. Frequently, we do not distinguish an almost periodic function
f and its extension f to R, Therefore, CAP(R%) may be isometrically
identified with C'(R%;"!). We define a dynamical system 7'(2) on R%"" by

T(w=w+2 weRE 2R

Let us denote by u the Haar measure on R%"’l normalized by M(R%H) =1.
It is known that

iy = [ Fdnte), (22)

where f is the continuous extension of f to R’é"’l.



Next, we discuss Besicovitch almost periodicity, which is used in the paper.
For a function
f € Lloc(RnJrl)a 1 S p < o0,

we set

1 I5e = limsup s [ 1f(2)["dz, (23)

|Kt| K,

where
Ki={zeR" |z <t i=1,2,...,n+1}.

A function f € L} (R™*!) is said to be Besicovitch almost periodic with the
exponent p if there is a sequence f; € Trig(R"*1) such that

T [[f ~ fillme =0,

In this definition one can replace the space Trig(R"*!) by CAP(R"*!). The
space of all such functions is denoted by BP(R"*!). For any f € BP(R""!) the
quantity || f||» is finite and defines a semi-norm on BP(R"*1). With respect to
this semi-norm the space BP(R"1) possesses a kind of completeness (see [20]).
However, BP(R"*1) is not a Banach space, since the kernel of the semi-norm

|-l B> is non-trivial. We say that two functions fi, fo € BP(R"1) are equivalent
if

1f1 = fallB» = 0.
A vector space formed by equivalence classes of members of B? @"‘H) will be
denoted by B"(R™*1). The semi-norm || - || g» induces a norm on B" (R"*!) and

the last space is a Banach space with respect to that norm.

Next, we discuss the mean value of Besicovitch almost periodic functions.
Assume that f € L (R"*') and f has a finite norm (23). Since the family
f(e712) is bounded in LP (R"*1), the mean value M{f}, if exists, may be

loc
characterized as the weak limit in L} (R™*1):

M{f} = w-lim f(e™"2).

Using this statement it is very easy to verify that M{f} depends continuously
on f with respect to || - ||gr. More precisely, assume that f, fi € LI (R"*1),
fr has a mean value, and

If = fellz» — 0.
Then f also has a mean value and
M{fr} — M{f}.

Since any trigonometrical polynomial has a mean value, we see that for each
f € BP(R™*!) there exists the mean value M{f}. Moreover,

Iflls» = M{IfP}'/?,  f € BPR™). (24)

Now we invoke the Bohr compactification. Using (24) and (22) one can
extend, by continuity, the isomorphism f ~— f between CAP(R"™!) and

10



C(R%™) to the map from BP(R"*!) into LP(R';™), the last space being re-
garded with respect to the measure p. In fact, the density of C(R’;‘l) in
LP (R%H) implies that this map is onto. Moreover,

£l g = £l 2. (25)

Therefore, the map f — f induces an isometric isomorphism between B” (R™+1)
and LP(R5H).

In the analysis, we will employ the approximation of Besicovitch almost
periodic functions by Bohr almost periodic functions. Let {U,} be a base of
symmetric neighborhoods of zero in R’é"’l, indexed by a directed set I' in such
a way that U,, C U,, if 71 > 2. By Urysohn’s Lemma, for any U, there exists
an even non-negative function ¢, € C(R%%™) such that suppp, C U, and

[ o duw) =1
R

Let ., € CAP(R™!) be the restriction of 3., to R"*! ¢ R’%"'. For any function
f e LY(REM) we set
(S f)(w) =@y xp [ = Py (w = 0)F(0)du(0), (26)

n+1
RB

where *xp stands for the convolution on R%H. In the similar way, for f €
BY(R™1) we set

(55 1)(@) = My{py(z —y)f(y)}, (27)

where M, stands for the mean value with respect to the variable y. It is obvious
that

S.f =51 (28)
Moreover, for f € LP(RS™) (resp., f € BP(R"*1)) we have S.f € CRE)
(resp., S, f € CAP(R™"1)). The operators S, and S, are uniformly bounded:

1S5 flBe < I flles  f € BPR™Y), (29)

18 Al e < Il g, F € PR, (30)

Directly from the definition of ¢, one can deduce that 5’7 f— fin LP (R%)
for any f € LP(R%H), 1 < p < oo. Now (25) gives rise to the following

Proposition 2.1 For any f € BP(R""1), 1 < p < oo, we have

lim [f — 9, flz» = 0. (31)

11



Remark 2.2 Let f € F C BP(R*'). If the image F of F in LP(R5™) is
precompact, then the convergence in (31) is uniform with respect to f € F.
Moreover, if F is a separable subset in LP(R'S™), then the net {S,} may be
replaced by a subsequence {Sy,}.

Proposition 2.2 The map f — f is order preserving: if f1 < fa, then fl <

f2.

Proof. On CAP(R™) this is obvious. Since ¢, > 0, the operator S, is order
preserving. Therefore, the general statement follows from the previous one by

approximation. [ ~
As a consequence, for any f € B (R"T1)NL>®(R"*!) we have f € L®(R5™).

3 Stability and Comparison Results

Let Lf be a sequence of operators of the class II such that L =< r. Then,

E,(cn’g) = LM for any (n,€) € R x R™. Consider a unique solution, u, € Wy,
of the equation

Dyuy, — diva®(t,xz,n, € + Dyuy) = —diva(t, z,n, )
and set v (¢, 2) = & - © 4+ ug (¢, z), then vy possesses the following properties:
1. v, — € - weakly in W,

2. The sequences a®(t, x,m, Dyvi) and ak(t, x,m, Dyvi) are weakly convergent
in the spaces L1(Q)™ and LI(Q) respectively;

3. the sequence Dyvy, — diva®(t,x,n, Dyvy,) is precompact in the space V.

Theorem 3.1 Let £, € II. Assume that, for any (n,€) € R x R", there exists
v € W such that the above mentioned properties 1 — 3 are fulfilled. Then the
sequence Ly is G-convergent and for the G-limit operator, L, we have

a(t,,n,€) = Jim a*(t,z, 1, Dyvy), (32)
ao(t, z,,€) = lim ag(t, z,1, Dzvy) (33)

weakly in LY(Q)™ and L1(Q), respectively.

Proof. Let b(t,z) = b(t,x,n,§) and bo(t,x) = bo(t,z,n,§) be the weak limits
of a*(t,x,n, Dyvy) and af(t,z,n, Dyvy), respectively. By Theorem 2.1 (see also
p.184 of [20]), there exists a subsequence o (k) and an operator £ of the form

Lu = Dyu — diva(t,x,u, Dyu) + ao(t, z,u, Dyu),

12



such that L, . L. To prove the theorem it is sufficient to show that

a(t,z,n,§) = b(t, x) (34)
and
aO(taxanvg) = bo(t,x) (35)
From properties 2 and 3, it follows that

—divb(t,x) = klim (Dyvy, — diva®(t, x,n, Dyvg))

strongly in V'. Because the embedding L9(Q)" C V' is compact, we also have

bO(tu ;E) = kli{go a’g(tv x, 1, Dka)

strongly in V' By parabolic version of Remark 2.3.5 (page 104 of [20]) we
obtain (34) and (35). Parabolic version of Remark 2.3.5 can be readily derived
from Theorem 4.1.3 (see [20]). O

Corollary 1 Let L € II be a sequence such that, for any (n,€) € R x R™,
the sequence ak(t,x,m,€&) converges in measure and the sequence af(t,z,n,€)
converges weakly in L*(Q). Then Ly is G-convergent.

Proof. Inequality (3) and the dominated convergence theorem imply that
ak(t,x,n, &) and af(t,x,n,&) converge strongly in L*(Q)" and L'(Q). Now
the statement follows directly from Theorem 3.1, with vy =& - 2. O

Next, we consider the following problem. Given an operator £ € II and fixed
(to, o) € Q, we define the operator £,, 0 < p < 1, by the formula

Lou = Dyu— diva(to + pt, xo + px,u, Dyu) + ao(to + pt, xo + pz, u, Dyu). (36)

We look for the asymptotic behavior of £,, as p — 0, assuming that p runs a
subsequence which tends to 0.

Proposition 3.1 For any common Lebesgue point (tg, zo) € Q of the functions
a(t,z,n, &) and ao(t,z,n,§), i.e. for almost all (to,x0) € Q, the sequence L,
G-converges, as p — 0, to the operator

Lu = Dyu — div a(to, o, u, Dyu) + ao(to, zo, u, Dyu). (37)

Proof. By Lebesgue’s differentiation theorem a(to+pt, xo+pz, n,&) — alt, z,1,§)
and ag(to + pt, xo + pr, 1, &) — ao(t,o,1n,§€), as p — 0, strongly in L*(Q)" and
LY(Q) respectively. Now Corollary 1 implies the required statement. [J
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Next, we state another result which provides a criterion for G-convergence
and a representation formula for the G-limit operator. Given £ € II, we define
the functions

U(n,& Q1) = / a(t,z,n,& + Dyo(t, x))dzdt (38)

1

and

\110(77557@1) = / ao(t,x,n,§—|—Dzv(t,x))d:zrdt, (39)
1

for any (n,£) € R x R™ and for any open subset Q1 = (0,1) x Q}, where

Q} is an open subset of Qg and the function v is defined as a unique solution

ve LP(0,1, W, P(QL)) and v(0,z) = 0 of the equation

Dy —diva(t,z,n, &+ Dyv) =0 on Q. (40)

Proposition 3.2 Let £ € II. Then there exists a measurable subset N of @,
with |N| = 0, such that for any (to,x0) € (Q \ N) and (n,€) € R x R"

BRRT \11(77767 UP(tOVTO))
= 2 0, Gt )] )

a’(t07 Zo, 1, S)

i Wo(1,€, U, (to, 70))
to, 20,1, &) = Ii o\",¢S,YUpllo, To
CLO( 0,20, N g) pll% |Up(t0,.’lio)|

where U,(to, o) = (to,zo)+pU, with U = (0,1) x Uy, Uy being an open bounded
subset of R™.

(42)

Proof. Let N be the complement of the set of all common Lebesgue
points of the family of functions {a(t,z,n,§),a0(t,z,7,&)}¢.6)crxrn- Given
(to,z0) € Q\ N, p > 0, and (n,§) € R x R™, we consider the function v €
LP(0, p, Wy P(U,(x0))) defined to be a unique solution of (40), with Q4 = U, (o).
By performing the change of variables y = (z — zo)/p, T = (t —to)/p, the equa-
tion (40) becomes

D‘rup - divya(to + pT, To + pY, 7775 + Duup(y)) =0, /S UOu

where u,(7,y) = v(to + p7, 20 + py)/p. Since w = 0 is a unique solution of the
equation
Diyw — divya(to, zo,n, & + Dyw) =0 on U,

Proposition 3.1 implies that u, — 0 weakly in LP(0,1, WP (Up)),

a(tO + p7, 20 + Pyﬂ%f+ DyuP) - a(th o, 7776))

14



weakly in L2(Q)™, and

ao(to + p7, w0 + py, 1, € + Dyu,) — ao(to, 20,1, §)

weakly in L%(Q). Then

.1t
N / / alt, @0 + pysm, € + Dyup(y))dydt,
0 U

p—0
from where, by the change of variables, we get (41). In the similar way, one can

derive (42). O

Theorem 3.2 Suppose L, is a sequence of operators of the class II. Let W*
and UE be the functions associated with Ly by (38) and (39), respectively, Uy be
a bounded open subset in R™, and U,(to, z0) = (to, xo)+pU with U = (0,1) x Up.
Then the following statements are equivalent:

(i) for almost all xg € Qo and ty > 0, the limits
khm \Ijk(ta Zz, 1, 67 Up(tO; :EO))

and
klim \Ilg(t,:b,n,&Up(to,xo))
exist for any (n,€) € R x R™ and p > 0 small enough;

(il) the sequence Ly G-converges to an operator L.

Moreover, if these statements hold true, then, for almost all x € @ and t,

\I/k(tvxvnva Up(t,.f))

a(t,z,m¢) = lim lim U, (t, )| w
and k
Uk (¢ U,(t
ao(t, z,m,§) = lim lim o(t, 2,1, Uy(t, 7)) (44)

P S AR

for any (n,€) € R x R™, where L is associated with a and ag.

Proof. Assume (i).

By G-convergence, we may suppose that a subsequence of L still denoted
by Ly is G-covergent to an operator £. If we prove formula (43) and (44), we
conclude that the initial sequence is G-convergent.

Fix z9 € Q and ¢y > 0 such that the limits in (i) exist. Given (n,&) € RxR"”
and p > 0 we consider a unique solution vy, € LP(0, p, Wy P (U,)), vg(t = 0) = 0,
of the equation

Dy, — div ak(;v,n,f + D) =0,

15



and a unique solution v € LP(0, p, Wol’p(Up)), v(t =0) = 0, of the equation
Dy — diva(z,n, & + Dyv) = 0.
It follows that v, — v weakly in LP(0, p, WP (U,(zy))),
a®(t,x,n, & + Dyvy) — alt,z,m,& + Do) (45)
weakly in L(U,(to, o))", and
alg(t,x,n,é + Dyvg) — ao(t, z,n, & + Do) (46)

weakly in L9(U,(to, xo)). Hence,

khm \Ijk(t07 Zo, 1, 57 Up(t07 :EO)) = / G/(t, z,n, €+Dw’l))d$dt = \I](tOu o, 1, €7 Up(t07 CUO))
—ee Up (to,xo)

and the similar statement holds for ¥y. Now, by Proposition 3.2, we get (43)
and (44).

Assume (ii). Then, for v and v defined in the first part of the proof, state-
ments (45) and (46) hold true and (i) follows immediately. (]

To state the next result, we need the following notations. Let £ € II and
By, € II. We set

g"(t,x,r) = sup |a*(t,x,n,&) —b*(t,2,n,6)],
[€lsInl<r

gE(t,z,r) = sup |af(t,x,m,&) — b(t,z,n,€)|.
[E,In|<r

Assuming Ly :G> L and By, :G> B, we introduce also the functions

g(t,(E,’f') = Sup |G/(t,(E,’I7,€) —b(t,l',’l’],é_”
€]l <r
and

go(t,(E,’f') = sup |a0(t7$7n7€) _bo(t7x7n7€)|'
€], Iml<r

Given a bounded open subset U = (0,1) x Uy, Uy C R™, with the regular
boundary 90Uy, we set
Up(to,l'o) = (fo,l’o) + pU.

Let us define the functions g(¢, z,r) and Gy (¢, z,7) by

1
g(t,z,r) = limsup lim sup —— / g*(t,y,r)dydt
|Up(t= z)]| U, (t,x)

p—0 k—o0

and

1
Jo(t,z,r) = limsup lim sup gg(t, y,)dydt.

p—0 k—o00 |Up(t7x)| Uy (t,xz)

16



For any r > 0, these functions are well-defined a.e. on @) and belong to L>(Q).
Also we shall use the notation

p(r) = r P +rmop/Fe) s,
with the constant « > 0, which will be specified later.

Theorem 3.3 Suppose Ly and By are sequences of operators of the class 11,
L. :G> L, and By :G> B. There exists a > 0 such that given R > 0

g(t,z,R) <g(t,z,r) + K {(p(r)l/q + @7 (r) + (1 +7)G(t, 2, r)'y} (47)
and
golt, @, B) < Golt, @,7) + K [(r) /7 4+ 67 (r) + (1 +1)g(t,2,r)7| - (48)

for a constant K = K(R) and almost all x € Q and for all r > 0, where

o S
T RE-1

Proof. We will prove only (47). Inequality (48) can be proved in a similar way.
For the sake of brevity, we will write U, instead of U,(x,t). Moreover, we will
suppress the variable 7 in the functions a* and b*.

Given R > 0 we fix £,n € R such that |{| < R, |n| < R. Let vy €
LP(0, p, Wy (U,)), vk(t = 0) = 0, be a unique solution of the equation

Dy, — div ak(t,x,§ + D,vi) =0
and wy, € LP(0, p, Wy (U,)), wi(t = 0) = 0, be a unique solution of the equation
Dywy, — div b*(t, 2, & + Dywy) = 0.

In view of Theorem 3.2, we need to estimate the quantity

J = / |la"(t, .0, & + Dyvi) — b5 (t, ,m, € + Dywy)|dadt <

Up

IN

/ la®(t, z,n, & + Dyvy) — a®(t, 2,1, € + Dywy)|dxdt +

Up

+/ la®(t, z,m, & + Dywy,) — bF (t, 2,1, € + Dywy)|dedt =
Up

= Ji+ Jo. (49)

In what follows we shall denote by K any constant depending only on R.
First, we note
€ + Dzwng)Up < K|U,| < ep™th. (50)
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Next, we will use Meyers type estimates for the solution of nonlinear parabolic
equation [22, 14]. In particular, we assume that £ + D,wy is bounded in
LPt(U,), for some a > 0 which depends only on ¢, h, n and 3, i.e.,

€+ Dawkllpsa, < Co7o (1€ + Dol (51)
The constant can be easily obtained from rescaling. Similar estimates hold for
vg. Next we define the set
A ={(t,z) € U, : | + Dywi(x)| > r}.
Then, we have

|Ay|r? S/ |€ + Dywy |Pdxdt.

Hence,
|A,| < K|U,|rP.

Using the Holder inequality and (51) we obtain

/(1+|§+wak|p)d:cdt < A + AP E 4 Dawil D, 4, <

r

IN

K|U|(r7? 4 7=/ @) = K|U,| - p(r)(52)

To derive an estimate for J, first we consider the integral J>. Using (52), we
have

J2 = / |ak(t,,’b,’l7,f—|—mek)—bk(t,:E,’I],f—f—mek”d(Edt-i-

r

+ / |a"(t, 2,0, & + Dywy) — b*(t, 2,1, & + Dywy)|dadt <
Up\A,

< K/ (1 + € + Dywy [P~ 1) dzdt +/ g*(t, x, r)dedt <
AT uP\AT
1/q
< / g (t, z, r)dadt + K|U,Y/P [/ (1 + € + Dywy |PYdzdt| <
U, r
= / 9" (t, @, r)dxdt + K|Up| - p(r)"/2. (53)
Uy
Similarly,
/ |a¥ (8, 2,0, & + Dywy) = b5 (t, 2,7, € + Dywy)|"dedt <
Up
< K(1—|-7“)/ g" (t, z,r)dzdt + K|U,| - o(r). (54)
Up

Here to get the factor (1 4+ ) in the first term of the right-hand part, we have
used (3) to estimate the integral

/gk(t,x,r)qd:cdt:/ g*(t, x, )P gR (¢, @, ) dadt.
U, U,

18



Before to handle J;, we need an estimate for D vy, — D,jwy. Using the Holder
inequality and (54), we have

0 = / [ak(t7x7n7€+Dka) _bk(t7x7n7€+wak:)} 'Dw(vk _wk)dxdt+
P

1
+= Dy (v, — wy,)?dzdt =
2 Jy,

= / [ak(t, z,n, €+ Dyvg) — a®(t,z,n, € + Dzwk)} - Dy (vg — wy)dxdt +

P

+ / [ak(t,x,§ + Dywy) — b¥(t, x, € + Dywy)] - Dy (v — wy)dadt +
U

P

P

1
+—/ (vp — wi)?(t = p)dx >
2 )y,
- K/ (14 1€+ Davg|? + |§ + DowgP)' =777 - 1D, (g — wy)| Pdevdt —
UP
_ gl/a _
I3 | Da (o = wi)llp,v, =
1-8/p
§ KTL/ <1+'5+ILWkP*-K+-meMPde% NDa (v = we)ly,
U

> KU "0 | Da(or —wi) [ — J3' | Da(vr = wi) [p.0,-

1
— I3/ || Dy (o, — wi) |, =

Therefore,

KU,/ g% < (55)

(1—|—r)/U

-1
1D (v = wi) |15 !

A

IN

K| |77

P

1/4q
fmawMﬁ+Wvaﬂ .

Hence,

Ji < |Up|1/p/
U,

P

< |U,MP /U

P

1/q
|ak(t7x7n7€+DmUk) _ak(t7$7n7€+mek)|qudt1 S
1/4q
(1 + € + Dovil? + € + Dawr[?)' ™/ | Dy (v, — wk)|sd$dt] <

< |Up|1/p / (14 |+ Dok |? + | + Dywg|P) dadt

Up

1D (o — wi) 2/ .

r 1 (p—s)/(rq9)
Using (50) and (55), we obtain after some calculations

(1—!—7")/[]

P

Ji < K|Up|17’y

g*(t,z,r)dzdt + |U,| - <p(7")] ) (56)
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Inequalities (53) and (56) imply

J = / |ak(t,x,n,§ + D,vg) — bk(t,x,n,f + D,wg)|dxdt <
U,
¥

(1+ T)/ g~ (t,z,r)dxdt + |Up| - @(r)| + (57)

P

< KU, '™

+/ gk(t,x,r)dxdt+K|Up|-gp(r)l/q.
U

P

From here, dividing both sides by |U,|, and taking the limit lim, ¢ limy_o, we
obtain the inequality (47). The inequlaity (48) can be obtained similarly. O
Now we state some direct consequences of the last result.

Corollary 2 Let Ay and By be two sequences of operators of the class 11 such
that Ay, = A and By, =, B. Assume that for anyr >0

lim sup |a"(t,z,n,&) —bF(t,z,n,€)| =
k=00 ¢ In|<r

= lim sup |af(t,z,n,&) —bf(t,z,n,&)| =0
k=00 g |n|<r

strongly in L*(Q). Then A = B.

We shall say that a sequence Ay, € II converges to A € II component-wise in
L' (c-w. in L'), if for any r > 0

lim  sup |a¥(t,2,m,€) — alt,z,n,€)| =
k=00 |¢| 1n|<r

= lim sup |ag(t7$7n7€) _ao(tuxunag)l =0
k=00 ||| <r
strongly in L*(Q).

Corollary 3 Let Aﬁc be a double sequence of operators of the class 11 such that
AL AL for any | € N, as k — co. Assume that AL — Ay c.-w. in L
uniformly with respect to k € N and A" — A c.-w. in L', as | — oo. Then
A = A

Remark 3.1 The statement of Corollary 3 is still valid without this assumption
if we replace c.-w. convergence in L' by the following condition:

|a;€(t7$7n7€) - ak(t7x7n7€)|q — 0

lim esssup sup
=00 £€Q (n,€)cRn+1 (c+ [nlP + [€]P)

and similarly for the differences algyl(t, x,n, &) —ak(t,x,n, &), ai(t,z,n,&)—a(t,z,n,&),
and a’O,l(ta Zz, 1, g) - ao(t, xz,n, g)
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4 Individual Homogenization

Now we consider almost periodic operators of the class II. We will prove that
homogenization takes place in the individual sense, not only in the statistical
one. We consider the case « > 0 and § > 0. More precisely, let us consider a
couple of functions

(a,a0) € Ugn+1 = Mgnt1(co, ¢, Kk, h, 0,1, 8, 6),

where cg, ¢, K, h, 0, v, s, and [ are constants subject to the standard assump-
tions. We consider the family of operators

. t x
L.u = Dy — div a(e—a, 7

t
u, Dyu) + ao(e—a, 6%,u,Dwu), e>0. (58)

Assume that

for any ¢ = (n,€) € R x R", the functions a(t,x,n,&)and ap(t, x,n,§) (59)
are B'-almost periodic with respect to the variable (t,z) € R™ 1.

Associated with the family L, there is a family of random operators L.(w)
defined on the probability space Q = R%"’l in the following way. One can
extend the functions a(t, z,n, &) and ag(t, z,n, &) to the functions a(w, n, &) and
agp(w,n, &), respectively, defined on R%H. Proposition 2.2 implies that

(ZL, Zlo) S H]R’g+1'

To simplify the notations, we suppress the tilde here and still denote a and ag
by a and ag, respectively. Let

L. (w)u = Dyu— div a(w + (€=, e Px), u, Dyu) + ag(w + (6%, e Px), u, Dyu).
(60)
Then, we have formally

Lo = £.(0).

Based on statistical homogenization results, for the family £.(w) there exists
a homogenized operator L. However, since the conclusion of the theorem is
fulfilled in the statistical sense, i.e. for almost all w € Q2 only, we cannot conclude
directly that £ serves the particular operator £, = L:(0). In the next theorem,
we prove that the individual homogenization takes place.

Theorem 4.1 Assume that (a,ag) € Ilgn+1 and condition (59) is fulfilled.
Then for any open bounded subset Q C R™* ! we have L. =< L.

Proof. First, we prove the statement under a more restrictive assumption than
(59). Namely, let us assume that for any

¢=(n¢ eRxR"
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the functions a(t,z,n,&) and ao(t, x,n,&) are almost periodic in the sense of
Bohr with respect to the variable t € R*, x € R". Then, being extended to
R%"’l , the functions a(w,n,£) and ag(w,n,&) are continuous with respect to
w€E R%H. Moreover, since

(a, ao) S HR};+1,

it is easy to verify that these functions are equicontinuous in w if ¢ belongs to
any bounded subset of R x R™.

Based on statistical homogenization theorem, there exists a subset g C
R with p(Q) = 1, such that £ (w) s £ for w € Qy. We note that
any subset Qg C R%H of full measure is dense in R%H. Hence, there exists a
sequence (more precisely, a net) w; € Qg such that w; — 0 in R’é"’l. Moreover,
by Theorem 2.1, for every sequence ¢’ — 0 there exists a subsequence ¢, of £’
such that £y, = L, = Lo, <5 L on Q for some parabolic operator £ of class
II. Using Corollary 3, we conclude that L=C. Tn particular, the passage to a
subsequence ¢y, is superfluous and we obtain that L. =% [ The latter holds for
every w € R%H, not only for w = 0.

Next, we return to the general case. Consider new functions a™(t,z,7,£)
and a(t,x,n,§) defined by

am (t7 x? T]? f) = Sma(t7 x? ?77 5)7

a/an(t7x7777€) = Smao(t, 5577775)7

where S, is the sequence of “smoothing” operators introduced earlier (see Re-
mark 2.2). Then a™(t,z,n,€) and af'(¢,x,n,&) are almost periodic in (¢, ) €
R"*! in the sense of Bohr, and

(am, agn) c HR71+1,

with the same values of the parameters. The last follows from the fact that the
kernel function of S, is non-negative and has the mean value equals to 1. By
definition, for any

(=€ eRxR"

we have
Jima™ (0. €) = al,,0.8). (61)
i ag' (- m.€) = aol-,-,m.), (62)

in the B'-norm. Moreover, since a and ag are continuous functions of ¢ with
values in B'(R"*1), these limits are uniform with respect to ¢, whenever (
belongs to any bounded subset of R x R"”. By G-compactness, we may assume
that

L. S BeT,

where
Bu = Dyu — div b(t, z,u, Dyu) + bo(t, z, u, Dyu).
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Since individual homogenization takes place for the operator

t «x
m, - m
L7y = Dyu—diva (e_‘l’e_ﬁ’

t x
u,Dmu) + ai’)n(e_aa e_ﬁauuD:Eu)a

we have L7 < fm.
Now we apply Theorem 3.3. Consider the functions

g(t,x,r) = sup |am(taxan7§) _a(tv'rvnaf”a
Inl,|1§1<r

g(t,z,r) = sup |a"(n,§) —b(t,z,n,8)l,
\ﬁMf\ST

and the functions go(¢, z,7) and go(t, z,r) defined similarly in terms of ag, af’,
ag', and bg. For simplicity of notations, we suppress here the explicit dependence
of the functions g, g, go, and o on m. Suppose K = (0,1) x Ky, where Ky is
the unit cube in R™ centered at the origin and

Kp(t()vxo) = (t07$0> + pK

We set

1
g(t, z,r) = lim sup lim sup 7/ gle=r, e Py, r)dydr,
p—0 e—0 |Kp(t, )| K, (t,)
1

T, afﬁy, r)dydr.

Jo(t,z,7) = lim sup lim sup go(e

p—0 e—0 |Kp(t7$)| K,(t,x)

By Theorem 3.3, we have

9(t.2, B) < Glta,m) +e(R) [p(r) /7 + () + 1+ G(xr) ] (63)

dolt 2, R) < ot 2,7) + o(R) [¢()/1 + () + (L4175, 7)] - (64)

for any r > 0, where v > 0 and ¢(r) — 0, as 7 — co. Taking into account (24)
and mean value theorem, it follows that

1
lim ————— g(E_at,E_By,’l”)dy = ||g('a'aT)||Bl
=0 |K,(t2)] Sk, (t,2)

which does not depend on ¢, x and p. By (61) and (62), for any r > 0, we have
Hg('v'vr)HBl — 0, ||QO('7'77')||Bl — 0, as m — oo.

Passing in (63) and (64) to the limit as m — oo and, then, as r — oo, we see
that

b(tﬂﬁﬂ%f) = m%gnoo dm(nué-)v

bO(tvxvnvf) = 77151100 dgl("%g)
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The same argument works for the operators L.(w) and £LI*(w), with w €
R%H. For a generic w € R%™ | the homogenized operators for £.(w) and £ (w)
coincide with £ and L™, respectively. Therefore,

b(t7x7n7€) = d(nug)a

bO(tu x, 7775) = dO(naf)

We would like to note that the proof can be easily extended to the case a = 0
or 6=0.0

Remark 4.1 By Theorem 5.2, we have the following representation formulas
for the homogenized operator L:

T—00 7'"+1

1
d(%@ = lim —/ a(t7x7n1€+Dmv§)d$dta
K

-

T—00 7'"+1

1
&0(7776) = lim —/[( ao(t,x,n,g—l-vaf)dIdt,

-

where K, is a generic cube, with the side length T, centered at the origin and
vé e LP(0, 7, Wy P(K,))
s a unique solution of the problem
Dy —diva(t,z,n,€+ D,v) =0 on K.

Here, as usual, ¢ = (n,€) € R x R™.
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