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Meyers type estimatesfor approximate solutions of nonlin-
ear parabolic equationsand their applications
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Abstract — In this paperwe obtain Meyers type (LP* €-) estimatesor approximatesolutionsof

nonlineaparabolicequationsThisresearclis motivatedby anumericahomogenizationf thesetype
of equationd?]. Using derived estimatesve shaw the corvergenceof numericalsolutionsobtained
from numericalhomogenizatiomethods.
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1. INTRODUCTION
2. INTRODUCTION

Meyerstype regularity estimateg?] provide extra integrability of the solutionsof
differentialequationsThis propertyof the solutionsis foundto be usefulin mary
applicationsln this paperour goal is to derve Meyerstype estimatedor the ap-
proximate(numerical)solutions.Theneedfor suchestimatesrisesfor example,n
thenumericalhomogenizatiomf nonlinearparabolicequationgsee[?], page255).
Only extraintegrability of thediscretesolutionsguaranteetheir corvergenceto the
solutionof continuousequationsindersuitableassumptions.

In this paperwe areinterestedn obtainingMeyerstype (L7* ¢-) estimatedor
numericakolutionsof nonlineamarabolicequationsOurbasictool is thetechnique
presentedn [?,?] for continuousoperators.The startingpoint of our approachs
the useof Meyerstype estimategor linear heatequationsFurther usingadequate
contractionmapswe extendtheseestimatego stronglymonotoneoperatorsin the
next step,usinga particulardiscretesolutionwe obtainMeyerstype estimatedor
moregeneraparabolicoperatorof theform

D,u div(a(x;u;D,u)) + ag(x;u;D,u) = f (2.1)

with homogeneouBirichlet boundaryconditionsunderquite generalassumptions
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onaanday. To obtainMeyerstype estimatedor (2.1) we usewealer assumptions
thanthoseimposedn [7].

In the paperwe alsoconsideran applicationof the obtainedestimatego a par
ticular discretizationof (2.1) which arisesin a numericalhomogenizatiorof such
equationg?]. Thisdiscretizatiorof (2.1)is differentfrom thestandardsalerkindis-
cretization.In particular two differentdiscretespacesareinvolved for approxima-
tion of u andD,u. This scenariccannot be avoidedin anumericalhomogenization
procedurebecausehe solutionof the local problemsdo not belongto the discrete
spacegshatareusedfor approximatiorof thehomogenizedolutions[?]. To obtain
the corvergenceof the discretesolutionsto a solutionof (2.1) one needsMeyers
typeestimates.

The paperis organizedasfollows. In the next sectionwe discusspreliminary
resultsregardinglinear equationsin thefollowing sectionwe obtainthe estimates
for monotoneoperatorsSectiord is devotedto the Meyerstype estimatedor equa-
tions(2.1). Finally we usetheseestimatedo prove the convergenceof a numerical
scheme.

3. PRELIMIN ARIES
DenoteQ= [0;T] Qpand

X = (O TW"(Q); X 7= LG T,W (Qo)

YP = LP(O;T;LP(Qo)); WP =fu2 X?; D,u2 X ?; u(t=0) = Og; (21)

wherekuky » = Kukyp + kD,Uky ». ThroughouthepapeiC (with or withoutsub-(or
super)script) denotesa genericconstantwhich independenof h, unlessotherwise
stated.

LetE;, beafamily of nite dimensionasubspacesuchthatspan(|JE;) is dense

inW,”(Qo), 2 < p < po (Some x ed py). Considen(t) 2 E;, uy(t = 0) = 0,
I (Drup; Vi) + (Dylp; Dyvi) = (F;v); 8v, 2 Ey; (3.2)

where | is a parameter(u;V) meanszo uvdx and the duality pairing between

WP (Qp) andW '4(Qq), and1=p+ 1=q= 1.Ourbasicassumptioris thatfor ary
f2 X P, forsomep, 2< p< po, we have

kupkye < Ckfky p: (3.3)

C=C,, depend®npand/ , butnotonh. Onecanassumg3.3)only for p2 [2;],
for somes> 2. Thisresultfor p= 2 canbeeasilyobtainedandknown (e.g.,[?,7]).
Moreover, C, ; < 1. In the paperwe assumeMeyerstype estimatedor linearheat
equation(3.3)and(3.2)impliesthatku,kyr < C, ; kfky », butin generalC, ; > 1.

Denoteby L% thelinearoperatorthatmapsf into uy,

LA f=uy
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Inequality(3.3) impliesthat L,’} is aboundedinearoperatorfrom X ” intoW?”, as

well asfrom X 7 to X”. Denoteby M,, ; , thenormof the operatorsl_,’ll fromX »
to X” andset

Mp,). = S]upNIp,).,h:
h

It canbeeasilyshavn thatM, ; < 1.

Theorem3.1. Letpy> s> 2,2< p<sand

1 1 J J
— = + —:
p 2 S
Then
Mpﬂ < (Ms,l)ﬁ: (34)
Proof.

Introducea family of operators8?,
Bf=D L} div

The operatorBﬁ is a boundediinear operatorthat actsin the spaceY”. Next we
estimatethenormof B} in Y*.

kBikys= sup kD L} div(ukys= sup kD L} fkys=
kleLS(Q)6 1 kka 56 1

sup KL} fkys = kLtkys <M,
Kfky 61 .

(3.5)

Similarly we cancheckthathﬁ Ky2 < M, , < 1. Next we applythe Riesz-Thorin
interpolatiortheorem{?] onB}. Lets> 2,2 < p< sand
1J J

+ —:
2 S

1 —
p
ThenusingRiesz-Thorininterpolationtheoremwe have

kBlkyp < (M) ?: (3.6)

Introducez
(zDy) = (f;v); 8v2 X2

Since(z D,Vv) < kfky pokvkyp, zis a continuoudinearfunctionalon a subspacef
Y4. By the Hahn-Banactiheorem,z canbe extendedto a continuoudinear func-
tionalonY? andkzkyq < kfky ». Moreover, div(z) = f.
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Denoteu, = Ly, f. ThenD,u;, = B}-zand

KD Upkyr < MY, kzkyr < MY Kfky o:

Thus,u, 2 X? and
kugkxe < M2 kfky o

Q.E.D.

4. MONOTONE OPERATORS

Consider
D;u+ Au= f;
where
Au= div(a(x;t;D,u))
andassumehat

a:Q R'! R'beaCaratheodorjunctionanda(x;t;0) = 0 (thelatteris for

the sale of simplicity).

jalxtix))  a(xtx)i <Mjxi xj
for all (x;t) 2 Q andx;;x; 2 R".

@xtx) axtx) (a x)=mxi xj*
A'is a strictly monotonecontinuousoperatorfrom X2 to X 2, and
(Au Aju v)>mku VK
Hence,it is coercve. In factA mapsX? continuouslyinto X 2,
kKAu Avky 2 < MKU  Vjjy2:
Consideranapproximatgroblem.Find u, 2 E; suchthat
(Drup; i) + (Aup;vi) = (f5v); 8v, 2 Ej:
For theanalysiswe will needthefollowing notation

_ m, _ ..
=15 k=0 W)/'

Ourgoalis to prove thefollowing theorem.

(4.1)

(4.2)

(4.3)
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Theorem4.1. Letu, bethesolutionof (4.3). Then

Kupkwe < Ckfky p: (4.4)

For the proof of the theoremwe will needsomeauxiliary facts.Considerthe
operatorA de ned by B
Au= Au [ A(u):

Lemma4.1. L
KAu;  Aupky » <Kkup  tpkye;

i.e, A:XP 1 X 7isLipsditz continuouswith Lipscitz constantk, k < 1.

Proof. B
The ux correspondindo A is givenby

axt;x)=x [a(xt;x):

Next we would like to derive thefollowing estimateor a(x; x),

jatt;x)  actx)j < (1 %)”% Xj= Kxi  Xj: (4.5)
Indeed,
jaxtx) axtx)if=(a x) (a %) 2 @xtx) axtx) (x x)+

Iz(a(x;t;xl) alxt; x)) (alxt;x;) a(xt;x)) =

Xt %t 20 (axtx)  axtx)) (i x)+ 1 Faitx)  aixtx)j*:
(4.6)

Assumptiong4.1)and(4.2)imply

jaxtx) axtx)i? <jxi Xt 20mxi xoji+ 1 2MIx; xf’ =

4.7
(1 20 m+ [ 2MAjx;  xj? = Kjx1 X 47

Theestimatg4.5)impliesimmediatelythatfor ary u;; u, 2 W” andv 2 W? we have

iAu Abiv)i= | / @(t;DaU) A D) Dave <
1] (4.8)

Ka(x;t;Dcur)  a(xt; Dytp)Kpo(o)KDxVK o) < KKD(Up  Uz)KypKD,VKya:

This meanghat L
kAU AUsz p < kku;  ukye;

i.e.,A:WP ! X 7isLipschitzcontinuouswith Lipschitzconstank, k< 1.
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Q.E.D.
Now we de ne theoperatoiQ, = Q. (f is x edinW '»(Q) for somep > 2),
Qn:Ey! Ep, bytheformula(v, 2 Ey)

Qi = LFAV, + 1 f)

If u, 2 E, isa x edpoint of Q, thenu;, is the approximatesolutionof D,u+
Au= f.IndeedfromL} (Av,+ | f)= v, it followsthat(Av, + | f;wy) = (I D,
Av,;wy) (8w, 2 Ey), whichis equivalentto (| Av,+ | ;W) = (I Dyvi;wy). The
latterimpliesthatv;, is the solutionof (D,v;,; w) + (Avy;wy) = (f;w;,). We consider
E;, with thenorminducedfromW?,

Lemma4.2. Qy is Lipsdhitz continuouswith the Lipsditz constantM k from
X? to itself,
thUh Qthkxp < Mpkkuh Vi Kxp:

Proof. Indeed,

kQuUn  Quvikxr = kL7 (AU, Avp)kxe < M kAU, Aviky » <

(4.9)
Mpkku,  ViKxe

Notethatk < 1.

Q.E.D.

Proof. (Theorermd.1).

Inequality (3.4) impliesthatif sis sufciently closeto 2,thenM,, is closeto 1
forall p2 [2;s]. HenceM k< 1for p 2 [2; 5] with scloseto 2.

Next wetake f;g2 X ?. Letu, andw;, betheapproximatesolutionsof

Au= f; Aw=g:
Thenu, andw;, are x edpointsof Q,, » andQy, ., respectiely andwe have

Kup,  Wikxe = KQp pUp  QpeWikxe < MpKKU, - Wykxe+

KQpn Wi, QpgWikxr < Mykku  wkyp+ M,/ kf gky »: (4.10)
Hence,
ku Wk<IM”kf Ky o
h WK S 7 M,k OKx p:

Furtherusingthefactthat(D,u, + Auy;v,) = (f;v,) and(D,wy, + Aw; Vi) = (G; Vi)
we have

kD;u, Dwikyx p=kf g Au,+ Awky » <kf gky p+ MKu, wWykye <
I MM,,
1 M,k

(1+ Yk gky b

(4.11)
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Fromtheseestimatesve obtain
ku, wpkye <CKf gky »:

With g= Owe have
kuykwe < Ckfky »: (4.12)

This completeghe proof of thetheorem.
Q.E.D.

5. GENERAL NONLINEAR PARABOLIC OPERATORS

Consider
D;,u+ Au= f;
where
Au= div(a(x;t;u;D,u)) + ap(x;t;u; D, u)
andassume

a:Q R R'! RYya:Q R R'! R'areCaratheodoryunctions,and
for simplicity we assumea(x;t;0;0) = 0, ag(x;t;0;0) = O.

jaxt; hix)j+ jag(xt; h; x)j < C(1+ jhj+ jxj): (5.1)
jait h; xp)  a(xt;h;x) < Mjx;p  Xxj: (5.2)
(axt;h;x))  alxth;x)) (i x)=>mx;  Xj* (5.3)
a(xt;h;x) x+ a(xt;h;x)h > ajxj*  b; (5.4)
a>0,b>0.

A:X21 X 2is acontinuouspseudomonotong?] (andtype S, [?]) coercie
operatorHenceD,u+ Au= f, f 2 X 2(Q) hasa solutionin W? (not necessarily
unique).Consideranapproximateroblem

(DrUp; Vi) + (A V) = (F;V1);5 8V, 2 Ep: (5.5)
Theapproximatgroblemhasa solutionu,, 2 E;, (notnecessarilyinique)and
kupky2 <C; 8 h: (5.6)

Thisfollows from the coercvenesof the operatorA.
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Theorem5.1. Letu, bea solutionof (5.5). Then
ku,kwe <C; 8 h;
p2[2;9], sis closeto 2.

Proof.
Introducethe operatordy,

A,u= diva(x;u,;D,u)

and
fo= T  ay(X Uy Dyup):

A, is stronglymonotoneoperatomwith operatorconstantsndependenodf h andthe
estimatg5.6) impliesthat

kao(X; Uy; Deup)ky2 < C:
SinceY? X 7, p2 [2;9], for somes, we have
kfth p< C
uniformly, provided f 2 X 7,
Clearly u,, is anapproximatesolutionof A,u, = f; (i.e., (Axup;wy) = (f;wy),
8w, 2 E;) and(4.4)imply that
kuykwe <C; 8 h; (5.7)
p2 [2;9], sis closeto 2.

Q.E.D.
In the next sectionwe will apply(5.7)to anumericalscheme.

6. AN APPLICATION
Considerthe equationu(t) 2 W?
Du div(a(x;t;u;Du)) + ay(x;t;u;D,u) = f: (6.1)

Let a anda, satisfytheassumptiong5.1)-(5.4)andalsothefollowing assumption,
for ary x;x°2 R* andh; h°2 R
jaxt;hix)  a(xth%x9j+ jao(xt;h;x)  ag(xt; h%x9j <
C(1+jhj+jhg+jxj+ jxPnGx  x9)+ C(@+jhj' *+jh" *+ixi' *+ixq" Hjx  x§
(6.2)
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for all (x;t) 2 R*™!, where0 < s< 1, n(r) is continuity modulus(i.e., a nonde-
creasingcontinuoudunctionon [0; + e0) suchthatn(0) = 0, n(r) > Oif r > 0,and
n(r) = 1if r > 1). Notethat(6.1)with theimposedconditions(5.1)-(5.4)and(6.2)
may have multiple solutions.

Theequation(6.1) hasa solutionandin this sectionwe will beinterestedn the
approximatiorof this solutionwith thefollowing discretizationLet E;, be givenby

E, = fv, 2 C°(Q) : therestrictionv, is linearfor eachtriangleK 2 I1, andv, = 0on 7Qg;

wherell,, is a standardriangulardiscretizationof Qg, diam(K) < Ch, We seeka
solution,u,(t) 2 E;, of (6.1)in E;, suchthat

(Dsup; Vi) + (Anup; Vi) = (F;vy); 8vy, 2 Ep; (6.3)

where
(AnUp; Vi) = / a(x;t;Muuy,; Dyuy) Dyvydx+ / ao(X; t; Myuy; Dyug)vpdx: (6.4)
Qo Qo

HereM,, is anaveragingoperatorover theeachelemenK 2 IT, de ned asfollows.
Foreachu,, 2 Ey,

1
Mpu, = 1—/udx; 6.5
nUn ;KKKh (6.5)

wherelk is anindicatorfunction of K. Moreover, forary j 2 L?(Q), Myj ! |
in L”(Q) (seee.g.,[?]). Notethatthe discretization(6.3) canbe moretractablefor
computationapurposesincethe spatialdependences not presentandthe quadra-
ture stepcanbe easilyimplemented.
De ne Au, onE;, by
(Aup; V) = / a(x;t;uy; Dely) Dyvidx+ / ao(X;t;up; D) vpdx: (6.6)
Qo

0

Theorem6.1. u, corvergestouin XZ ash! 0 alonga subsequen¢evhee u,
is a solutionof (6.3) andu is a solutionof (6.1).

The proof of thetheoremwill be carriedoutin the following way. First we will
shaw the coerciity of the discreteoperator thenthe uniform boundednessf the
solutionsin X2 andA,uy, in X 2. Thiswill imply thatu, ! uandA,u,! gweakly
in thecorrespondingpacesThenusingstandardechniqueor parabolicequations
we obtainthatD,u+ g= f in X 2. It remainsto shav thatg = Au. The analysisof
thelatterrequiresMeyerstype estimates.

Next lemmawill beusedin the proofof Theoremg.1.

Lemma6.1l. If u;! 0inL"(Q) (1< r< o) ask! oothen

/ n(ug)jvejPdxdt ! 0; ask! o
0
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for all v either(1) compacin L?(Q) or (2) boundedn L?*%(Q), a > 0. Here n(r)
is continuitymodulusde nedpreviously(see(6.2)) and1< p< oo,

Proof. Sinceu, convergesin L” it convergesin measureConsequentlyfor any
d > Othereexists Qs andk, suchthatmeagQnQgs) < d andn(u) < d in Qg for
k> ky. Thus

/ N(Ue)jvij P dxct = / N(U)jvijdxdt + / n(udjvij?dxdt <Cd+C [ jvjPdxat:
o Qg onQy QnQd(6 7

Next we usethe fact thatif (1) or (2) satis esthenthe setv, hasequi-absolute

continuousnorm[?] (i.e.,for ary e > Othereexistsz > 0 suchthatmeagQ,) < z

implies kPy vik, < e, wherePpf = f f(X); if x2 D;0 otherwis¢. Consequently

thesecondermon theright handsideof (6.7) corvergesto zeroasd! 0.Q.E.D.
To prove Theorem6.1we rst shawv thatA, is coercve,

Lemma6.2. A, is coecivefor sufciently smallh,i.e.,
(Anun;up) = Ckupkyz  Co,

where C andC, are genericconstantsndependenof h.

Proof.

(AnUp; Up) = /Q a(x; Mpu,; DyUy) Diupdxdt + /Q ao(X; My Up; DUy ) updxat =
0

/Q a(x; MuUy; Dyuy) Dyupdxdt + /Q ao(X; Mp,Uy; DUp) MU, dxat+

/Q ao(MuUy; Daup)(u, - Myuy)dxdt > C /Q jDUyj2dxdt

j /éao(X; Mt Do) (U Myug)dxetj > C /éijthdedt

Coh / iDauj2dxdt o= (C Goh) / iD,u2dxct Gy
0 0
(6.8)

Herewe have usedthefactthatju, M,u,j < ChjD.uj in everytriangularelement
K 2 IT,,.

Q.E.D.

It canbe easily shavn that A, is continuouswhich alongwith the coercvity
guaranteethe existenceof the discretesolutions[?]. Moreover, becaus®f the co-
ercivenessve have thefollowing uniform bound

kuyky2 < C; (6.9)



Meyers typeestimategor approximatesolutionsof nonlinearparabolic equationsandtheir
applications 11

whereu, are solutionsof (6.3). As a consequenceay, ! u weaklyin X? (along
a subsequencegsh! 0. For further analysisthe sequencey, is x ed.It canbe
easilyshavn usingthe estimategor uj, thatA,uy, is uniformly boundedn X 2 thus
Ayu, ! gweaklyin X 2.

Next one canrepeatthe analysisin the proof of the Theorem4.1. of [?] and
obtainthat

D,u+g= finX % (6.10)

Thecrucialpointis asin the Theoremd.1 of [?] to prove Au= g. We would like to
notethatif thetime discretizatioris takeninto accountj.e.,

1

E(Uh(t) Up(t  At)) + Apu, = fi;
(understoodn ausualweaksense}henonecanrepeatheanalysisof the Theorem
5.1.(Bardos-Brezisjn [?], andobtainagain(6.10)with D,u replacedoy Lu, where
L is a correspondingeneratarThusthe crucial pointremainsto shav Au= g. We

will notrepeatheseanalyse$eresincethey areidentical. Thusourgoalis to prove
thatAu = g. Thenext lemmais importantfor the proof of Theoremg.1.

Lemma 6.3. LetA, andA bede nedby (6.4) and(6.6) respectivelyThen

(Anup,  Augvi) ! G

for any uniformly boundedfamily of u, and compactfamily of v;, in X2. Moreover,
if u, is uniformlyboundedn X** % (a > 0) then

(Avur  Augiug) ! O (6.11)
Proof. Consider

(Anuy  Aup; V) = / (a(x;Mpu,; Deup)  a(x;uy; Deuy)) Dyvit
0

(6.12)
(39 (X Mpup,; Dyuy) (X Up; DyUs)) vip) dxat:
Usingthe estimatedor a we have
] / (a(x;Mjus; Dyup)  a(X;up; Deuy)) Dyvipdxtj <
0
C [ L+ M + D + jui)nGMuus - UiiD.vicket <
e (6.13)

C([ (1+ juif? + D)) (| DM wi)dee)!/? <
0 K

C1+ kukie) ([ ID (D))
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Herewe have usedju, M,u,j < ChjD,u.j in every triangularelementK 2 ITj,.
Becauseof Lemma6.1 we obtainthat the right handside of (6.13) corvergesto
zerofor ary uniformly boundedfamily of u, 2 X? andcompactfamily v, 2 X? as
h! 0. Theestimatdor a; canbeobtainedn a similarway;

j / (0 (% MUy Dyl)  89(%: Uy DyUp): Dyvi )l < (C+ Kupk2,) /% / Va2 n(hiDxsj)2dx) 2
o o
(6.14)
Notethattheright handsideof (6.14)cornvergesto zerofor ary uniformly bounded
family of u, 2 X? andv;, 2 X2. Indeedthelatterimpliesthatv, is uniformly bounded
in X** ¢ for somea > 0. ThusapplyingLemma6.1 we obtainthatthe right hand

sideof (6.14)convergesto zerofor ary uniformly boundedamily of v, in X2* ¢,
To shaw (6.11)we notethat

(AU, Auy; ) < C(L+ kugk,)/2( / D UpjZn(hiDyupyj)?dxat)'/2:  (6.15)
0

SinceD,uj, is uniformly boundedn Y?* %(Q), a > 0 we obtainthattheright hand
sideof (6.15)corvemesto zeroaccordingo Lemma6.1.
Q.E.D.

Lemma6.4. For somea > 0 wehave

kUh kX2+ a<C

Proof. To prove this lemmawe usetheresultsof the previous section.Consider
the operator
Ayu= div(a(x;Myu,; D))

and
fo= 1 ao((X; Myuy; Dely);

whereuy, is adiscretesolutionof (6.3). ThenA;, is stronglymonotonewith operator
constantsndependentf h. Moreover, using(6.9) we get

kap (X; Mp,Uz; DxUp)Kp2(g) < C:

Clearlyu, is asolutionof Ayu, = 1, (i.e., (Aun;wy) = (W), 8wy, 2 Ep) andthus
by Theoremb.1we have
kUth2+a < C;

for somea > 0.
Q.E.D.

Lemma6.5. Au,! f weaklyin X 2ash! 0, whee u, are solutionsof (6.3).
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Proof.
Forarny v2 X% andv,! vinX?wehave

I. A ; n = Im n 'l; + Im A n ; n = f;
hl!rQ)( Up,; Vi) I O(AI Up; Vi) I 0( U, Apug;vi) = (V)

Herewe have usedtheLemma6.3.
Q.E.D.
Proof (Theorem6.1).
Thuswe have thefollowing:

up! uweaklyin X2 Au,! fweaklyin X %, (Au,uy)! (f;u):  (6.16)

Sincethe operatorA is type M [?] this guaranteethatAu= f,i.e.,uis asolution.
Moreover, sinceour differentialoperatords alsotype S, (seee.g.,[?], page3) we
haveu, ! ustronglyX?. Thiscompleteshe proofof thetheorem.

Q.E.D.

Remark. To carry out the proof of Theorem6.1, Meyerstype estimatesvere
neededn particular in orderfor (6.11)to hold we needextra integrability of dis-
cretesolutions.Thecondition(6.11)(or thesameasthethird conditionin (6.16))is
necessaryor the corvergenceof discretesolutionsto the continuousones(cf. [?],
page38).

Remark. In this papeme have assumedeyerstypeestimate$or approximate
solutionsof thelinearheatequationWe werenot ableto nd the proof of thisfact
in theliteratureandit is a subjectof ourfutureresearch.
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