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Meyers type estimatesfor approximate solutionsof nonlin-
ear parabolic equationsand their applications

Y. Efendiev�A. Pankov†
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Abstract — In this paperwe obtain Meyers type (Lp+ ε -) estimatesfor approximatesolutionsof
nonlinearparabolicequations.Thisresearchis motivatedby anumericalhomogenizationof thesetype
of equations[?]. Usingderived estimateswe show theconvergenceof numericalsolutionsobtained
from numericalhomogenizationmethods.
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1. INTRODUCTION

2. INTRODUCTION

Meyerstype regularity estimates[?] provide extra integrability of thesolutionsof
differentialequations.This propertyof thesolutionsis foundto beusefulin many
applications.In this paperour goal is to derive Meyerstype estimatesfor the ap-
proximate(numerical)solutions.Theneedfor suchestimatesarises,for example,in
thenumericalhomogenizationof nonlinearparabolicequations(see[?], page255).
Only extra integrability of thediscretesolutionsguaranteestheirconvergenceto the
solutionof continuousequationsundersuitableassumptions.

In this paperwe areinterestedin obtainingMeyerstype (Lp+ ε -) estimatesfor
numericalsolutionsof nonlinearparabolicequations.Ourbasictool is thetechnique
presentedin [?,?] for continuousoperators.The startingpoint of our approachis
theuseof Meyerstypeestimatesfor linearheatequations.Further, usingadequate
contractionmapswe extendtheseestimatesto stronglymonotoneoperators.In the
next step,usinga particulardiscretesolutionwe obtainMeyerstype estimatesfor
moregeneralparabolicoperatorsof theform

Dtu� div(a(x;u;Dxu)) + a0(x;u;Dxu) = f (2.1)

with homogeneousDirichlet boundaryconditionsunderquitegeneralassumptions
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on a anda0. To obtainMeyerstypeestimatesfor (2.1)we useweaker assumptions
thanthoseimposedin [?].

In thepaperwe alsoconsideranapplicationof theobtainedestimatesto a par-
ticular discretizationof (2.1) which arisesin a numericalhomogenizationof such
equations[?]. Thisdiscretizationof (2.1)is differentfrom thestandardGalerkindis-
cretization.In particular, two differentdiscretespacesareinvolved for approxima-
tion of u andDxu. Thisscenariocannotbeavoidedin anumericalhomogenization
procedurebecausethesolutionof the local problemsdo not belongto thediscrete
spacesthatareusedfor approximationof thehomogenizedsolutions[?]. To obtain
the convergenceof the discretesolutionsto a solutionof (2.1) oneneedsMeyers
typeestimates.

The paperis organizedasfollows. In the next sectionwe discusspreliminary
resultsregardinglinearequations.In thefollowing sectionwe obtaintheestimates
for monotoneoperators.Section4 is devotedto theMeyerstypeestimatesfor equa-
tions(2.1).Finally we usetheseestimatesto prove theconvergenceof a numerical
scheme.

3. PRELIMIN ARIES

DenoteQ = [0;T] � Q0 and

Xp = Lp(0;T;W1,p
0 (Q0)) ; X� p = Lp(0;T;W� 1,p(Q0))

Yp = Lp(0;T;Lp(Q0)) ; Wp = f u 2 Xp; Dtu 2 X� p; u(t = 0) = 0g;
(3.1)

wherekukW p = kukX p + kDtukX � p. ThroughoutthepaperC (with or withoutsub-(or
super-)script ) denotesa genericconstantwhich independentof h, unlessotherwise
stated.

Let Eh beafamily of �nite dimensionalsubspacessuchthatspan(
⋃

Eh) is dense
in W1,p

0 (Q0), 2 6 p 6 p0 (some�x ed p0). Consideruh(t) 2 Eh, uh(t = 0) = 0,

l (Dtuh;vh) + (Dxuh;Dxvh) = ( f ;vh); 8vh 2 Eh; (3.2)

where l is a parameter. (u;v) means
∫

Q0
uvdx and the duality pairing between

W1,p(Q0) andW� 1,q(Q0), and1=p+ 1=q = 1. Ourbasicassumptionis thatfor any
f 2 X� p, for somep, 2 6 p 6 p0, wehave

kuhkX p 6 Ck fkX � p: (3.3)

C = Cp,λ dependson p andl , but notonh. Onecanassume(3.3)only for p 2 [2;s],
for somes> 2. This resultfor p = 2 canbeeasilyobtainedandknown (e.g.,[?,?]).
Moreover, C2,λ 6 1. In thepaperwe assumeMeyerstypeestimatesfor linearheat
equation.(3.3)and(3.2)impliesthatkuhkW p 6Cp,λ k f kX � p, but in generalCp,λ > 1.

Denoteby Lλ
h thelinearoperatorthatmapsf into uh,

Lλ
h f = uh:
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Inequality(3.3) impliesthatLλ
h is a boundedlinearoperatorfrom X � p into Wp, as

well asfrom X � p to Xp. Denoteby Mp,λ ,h thenormof theoperatorsLλ
h from X� p

to Xp andset
Mp,λ = sup

h
Mp,λ ,h:

It canbeeasilyshown thatM2,λ 6 1.

Theorem 3.1. Let p0 > s> 2, 2 6 p 6 sand

1
p

=
1� J

2
+

J
s

:

Then
Mp,λ 6 (Ms,λ )ϑ : (3.4)

Proof.
Introducea family of operatorsBλ

h ,

Bλ
h = D � Lλ

h � div:

The operatorBλ
h is a boundedlinear operatorthat actsin the spaceY p. Next we

estimatethenormof Bλ
h in Ys.

kBλ
h kY s = sup

kukLs(Q)6 1
kD � Lλ

h � div(u)kY s = sup
k f kX� s6 1

kD � Lλ
h � f kY s =

sup
k f kX� s6 1

kLλ
h � f kXs = kLλ

h kXs 6 Ms,λ ,h:
(3.5)

Similarly we cancheckthatkBλ
h kY 2 6 M2,λ ,h 6 1. Next we applytheRiesz-Thorin

interpolationtheorem[?] onBλ
h . Let s> 2, 2 6 p 6 sand

1
p

=
1� J

2
+

J
s

:

ThenusingRiesz-Thorininterpolationtheoremwehave

kBλ
h kY p 6 (Ms,h)ϑ : (3.6)

Introducez
(z;Dxv) = ( f ;v); 8v 2 X2:

Since(z;Dxv) 6 k f kX � pkvkX p, z is a continuouslinearfunctionalon a subspaceof
Yq. By the Hahn-Banachtheorem,z canbe extendedto a continuouslinear func-
tionalonYq andkzkY q 6 k f kX � p. Moreover, div(z) = f .
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Denoteuh = Lh,λ f . ThenDxuh = Bλ
h zand

kDxuhkY p 6 Mϑ
s,λ kzkY p 6 Mϑ

s,λ k f kX � p:

Thus,uh 2 Xp and
kuhkX p 6 Mϑ

s,λ k f kX � p:

Q.E.D.

4. MONOTONE OPERATORS

Consider
Dtu+ Au = f ;

where
Au = � div(a(x;t;Dxu))

andassumethat

� a : Q� Rn ! Rn beaCaratheodoryfunctionanda(x;t;0) = 0 (thelatteris for
thesake of simplicity).

�
ja(x;t;x1) � a(x;t;x2)j 6 Mjx1 � x2j (4.1)

for all (x;t) 2 Q andx1;x2 2 Rn.

�
(a(x;t;x1) � a(x;t;x2)) � (x1 � x2) > mjx1 � x2j2: (4.2)

A is astrictly monotonecontinuousoperatorfrom X2 to X� 2, and

(Au� Av;u� v) > mku� vk2
X2:

Hence,it is coercive. In factA mapsX2 continuouslyinto X � 2,

kAu� AvkX � 2 6 Mku� vjjX2:

Consideranapproximateproblem.Find uh 2 Eh suchthat

(Dtuh;vh) + (Auh;vh) = ( f ;vh); 8vh 2 Eh: (4.3)

For theanalysiswe will needthefollowing notation

l =
m

M2 ; k = (1�
m2

M2 )1/2:

Ourgoalis to prove thefollowing theorem.
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Theorem 4.1. Letuh bethesolutionof (4.3). Then

kuhkW p 6 Ck fkX � p: (4.4)

For the proof of the theoremwe will needsomeauxiliary facts.Considerthe
operatorA de�ned by

Au= � ∆u� l A(u):

Lemma 4.1.
kAu1 � Au2kX � p 6 kku1 � u2kX p;

i.e., A : X p ! X� p is Lipschitz continuouswith Lipschitz constantk, k < 1.

Proof.
The�ux correspondingto A is givenby

a(x;t;x ) = x � l a(x;t;x ):

Next wewould like to derive thefollowing estimatefor a(x;x ),

ja(x;t;x1) � a(x;t;x2)j 6 (1�
m2

M2 )1/2 jx1 � x2j = kjx1 � x2j: (4.5)

Indeed,

ja(x;t;x1) � a(x;t;x2)j2 = (x1 � x2) � (x1 � x2) � 2l (a(x;t;x1) � a(x;t;x2)) � (x1 � x2)+

l 2(a(x;t;x1) � a(x;t;x2)) � (a(x;t;x1) � a(x;t;x2)) =

jx1 � x2j2 � 2l (a(x;t;x1) � a(x;t;x2)) � (x1 � x2) + l 2ja(x;t;x1) � a(x;t;x2)j2:
(4.6)

Assumptions(4.1)and(4.2) imply

ja(x;t;x1) � a(x;t;x2)j2 6 jx1 � x2j2 � 2l mjx1 � x2j2 + l 2M2jx1 � x2j2 =

(1� 2l m+ l 2M2)jx1 � x2j2 = k2jx1 � x2j2:
(4.7)

Theestimate(4.5)impliesimmediatelythatfor any u1;u2 2 Wp andv2 Wq wehave

j(Au1 � Au2;v)j = j
∫

Q
(a(x;t;Dxu1) � a(x;t;Dxu2)) � Dxvdxj 6

ka(x;t;Dxu1) � a(x;t;Dxu2)kLp(Q)kDxvkLq(Q) 6 kkD(u1 � u2)kY pkDxvkY q:
(4.8)

Thismeansthat
kAu1 � Au2kX � p 6 kku1 � u2kX p;

i.e.,A : Wp ! X� p is Lipschitzcontinuouswith Lipschitzconstantk, k < 1.
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Q.E.D.
Now wede�ne theoperatorQh = Qh, f ( f is �x edin W� 1,p(Q) for somep> 2),

Qh : Eh ! Eh, by theformula(vh 2 Eh)

Qhvh = Lλ
h (Avh + l f )

If uh 2 Eh is a �x edpoint of Qh, thenuh is theapproximatesolutionof Dtu+
Au = f . Indeed,from Lλ

h (Avh + l f ) = vh it follows that(Avh + l f ;wh) = (l Dtvh �
∆vh;wh) (8wh 2 Eh), which is equivalentto (� l Avh + l f ;wh) = (l Dtvh;wh). The
latterimpliesthatvh is thesolutionof (Dtvh;wh) + (Avh;wh) = ( f ;wh). Weconsider
Eh with thenorminducedfromWp.

Lemma 4.2. Qh is Lipschitz continuouswith the Lipschitz constantMpk from
Xp to itself,

kQhuh � QhvhkX p 6 Mpkkuh � vhkX p:

Proof. Indeed,

kQhuh � QhvhkX p = kLλ
h (Auh � Avh)kX p 6 MpkAuh � AvhkX � p 6

Mpkkuh � vhkX p
(4.9)

Notethatk < 1.
Q.E.D.
Proof. (Theorem4.1).
Inequality(3.4) implies that if s is suf�ciently closeto 2, thenMp is closeto 1

for all p 2 [2;s]. HenceMpk < 1 for p 2 [2;s] with scloseto 2.
Next we take f ;g 2 X � p. Let uh andwh betheapproximatesolutionsof

Au = f ; Aw = g:

Thenuh andwh are�x edpointsof Qh, f andQh,g, respectively andwehave

kuh � whkX p = kQh, f uh � Qh,gwhkX p 6 Mpkkuh � whkX p+
kQh, f wh � Qh,gwhkX p 6 Mpkku� wkX p + Mpl k f � gkX � p:

(4.10)

Hence,

kuh � whkX p 6
l Mp

1� Mpk
k f � gkX � p:

Furtherusingthefactthat(Dtuh + Auh;vh) = ( f ;vh) and(Dtwh + Awh;vh) = (g;vh)
wehave

kDtuh � DtwhkX � p = k f � g� Auh + AwhkX � p 6 k f � gkX � p + Mkuh � whkX p 6

(1+
l MMp

1� Mpk
)k f � gkX � p:

(4.11)
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Fromtheseestimateswe obtain

kuh � whkW p 6 Ck f � gkX � p:

With g = 0 wehave
kuhkW p 6 Ck fkX � p: (4.12)

Thiscompletestheproofof thetheorem.
Q.E.D.

5. GENERAL NONLINEAR PARABOLIC OPERATORS

Consider
Dtu+ Au = f ;

where
Au = � div(a(x;t;u;Dxu)) + a0(x;t;u;Dxu)

andassume

� a : Q� R� Rn ! Rn, a0 : Q� R� Rn ! Rn areCaratheodoryfunctions,and
for simplicity we assumea(x;t;0;0) = 0, a0(x;t;0;0) = 0.

�
ja(x;t;h ;x )j + ja0(x;t;h ;x )j 6 C(1+ jh j + jx j): (5.1)

�
ja(x;t;h ;x1) � a(x;t;h ;x2)j 6 Mjx1 � x2j: (5.2)

�
(a(x;t;h ;x1) � a(x;t;h ;x2)) � (x1 � x2) > mjx1 � x2j2: (5.3)

�
a(x;t;h ;x ) � x + a0(x;t;h ;x )h > a jx j2 � b ; (5.4)

a > 0, b > 0.

A : X2 ! X� 2 is a continuouspseudomonotone[?] (andtypeS+ [?]) coercive
operator. HenceDtu+ Au = f , f 2 X � 2(Q) hasa solutionin W2 (not necessarily
unique).Consideranapproximateproblem

(Dtuh;vh) + (Auh;vh) = ( f ;vh); 8vh 2 Eh: (5.5)

Theapproximateproblemhasasolutionuh 2 Eh (notnecessarilyunique)and

kuhkW 2 6 C; 8 h: (5.6)

This follows from thecoercivenessof theoperatorA.
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Theorem 5.1. Letuh bea solutionof (5.5). Then

kuhkW p 6 C; 8 h;

p 2 [2;s], s is closeto 2.

Proof.
IntroducetheoperatorsAh

Ahu = � diva(x;uh;Dxu)

and
fh = f � a0(x;uh;Dxuh):

Ah is stronglymonotoneoperatorwith operatorconstantsindependentof h andthe
estimate(5.6) impliesthat

ka0(x;uh;Dxuh)kY 2 6 C:

SinceY2 � X� p, p 2 [2;s], for somes, we have

k fhkX � p 6 C

uniformly, provided f 2 X � p.
Clearly, uh is anapproximatesolutionof Ahuh = fh (i.e., (Ahuh;wh) = ( f ;wh),

8wh 2 Eh) and(4.4) imply that

kuhkW p 6 C; 8 h; (5.7)

p 2 [2;s], s is closeto 2.
Q.E.D.
In thenext sectionwewill apply(5.7) to anumericalscheme.

6. AN APPLICATION

Considertheequation,u(t) 2 W2

Dtu� div(a(x;t;u;Dxu)) + a0(x;t;u;Dxu) = f : (6.1)

Let a anda0 satisfytheassumptions(5.1)-(5.4)andalsothefollowing assumption,
for any x ;x 02 Rn andh ;h 02 R

ja(x;t;h ;x ) � a(x;t;h 0;x 0)j + ja0(x;t;h ;x ) � a0(x;t;h 0;x 0)j 6

C(1+ jh j + jh 0j + jx j + jx 0j)n(jx � x 0j) + C(1+ jh j1� s + jh 0j1� s + jx j1� s + jx 0j1� s)jx � x 0js;
(6.2)
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for all (x;t) 2 Rn+ 1, where0 < s < 1, n(r) is continuity modulus(i.e., a nonde-
creasingcontinuousfunctionon [0;+ ∞) suchthatn(0) = 0, n(r) > 0 if r > 0, and
n(r) = 1 if r > 1). Notethat(6.1)with theimposedconditions(5.1)-(5.4)and(6.2)
mayhave multiplesolutions.

Theequation(6.1)hasasolutionandin thissectionwewill beinterestedin the
approximationof thissolutionwith thefollowing discretization.Let Eh begivenby

Eh = f vh 2 C0(Q) : therestrictionvh is linearfor eachtriangleK 2 Πh andvh = 0on¶Qg;

whereΠh is a standardtriangulardiscretizationof Q0, diam(K) 6 Ch, We seeka
solution,uh(t) 2 Eh, of (6.1) in Eh suchthat

(Dtuh;vh) + (Ahuh;vh) = ( f ;vh); 8vh 2 Eh; (6.3)

where

(Ahuh;vh) =
∫

Q0

a(x;t;Mhuh;Dxuh) � Dxvhdx+
∫

Q0

a0(x;t;Mhuh;Dxuh)vhdx: (6.4)

HereMh is anaveragingoperatorover theeachelementK 2 Πh de�ned asfollows.
For eachuh 2 Eh,

Mhuh = ∑
K

1K
1
K

∫
K

uhdx; (6.5)

where1K is an indicatorfunction of K. Moreover, for any j 2 Lp(Q), Mhj ! j
in Lp(Q) (seee.g.,[?]). Note that thediscretization(6.3)canbemoretractablefor
computationalpurposessincethespatialdependenceis notpresentandthequadra-
turestepcanbeeasilyimplemented.

De�ne Auh on Eh by

(Auh;vh) =
∫

Q0

a(x;t;uh;Dxuh) � Dxvhdx+
∫

Q0

a0(x;t;uh;Dxuh)vhdx: (6.6)

Theorem 6.1. uh convergesto u in X2 ash ! 0 alonga subsequence, whereuh
is a solutionof (6.3) andu is a solutionof (6.1).

Theproofof thetheoremwill becarriedout in thefollowing way. First wewill
show the coercivity of the discreteoperator, thenthe uniform boundednessof the
solutionsin X2 andAhuh in X� 2. Thiswill imply thatuh ! u andAhuh ! g weakly
in thecorrespondingspaces.Thenusingstandardtechniquefor parabolicequations
we obtainthatDtu+ g = f in X � 2. It remainsto show thatg = Au. Theanalysisof
thelatterrequiresMeyerstypeestimates.

Next lemmawill beusedin theproofof Theorem6.1.

Lemma 6.1. If uk ! 0 in Lr(Q) (1 < r < ∞) ask ! ∞ then
∫

Q
n(uk)jvk jpdxdt ! 0; ask ! ∞
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for all vk either(1) compactin Lp(Q) or (2) boundedin Lp+ α (Q), a > 0. Heren(r)
is continuitymodulusde�nedpreviously(see(6.2)) and1 < p < ∞.

Proof. Sinceuk converges in Lr it converges in measure.Consequently, for any
d > 0 thereexistsQδ andk0 suchthatmeas(QnQδ ) < d andn(uk) < d in Qδ for
k > k0. Thus
∫

Q
n(uk)jvk jpdxdt =

∫
Qd

n(uk)jvk jpdxdt +
∫

QnQd

n(uk)jvk jpdxdt 6Cd+ C
∫

QnQd

jvk jpdxdt:

(6.7)
Next we usethe fact that if (1) or (2) satis�es then the set vk hasequi-absolute
continuousnorm[?] (i.e., for any e > 0 thereexistsz > 0 suchthatmeas(Qζ ) < z
implies kPQz vkkp < e, wherePD f = f f (x); if x 2 D;0 otherwise). Consequently,
thesecondtermon theright handsideof (6.7)convergesto zeroasd ! 0. Q.E.D.

To prove Theorem6.1we �rst show thatAh is coercive,

Lemma 6.2. Ah is coercivefor suf�ciently smallh, i.e.,

(Ahuh;uh) > CkuhkX2 � C0;

whereC andC0 are genericconstantsindependentof h.

Proof.

(Ahuh;uh) =
∫

Q
a(x;Mhuh;Dxuh) � Dxuhdxdt +

∫
Q0

a0(x;Mhuh;Dxuh)uhdxdt =
∫

Q
a(x;Mhuh;Dxuh) � Dxuhdxdt +

∫
Q

a0(x;Mhuh;Dxuh)Mhuhdxdt+
∫

Q
a0(Mhuh;Dxuh)(uh � Mhuh)dxdt > C

∫
Q

jDxuhj2dxdt�

j
∫

Q
a0(x;Mhuh;Dxuh)(uh � Mhuh)dxdtj > C

∫
Q

jDxuhj2dxdt�

C2h
∫

Q
jDxuhj2dxdt � C0 = (C� C2h)

∫
Q

jDxuhj2dxdt � C0:

(6.8)

Herewehave usedthefactthatjuh � Mhuhj < ChjDxuhj in every triangularelement
K 2 Πh.

Q.E.D.
It canbe easilyshown that Ah is continuouswhich alongwith the coercivity

guaranteestheexistenceof thediscretesolutions[?]. Moreover, becauseof theco-
ercivenesswehave thefollowing uniformbound

kuhkX2 6 C; (6.9)
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whereuh are solutionsof (6.3). As a consequence,uh ! u weakly in X2 (along
a subsequence)ash ! 0. For further analysisthe sequenceuh is �x ed. It canbe
easilyshown usingtheestimatesfor uh thatAhuh is uniformly boundedin X � 2 thus
Ahuh ! g weaklyin X � 2.

Next onecanrepeatthe analysisin the proof of the Theorem4.1. of [?] and
obtainthat

Dtu+ g = f in X � 2: (6.10)

Thecrucialpoint is asin theTheorem4.1of [?] to prove Au = g. We would like to
notethatif thetime discretizationis takeninto account,i.e.,

1
∆t

(uh(t) � uh(t � ∆t)) + Ahuh = fh;

(understoodin ausualweaksense)thenonecanrepeattheanalysisof theTheorem
5.1.(Bardos-Brezis)in [?], andobtainagain(6.10)with Dtu replacedby Lu, where
L is a correspondinggenerator. Thusthecrucialpoint remainsto show Au = g. We
will not repeattheseanalysesheresincethey areidentical.Thusourgoalis to prove
thatAu = g. Thenext lemmais importantfor theproofof Theorem6.1.

Lemma 6.3. LetAh andA bede�nedby (6.4) and(6.6) respectively. Then

(Ahuh � Auh;vh) ! 0;

for anyuniformlyboundedfamily of uh andcompactfamily of vh in X2. Moreover,
if uh is uniformlyboundedin X2+ α (a > 0) then

(Ahuh � Auh;uh) ! 0: (6.11)

Proof. Consider

(Ahuh � Auh;vh) =
∫

Q
(a(x;Mhuh;Dxuh) � a(x;uh;Dxuh)) � Dxvh+

(a0(x;Mhuh;Dxuh) � a0(x;uh;Dxuh))vh)dxdt:
(6.12)

Usingtheestimatesfor a we have

j
∫

Q
(a(x;Mhuh;Dxuh) � a(x;uh;Dxuh)) � Dxvhdxdtj 6

C
∫

Q
(1+ jMhuhj + jDxuhj + juhj)n(jMhuh � uhj)jDxvhjdxdt 6

C(
∫

Q
(1+ juhj2 + jDxuhj2)dxdt)1/2(

∫
K

jDxvhj2n(jMhuh � uhj)2dxdt)1/2
6

C(1+ kuhk2
X2)1/2(

∫
Q

jDxvhj2n(hjDxuhj)2dx)1/2

(6.13)
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Herewe have usedjuh � Mhuhj 6 ChjDxuhj in every triangularelementK 2 Πh.
Becauseof Lemma6.1 we obtain that the right handsideof (6.13) convergesto
zerofor any uniformly boundedfamily of uh 2 X2 andcompactfamily vh 2 X2 as
h ! 0. Theestimatefor a0 canbeobtainedin a similarway,

j
∫

Q
(a0(x;Mhuh;Dxuh) � a0(x;uh;Dxuh);Dxvh)dxdtj 6 (C+ kuhk2

X2)1/2(
∫

Q
jvhj2n(hjDxuhj)2dx)1/2:

(6.14)

Notethattheright handsideof (6.14)convergesto zerofor any uniformly bounded
familyof uh 2 X2 andvh 2 X2. Indeed,thelatterimpliesthatvh isuniformlybounded
in X2+ α for somea > 0. ThusapplyingLemma6.1 we obtainthat the right hand
sideof (6.14)convergesto zerofor any uniformly boundedfamily of vh in X2+ α .

To show (6.11)we notethat

(Ahuh � Auh;uh) 6 C(1+ kuhk2
X2)1/2(

∫
Q

jDxuhj2n(hjDxuhj)2dxdt)1/2: (6.15)

SinceDxuh is uniformly boundedin Y2+ α (Q), a > 0 we obtainthattheright hand
sideof (6.15)convergesto zeroaccordingto Lemma6.1.

Q.E.D.

Lemma 6.4. For somea > 0 wehave

kuhkX2+ a 6 C

Proof. To prove this lemmaweusetheresultsof theprevioussection.Consider
theoperator,

Ahu = � div(a(x;Mhuh;Dxu))

and
fh = f � a0((x;Mhuh;Dxuh);

whereuh is adiscretesolutionof (6.3).ThenAh is stronglymonotonewith operator
constantsindependentof h. Moreover, using(6.9)weget

ka0(x;Mhuh;Dxuh)kL2(Q) 6 C:

Clearlyuh is asolutionof Ahuh = fh (i.e.,(Ahuh;wh) = ( fh;wh), 8wh 2 Eh) andthus
by Theorem5.1we have

kuhkX2+ a 6 C;

for somea > 0.
Q.E.D.

Lemma 6.5. Auh ! f weaklyin X � 2 ash ! 0, where uh are solutionsof (6.3).
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Proof.
For any v 2 X2 andvh ! v in X2 wehave

lim
h! 0

(Auh;vh) = lim
h! 0

(Ahuh;vh) + lim
h! 0

(Auh � Ahuh;vh) = ( f ;v)

Herewehave usedtheLemma6.3.
Q.E.D.
Proof (Theorem6.1).
Thuswehave thefollowing:

uh ! u weaklyin X2; Auh ! f weaklyin X � 2; (Auh;uh) ! ( f ;u): (6.16)

SincetheoperatorA is typeM [?] this guaranteesthatAu = f , i.e., u is a solution.
Moreover, sinceour differentialoperatorsis alsotypeS+ (seee.g.,[?], page3) we
have uh ! u stronglyX2. Thiscompletestheproofof thetheorem.

Q.E.D.
Remark. To carry out the proof of Theorem6.1, Meyerstype estimateswere

neededIn particular, in orderfor (6.11)to hold we needextra integrability of dis-
cretesolutions.Thecondition(6.11)(or thesameasthethird conditionin (6.16))is
necessaryfor theconvergenceof discretesolutionsto thecontinuousones(cf. [?],
page38).

Remark. In thispaperwehaveassumedMeyerstypeestimatesfor approximate
solutionsof thelinearheatequation.We werenot ableto �nd theproof of this fact
in theliteratureandit is asubjectof our futureresearch.
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