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Meyers type estimates for approximate solutions of nonlin-
ear parabolic equations and their applications

Y. Efendiev*A. Pankovf
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Abstract — In this paper we obtain Meyers type (LP*€-) estimates for approximate solutions of
nonlinear parabolic equations. This research is motivated by a numerical homogenization of these type
of equations [?]. Using derived estimates we show the convergence of numerical solutions obtained
from numerical homogenization methods.
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1. INTRODUCTION
2. INTRODUCTION

Meyers type regularity estimates [?] provide extra integrability of the solutions of
differential equations. This property of the solutions is found to be useful in many
applications. In this paper our goal is to derive Meyers type estimates for the ap-
proximate (numerical) solutions. The need for such estimates arises, for example, in
the numerical homogenization of nonlinear parabolic equations (see [?], page 255).
Only extra integrability of the discrete solutions guarantees their convergence to the
solution of continuous equations under suitable assumptions.

In this paper we are interested in obtaining Meyers type (LP1€-) estimates for
numerical solutions of nonlinear parabolic equations. Our basic tool is the technique
presented in [?,?] for continuous operators. The starting point of our approach is
the use of Meyers type estimates for linear heat equations. Further, using adequate
contraction maps we extend these estimates to strongly monotone operators. In the
next step, using a particular discrete solution we obtain Meyers type estimates for
more general parabolic operators of the form

Du—div(a(x,u,Dyu)) + ao(x,u,Diu) = f (2.1)

with homogeneous Dirichlet boundary conditions under quite general assumptions
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on a and ay. To obtain Meyers type estimates for (2.1) we use weaker assumptions
than those imposed in [?].

In the paper we also consider an application of the obtained estimates to a par-
ticular discretization of (2.1) which arises in a numerical homogenization of such
equations [?]. This discretization of (2.1) is different from the standard Galerkin dis-
cretization. In particular, two different discrete spaces are involved for approxima-
tion of u and D,u. This scenario can not be avoided in a numerical homogenization
procedure because the solution of the local problems do not belong to the discrete
spaces that are used for approximation of the homogenized solutions [?]. To obtain
the convergence of the discrete solutions to a solution of (2.1) one needs Meyers
type estimates.

The paper is organized as follows. In the next section we discuss preliminary
results regarding linear equations. In the following section we obtain the estimates
for monotone operators. Section 4 is devoted to the Meyers type estimates for equa-
tions (2.1). Finally we use these estimates to prove the convergence of a numerical
scheme.

3. PRELIMINARIES
Denote Q = [0,T] x Qp and

XP =LP(0,T,Wy"(Qo)), X P =LP(0,T,W~""(Qy))

3.1)
YP =LP(0,T,LP(Qo)), WP ={ucX?, DucX P, u(t=0)=0},

where ||u||w» = ||u||xr + ||Dsut||x-». Throughout the paper C (with or without sub-( or
super-)script ) denotes a generic constant which independent of 4, unless otherwise
stated.

Let Ej, be a family of finite dimensional subspaces such that span(|J E;) is dense

in Wol’p(Qo), 2 < p < po (some fixed pg). Consider uy(t) € Ep, up(t =0) =0,
A(Dyup,vi) + (Dxutn, Dxvy) = (f,vn), Vvi, € Ep, (3.2)

where A is a parameter. (u,v) means [, uvdx and the duality pairing between

WP(Qo) and W=149(Qp), and 1/p+1/q = 1. Our basic assumption is that for any
feX P, for some p, 2 < p < po, we have

[lunl[xr < Cllfl]x-r- (3.3)

C =C, ; depends on p and A, but not on 4. One can assume (3.3) only for p € [2,s],
for some s > 2. This result for p = 2 can be easily obtained and known (e.g., [?,?]).
Moreover, C, 3 < 1. In the paper we assume Meyers type estimates for linear heat
equation. (3.3) and (3.2) implies that ||u||w» < Cp 2 || f]|x-», butin general C,, ; > 1.

Denote by Lﬁ the linear operator that maps f into uy,

Lﬁf:uh.
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Inequality (3.3) implies that L% is a bounded linear operator from X ~7 into W?, as
well as from X7 to X”. Denote by M, 3 ;, the norm of the operators L% from X7

to X” and set
Mp’,l = Slszp,l,h'
It can be easily shown that M, ; < 1.

Theorem 3.1. Let pg >s>2,2< p<sand

1 1-9
p 2 s
Then
M, < (Mgz)". (34
Proof.

Introduce a family of operators B},
B} =DolL} odiv.

The operator Bﬁ is a bounded linear operator that acts in the space Y”. Next we
estimate the norm of B% inY?®.

HBﬁHys = sup HDOL% odiv(u)|lys = sup HDOL% ofllys =
[lull s (@) <1 [I£llx—s<1

sup |1y o fllxs = I} Ixs < My
I/l <t

(3.5)

Similarly we can check that ||B£ lly2 <M, < 1. Next we apply the Riesz-Thorin
interpolation theorem [?] on B%. Lets>2,2<p<sand

1 1-9 i v
p 2 s

Then using Riesz-Thorin interpolation theorem we have
1B llyr < (Mi)”. (3.6)

Introduce z
(z,Dev) = (f,v), Vv € X2,

Since (z,D,v) < || fllx-#/v||lxr, z is a continuous linear functional on a subspace of
Y4. By the Hahn-Banach theorem, z can be extended to a continuous linear func-
tional on Y and ||z||y« < || f]|x-». Moreover, div(z) = f.
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Denote up, = Ly 5 f. Then Dyuy, = Bﬁz and

1Dty |lyr < M2 llzllye < ME [ fllx-»-

Thus, u;, € X? and
leenllxr < M2l

Q.E.D.

4. MONOTONE OPERATORS

Consider
Diu+Au=f,

where
Au = —div(a(x,t,Dyu))

and assume that

e a: (0 xR"— R"be aCaratheodory function and a(x,#,0) = 0 (the latter is for
the sake of simplicity).

’a(xvtvél)_a(xvtvél)’<M|€1_§2‘ “4.1)
for all (x,¢) € Q and &;,&, € R".

(a(x,1,81) —a(x,1,8)) - (& — &) = m|& — & 4.2)
A is a strictly monotone continuous operator from X2 to X 2, and
(Au—Av,u—v) = m|lu—v|3..
Hence, it is coercive. In fact A maps X2 continuously into X ~2,
[Au—Avl|x—> < M|lu—v||x2.
Consider an approximate problem. Find u;, € E}, such that
(Dyup,vy) + (Aup,vi) = (fyvn), Vi € Ep. 4.3)
For the analysis we will need the following notation

2
_m _ NV
h=gp k=0-3p)"

Our goal is to prove the following theorem.
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Theorem 4.1. Let uy, be the solution of (4.3). Then

lunllwe < Clfllx->- (4.4)

For the proof of the theorem we will need some auxiliary facts. Consider the
operator A defined by

Au= —Au—AA(u).

Lemma 4.1. B B
|Auy — Auz||x-» < k||lup — uz||xr,

ie,A:XP > XPis Lipschitz continuous with Lipschitz constant k, k < 1.

Proof. B
The flux corresponding to A is given by

a(x,t,&) =& — Aa(x,1,€&).

Next we would like to derive the following estimate for a(x, &),

e £1) B0, &) < (1 1) 216 B =kE~ Bl 49
Indeed,
‘ﬁ(-xvtaél) —ﬁ(x,t,éz)‘z = (51 - 62) : (2::1 - gl) - 2A(a(x7t7§1) - a(x,t,&z)) ' (gl - 62)4_
A'z(a(xvtvél) - a(xvtvél)) : (a(x7t7§1) - a(xvtvél)) =
|€1 - §2|2 - 2)“(3()(71‘)‘:1) - a(x7ta§2)) : (51 - 52) +)“2|a(x7ta§1) - a(xvt7§2)|2'
(4.6)
Assumptions (4.1) and (4.2) imply
Al &)~ B ) < 6 - B ~2mle — G+ M P =

(1=2Am+A*M?)|&; — &> = k2|61 — &,

The estimate (4.5) implies immediately that for any u,u; € W? and v € W? we have

@y — Az, v)| = | / (@(x,1, Doty) —a(x,1, Dyt )) - Dyvd| <
0 4.8)

[a(x, 7, Dyur) —a(x,t,Dxu2)|| 1r(0)[1PxV a0y < klID(u1 —u2) ||y |[Dyv|lya-

This means that B B
|Auy — Auz || x—» < klJuy — uz||xr,

i.e., A: WP — X P is Lipschitz continuous with Lipschitz constant k, k < 1.
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Q.E.D.
Now we define the operator Q;, = Q) ¢ (f is fixed in WP (Q) for some p > 2),
Oy : Ey, — Ej, by the formula (v, € Ep)

Onvy = L% (th +Af)

If u, € Ej, is a fixed point of Qy, then uy, is the approximate solution of D,;u +
Au = f. Indeed, from L% (Avy, + A f) = vy, it follows that (Avj, + A f,wy) = (ADvy, —
Avy,wy) (Ywy, € Ep), which is equivalent to (—AAv, + A f,wy,) = (AD;vj,,wy,). The
latter implies that vy, is the solution of (D,vy, wy) + (Avy, wy) = (f, wy). We consider
E;, with the norm induced from W2,

Lemma 4.2. Q) is Lipschitz continuous with the Lipschitz constant M,k from
XP to itself,
| Qnttr, — Onvinl|xr < Mpk||lup — vil|xr.

Proof. Indeed,

|Qnity, — Qwvnllxr = |IL} (Au —Avy)||xr < My||Auty —Avy|x-» <

4.9)
Mpk||uh —vnl|xr

Note that k£ < 1.

Q.E.D.

Proof. (Theorem 4.1).

Inequality (3.4) implies that if s is sufficiently close to 2, then M, is close to 1
for all p € [2,s]. Hence M,k < 1 for p € [2,s] with s close to 2.

Next we take f,g € X ?. Let u;, and wy, be the approximate solutions of

Au=f, Aw=g.
Then u;, and wy, are fixed points of Qj, r and Q, ¢, respectively and we have

llun —wal|xr = ||On,pun — Ongwnllxr < Mpk||lup, —wa||xr+

(4.10)
||Qh,fwh—Qh,gWh||Xl’ <Mpk||“—W”XP +Mpl||f—g”xfp-
Hence,
)LM,,

l[tn = wallx» <
Further using the fact that (D,uy, + Auy,vy) = (f,vi) and (Dywy, +Awp,vi) = (g,vh)
we have
|Dyun — Dewyllx—» = || f — g — Aup+Awp||x—» < ||f — gllx-» +M||un — wal|xr <

AMM,
1 _Mpk)Hf—ng—p-
(4.11)

(1+
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From these estimates we obtain
|, — wallwe < C||f — gllx--

With g = 0 we have
[[unllwe < CII.fllx-»- (4.12)

This completes the proof of the theorem.
Q.E.D.

5. GENERAL NONLINEAR PARABOLIC OPERATORS

Consider
Dtu +Au — f,
where
Au = —div(a(x,t,u,Dyu)) + ap(x,t,u, Dyu)
and assume

e a:0OXRXR"—>R" ay: 0xRXxR"— R" are Caratheodory functions, and
for simplicity we assume a(x,,0,0) = 0, ao(x,7,0,0) = 0.

la(x,2,1,8)|+lao(x,,n,6)| <C(1+n|+[&)). (5.1)
’a(X,l,T],él)_a(X,t,n,éz)‘ <M’€1_§2‘ (5.2)
(3(%’;77,51) _a(xvtﬂnﬂgz)) ) (gl - 62) > m‘gl _§2’2. (5.3)
a(xatanvé)'é+a0(xatanvé)n >(X|§|2—B, 5.4

oa>0,8=>0.
A : X? — X2 is a continuous pseudomonotone [?] (and type S [?]) coercive

operator. Hence D;u+Au = f, f € X 2(Q) has a solution in W? (not necessarily
unique). Consider an approximate problem

(Dyup,vi) + (Aun,vi) = (f,vn), Vv € Ep. (5.5)
The approximate problem has a solution u;, € E;, (not necessarily unique) and
lun| w2 < C, V A 5.6)

This follows from the coerciveness of the operator A.
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Theorem 5.1. Let uy, be a solution of (5.5). Then
lun||wr < C, ¥ h,
p € [2,s], s is close to 2.

Proof.
Introduce the operators A,

Apu = —diva(x,up,Dyu)

and
fh = f_ Cl()(X,Mh,Dxuh).

Ay, is strongly monotone operator with operator constants independent of / and the
estimate (5.6) implies that

Hao(x,uh,Dxuh)HYz § C.
Since Y2 C X7, p € [2,s], for some s, we have
| fullx-» <C
uniformly, provided f € X 7.
Clearly, uy, is an approximate solution of Ajuy, = fj, (i.e., (Apun,wn) = (f,wn),
VYwy, € Ejp) and (4.4) imply that
[unllwr < C, ¥ b, (5.7)
p € [2,s], sis close to 2.

Q.E.D.
In the next section we will apply (5.7) to a numerical scheme.

6. AN APPLICATION
Consider the equation, u(t) € W2
Dyu—div(a(x,t,u,Deu)) + ao(x,t,u,Dyu) = f. (6.1)

Let a and a satisfy the assumptions (5.1)-(5.4) and also the following assumption,
forany £, € R"and n,n' €R

|a(x7tana§) _a(xatvn/7€/)|+ |a()(x7t7na§) _a0(x7t7n/7§/)| <

COL+ I+ +[E[+EDV(E - ED+C+ "+ 0| +1E]' ™+ |§’|61‘2°‘)|§ =&’
(6.2)
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for all (x,t) € R™!, where 0 < s < 1, v(r) is continuity modulus (i.e., a nonde-
creasing continuous function on [0,+-c0) such that v(0) =0, v(r) > 0 if » > 0, and
v(r) = 1if r > 1). Note that (6.1) with the imposed conditions (5.1)-(5.4) and (6.2)
may have multiple solutions.

The equation (6.1) has a solution and in this section we will be interested in the
approximation of this solution with the following discretization. Let E, be given by

Ej, = {v, € C°(Q) : the restriction v;, is linear for each triangle K € IT; and v, = 0 on dQ},

where I, is a standard triangular discretization of Qy, diam(K) < Ch, We seek a
solution, uy(t) € Ep, of (6.1) in Ej, such that

(Dysup,vi) + (Apup,vi) = (f,vn), Yvi € Ep, (6.3)

where

(Ahuh,vh) = / a(x,t,Mhuh,Dxuh) -Dyvpdx+ ao(x,t,Mhuh,Dxuh)vhdx. (6.4)
Qo Qo

Here M}, is an averaging operator over the each element K € I1; defined as follows.

For each u;, € E},

1
Muup, =) 1 —/ dx, 6.5
hltp ; K% Kuh (6.5)

where 1k is an indicator function of K. Moreover, for any ¢ € L”(Q), M@ — @
in L”(Q) (see e.g., [?]). Note that the discretization (6.3) can be more tractable for
computational purposes since the spatial dependence is not present and the quadra-
ture step can be easily implemented.

Define Auy, on Ej, by

(Auh,vh):/ a(x,t,up,Dyup) - Dyvpdx+ | ao(x,t,up, Dy )vpdx. (6.6)
Qo Qo

Theorem 6.1. wu, converges to u in X* as h — 0 along a subsequence, where uy,
is a solution of (6.3) and u is a solution of (6.1).

The proof of the theorem will be carried out in the following way. First we will
show the coercivity of the discrete operator, then the uniform boundedness of the
solutions in X2 and Apuy, in X 2. This will imply that u, — u and Aj,u;, — g weakly
in the corresponding spaces. Then using standard technique for parabolic equations
we obtain that D;u+ g = f in X ~2. It remains to show that g = Au. The analysis of
the latter requires Meyers type estimates.

Next lemma will be used in the proof of Theorem 6.1.

Lemma 6.1. [fu; — 0in L"(Q) (1 < r < oo)ask — o then

/ V(ug)|vk|Pdxdt — 0, as k — oo
Qo
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for all vy either (1) compact in LP(Q) or (2) bounded in LP**(Q), o > 0. Here v(r)
is continuity modulus defined previously (see (6.2)) and 1 < p < oo.

Proof. Since u; converges in L it converges in measure. Consequently, for any
0 > 0 there exists Qs and ko such that meas(Q\ Qs) < 6 and v(ux) < & in Qg for
k > ko. Thus

/ v (ug) |vi [P et = / v (g |vi [P dxdt + / v (ug) v |[Pdxdt < C5+C / Ivi [P dxdr.
o 0 0\0s 0\QOs

8

(6.7)
Next we use the fact that if (1) or (2) satisfies then the set v; has equi-absolute
continuous norm [?] (i.e., for any € > 0 there exists { > 0 such that meas(Qg) <
implies [P, vk, < €, where Ppf = {f(x), if x € D;0 otherwise). Consequently,
the second term on the right hand side of (6.7) converges to zero as 6 — 0. Q.E.D.
To prove Theorem 6.1 we first show that Aj, is coercive,

Lemma 6.2. Ay, is coercive for sufficiently small h, i.e.,
(Apup,up) = Cllup|x2 — Co,

where C and Cy are generic constants independent of h.

Proof.

(Apup,up) = / a(x, Myup,Dyuy,) - Dyupdxdt + | ao(x, Myup, Dup ) updxdt =
0 Qo

/a(x,Mhuh,Dxuh)-Dxuhdde—/ ao(x,Mhuh,Dxuh)Mhuhdxdt—F
0 0
/ao(Mhuh,Dxuh)(uh—Mhuh)dxdt BC/ ]Dxuhlzdxdt—

0 Qg
]/ao(x,Mhuh,Dxuh)(uh—Mhuh)dxdt| ZC/ ]Dxuhlzdxdt—

0 o

Coh / |Dyup|*dxdt — Cy = (C — Cyh) / |Dup|*dxdt — Cy.
0 0
(6.8)

Here we have used the fact that |u;, — Myu,| < Ch|Dyuy| in every triangular element
K eTI1,.

Q.E.D.

It can be easily shown that A, is continuous which along with the coercivity
guarantees the existence of the discrete solutions [?]. Moreover, because of the co-
erciveness we have the following uniform bound

llun|lx2 <C, (6.9)
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where u;, are solutions of (6.3). As a consequence, u; — u weakly in X2 (along
a subsequence) as 7 — 0. For further analysis the sequence u, is fixed. It can be
easily shown using the estimates for uy, that A,uy, is uniformly bounded in X —2 thus
Apuy, — g weakly in X 2.

Next one can repeat the analysis in the proof of the Theorem 4.1. of [?] and
obtain that

Du+g=finX 2 (6.10)

The crucial point is as in the Theorem 4.1 of [?] to prove Au = g. We would like to
note that if the time discretization is taken into account, i.e.,

1

E(uh(t) — uh(t —At)) +Apuy = fha

(understood in a usual weak sense) then one can repeat the analysis of the Theorem
5.1. (Bardos-Brezis) in [?], and obtain again (6.10) with D,u replaced by Lu, where
L is a corresponding generator. Thus the crucial point remains to show Au = g. We
will not repeat these analyses here since they are identical. Thus our goal is to prove
that Au = g. The next lemma is important for the proof of Theorem 6.1.

Lemma 6.3. Let Aj, and A be defined by (6.4) and (6.6) respectively. Then
(Apup — Aup,vy,) — 0,

for any uniformly bounded family of uj, and compact family of v, in X>. Moreover,
if wy, is uniformly bounded in X**% (o > 0) then

(Apup — Aup,up) — 0. (6.11)

Proof. Consider

(Ahuh —Auh,vh) = /Q(a(x,Mhuh,Dxuh) — a(x, uh,Dxuh)) -Dyvp+

(6.12)
(ao(x,Mhuh,Dxuh) — ao(x, uh,Dxuh))vh)dxdt.
Using the estimates for a we have
|/(a(x,Mhuh,Dxuh) —a(x,up,Dyup)) - Dyvpdxdt| <
0
C/ (1+ |Myup| + |Dyup| + |un|)v(|Myup, — up|) |Dvi|dxdt <
0 (6.13)

c( /Q (14 lunl? + | Daen | dxdr) /2 /K D2V (Mt — up])2dxdr) 2 <

C(1+ [Jun22) /2 /Q (Do 2V (1| Dyun] ) 2x) 2
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Here we have used |up, — Myuy,| < Ch|Dyup| in every triangular element K € IT,,.
Because of Lemma 6.1 we obtain that the right hand side of (6.13) converges to
zero for any uniformly bounded family of u;, € X? and compact family v;, € X2 as
h — 0. The estimate for ag can be obtained in a similar way,

| /Q (atg (6, Myt Dity) — g (x, i Datty), Dyvy )t < (C + ey |22V /Q a2V (B Dyt 2do) V2.

(6.14)

Note that the right hand side of (6.14) converges to zero for any uniformly bounded

family of u;, € X? and v, € X?. Indeed, the latter implies that v, is uniformly bounded

in X>% for some o > 0. Thus applying Lemma 6.1 we obtain that the right hand

side of (6.14) converges to zero for any uniformly bounded family of v;, in X>*+¢.
To show (6.11) we note that

(Antth — Aup, ) < C(1+ lun]22)1/2( /Q \Dutn v (h| Dyt 2dxdr) 2. (6.15)

Since D,uy, is uniformly bounded in Y>7%(Q), a > 0 we obtain that the right hand
side of (6.15) converges to zero according to Lemma 6.1.
Q.E.D.

Lemma 6.4. For some o > 0 we have

l|lup||y2ra < C

Proof. To prove this lemma we use the results of the previous section. Consider
the operator,
Ahu = —div(a(x,Mhuh,Dxu))

and
fn=f —ao((x, Myup,Dyuy,),

where uy, is a discrete solution of (6.3). Then A, is strongly monotone with operator
constants independent of 4. Moreover, using (6.9) we get

||lao (x, Myup,, Dyuy) ”LZ(Q) <G

Clearly uy, is a solution of Apuy, = fj, (i.e., (Apun, wi) = (fn,wn), Ywy, € Ep) and thus
by Theorem 5.1 we have
len| x2+e < C,

for some o > 0.
Q.E.D.

Lemma 6.5. Auj, — f weakly in X2 as h — 0, where uy, are solutions of (6.3).
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Proof.
For any v € X2 and v, — v in X? we have

lim(A = lim(A lim(Ay, — A =
hlfg)( Up, Vi) hlfg)( huh>Vh)+h1£(l)( up — Aptip,vy) = (f,v)

Here we have used the Lemma 6.3.
Q.E.D.
Proof (Theorem 6.1).
Thus we have the following:

u, — uweakly in X2, Auj, — f weakly in X 2, (Aup,up,) — (f,u). (6.16)

Since the operator A is type M [?] this guarantees that Au = f, i.e., u is a solution.
Moreover, since our differential operators is also type S (see e.g., [?], page 3) we
have u;, — u strongly X2. This completes the proof of the theorem.

Q.E.D.

Remark. To carry out the proof of Theorem 6.1, Meyers type estimates were
needed In particular, in order for (6.11) to hold we need extra integrability of dis-
crete solutions. The condition (6.11) (or the same as the third condition in (6.16)) is
necessary for the convergence of discrete solutions to the continuous ones (cf. [?],
page 38).

Remark. In this paper we have assumed Meyers type estimates for approximate
solutions of the linear heat equation. We were not able to find the proof of this fact
in the literature and it is a subject of our future research.
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