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Abstract

Multiscale solution methods are currently under active investigation for the simula-

tion of subsurface ow in heterogeneous formations. These n@cedures capture the
e ects of ne scale permeability variations through the calculation of specialized
coarse scale basis functions. Most of the multiscale techgues presented to date
employ localization approximations in the calculation of these basis functions. For
some highly correlated (e.g., channelized) formations, heever, global e ects are
important and these may need to be incorporated into the multiscale basis func-
tions. This can be accomplished using global ne scale simations, but this may be

computationally expensive. In this paper an adaptive localglobal technique, orig-
inally developed within the context of upscaling, is applied for the computation

of multiscale basis functions. The procedure enables the ecient incorporation of

approximate global information, determined via coarse scke simulations, into the

multiscale basis functions. The resulting procedure is fanulated as a nite volume

element method and is applied for a number of single and two-pase ow simula-

tions of channelized two-dimensional systems. Both confoning and nonconforming
procedures are considered. The level of accuracy of the rddng method is shown

to be consistently higher than that of the standard nite vol ume element multi-

scale technigue based on localized basis functions detemad using linear pressure
boundary conditions.

Key words:
PACS:

1 Current Address: Department of Mathematics, Colorado State University, Fort

Preprint submitted to Elsevier Science 20 April 2006



1 Introduction

The high degree of variability and multiscale nature of formtion properties
such as permeability pose signi cant challenges for subsace ow modeling.
Geological characterizations that capture these e ects artypically developed
at scales that are too ne for direct ow simulation, so techmques are required
to enable the solution of ow problems in practice. Upscalig procedures have
been commonly applied for this purpose and are e ective in mg cases (see
[19,17,11,12] for reviews and discussion). More recentdynumber of multiscale
nite element (e.g., [14,7,3,4,1,2,9]) and nite volume [%,16] approaches have
been developed and successfully applied for problems ofsthype.

As discussed in [12], upscaling methods and multiscale numcal techniques
(as applied within the context of subsurface ow modeling) &ve many similar-
ities and some important di erences. Upscaling techniqugsovide coe cients,
which are typically computed in a pre-processing step, fooarse scale equa-
tions of prescribed analytical forms. In multiscale methogl the coarse scale
equations are formed numerically and ne scale informatiomay be carried
throughout the simulation and used at various stages. In mtikcale proce-
dures for subsurface ow applications, di erent grids are ften used for ow
and transport computations.

Most multiscale methods presented to date have applied Idazalculations for
the determination of basis functions (or, in the case of vational multiscale
methods [3,4], subgrid integrals). Though e ective in mangases, global e ects
can be important for some problems. The importance of globatformation
has been illustrated within the context of upscaling procadges in recent inves-
tigations [13,6,5]. These studies have shown that the usegibbal information
in the calculation of the upscaled parameters can signi cdly improve the
accuracy of the resulting coarse model. In [6,5], the globalformation was
computed at the coarse scale (for reasons of computationatiency), while
in [13] ne scale global information was used.

Within the context of multiscale procedures, a few investa@tions have applied
global information in the construction of basis functionsAarnes et al. [1,2]
considered the use of both local and global information in & mixed nite el-

ement multiscale procedure and observed improved resulthi@n global e ects
were incorporated. Efendiev et al. [9] recently developed raultiscale nite

volume element technique in which the basis functions are mputed using
the global pressure solution. They also demonstrated cleanprovements in
accuracy over a standard (local) procedure for a number of taphase ow
problems. Although these studies demonstrate the bene t gflobal informa-
tion within a multiscale nite element framework, these appoaches are po-
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tentially limited by the need for global ne scale solutions This might not

be problematic if the boundary conditions do not change durg the course of
the global two-phase ow simulation, in which case only onelgpal solution is
required. However, if there are frequent changes in well e or if new wells
are introduced over the simulation time frame, as is commom ipractice, the
global solutions could represent a large computational bden.

The goal of this paper is to develop a multiscale nite volumelement method
that uses global information at the coarse scale in the detamnation of the ba-
sis functions. As such, the method combines ideas from logabbal upscaling
techniques and previous multiscale nite volume element pcedures. We will
show that this approach provides improved accuracy relatvto standard lo-
cal procedures that use linear boundary conditions in the termination of the
basis functions, though the accuracy is not in general as higs that achieved
when global ne scale information is used. The method doespWwever, provide
for a more e cient way of incorporating global information into the multiscale
procedure. We describe both conforming and nonconforminguitiscale nite
volume element methods.

This paper proceeds as follows. We present the governing atjans for two-
phase ow in Section 2. In Section 3 we describe adaptive Idagobal upscaling
and then develop the adaptive local-global multiscale ni& volume element
procedure. Numerical results for a number of two-dimensiah systems are
presented in Section 4. We close with concluding remarks ir@&ion 5.

2 Governing equations

We consider viscous-dominated two-phase ow in heterogemes subsurface
formations. The e ects of gravity, capillary pressure and uid and rock com-
pressibility are neglected. The accurate coarse scale mbaig of this simpli ed
system is the basis for the modeling of more general systenrsjolving ad-
ditional e ects such as compressibility, so the approacheteveloped here can
be expected to have wider applicability. The two phases areedignated water
(aqueous phase, subscript) and oil (nonaqueous phase liquid, subscript).

Darcy's law for each phase is given by:

krj (S) K
j

rp; (1)

i =

where u; is the Darcy phase velocityk is the permeability tensor (taken as
diagonal in this work), k; is the relative permeability to phasg (j = o;w), S
is the water saturation (volume fraction),p is pressure and ; is the viscosity



of phasej . De ning the total velocity u asu = u,, + Uy = (S)k r p, where
is the total mobility given by:

k (S) , ko(S).

w 0]

(S) = (2)

and noting that r u = @, gives the pressure equation:

r((Sk rp=gq; 3)

whereq = g, + ¢ is the total source term. The mass conservation equation for
water can be expressed by noting that,, = uf (S), which gives the hyperbolic
saturation equation:

U= a @

where we have used the fact thati is incompressible. The Buckley-Leverett
ux function f (S) is given by:

Kew (S)= w

f(S)= ko (S)= o+ Ka(S)= OZ

()

The above equations de ne the ne scale model. A single set @lative perme-
ability curves is assumed to apply to the entire model. In sigequent descrip-
tions, pressure and ow rate variables will be considered tbe dimensionless.

3 Numerical procedures

In this section we rst briey describe the adaptive local-dobal upscaling
procedure and then incorporate this concept into the multsale nite vol-

ume element formulation. Both conforming and nonconform procedures
are considered. Some discussion as to why the adaptive legkibal approach
improves upon the standard method is then presented.

3.1 Overview of adaptive local-global upscaling

The basic idea of adaptive local-global (ALG) upscaling isotuse global pres-
sure information computed on the coarse scale for the pregdion of boundary
conditions for the upscaling calculations. The method im@ves upon local or
extended local (i.e., oversampled) procedures because Iboal e ects enter
into the calculation of coarse scale quantities. ALG procedes are not ex-
pected to be as accurate as global methods that use ne scadugions (e.g.,



[13]), though ALG upscaling does avoid the need for any globae scale solu-
tions and will therefore provide enhanced e ciency, partialarly in cases with
changing global boundary conditions.

In the original nite volume implementation of local-globd upscaling ([6]),
both permeability and direct transmissibility upscaling vere considered (up-
scaled permeability and transmissibility are designatetk and T respec-
tively). Transmissibility, which is associated with blockinterfaces, is essen-
tially the numerical analog of permeability and is the coe dent that relates
the inter-block volumetric ow to the di erence in block pressures (for a two-
point ux approximation). For highly heterogeneous system, as considered in
this paper, direct transmissibility upscaling was found tgrovide more accu-
rate coarse models than permeability upscaling [18,6]. Wew brie y describe
ALG transmissibility upscaling, though the approach is sirtar for permeabil-
ity upscaling.

The adaptive local-global upscaling procedure is illusttad in Fig. 1 (this
gure is adapted from [5]). The rst step entails the calculdion of upscaled
transmissibility (designated T,) using a standard local method. Next, using
theseT,, the global problem is solved subject to the actual global bhmdary
conditions. The global pressure solution is then used to meribe boundary
conditions for the local determination of improved (or adaed) transmissibil-
ities, designatedT, . These transmissibilities are computed using an extended
local procedure with boundary conditions determined throgh interpolation
of the global pressure solution (see Fig. 1b). This proceaurs continued until
some stop criteria are reached, such as small changes in pues or ow rates
from one iteration to the next. Typically only a few iterations are required
to achieve a self-consistent solution. Wells are also treat within the gen-
eral method, as indicated in Fig. 1c (see [5] for details). Bause the upscaled
transmissibilities are computed using global informationthey are speci cally
\adapted" for a particular global problem. This distinguishes this \adaptive"
local-global upscaling from a similar procedure ([6]) thatises generic (rather
than speci c) global pressure data.

A thresholding procedure is introduced into ALG upscalingdr e ciency and
to avoid the calculation of anomalous (e.g., negative) pra@pties. This thresh-
olding is incorporated as follows. At each iteration, for a particular block to
block connection, modiedT (designatedT ) are computed only if the ow
rate exceeds a prescribed threshold value (criteria based quantities other
than ow rate could also be applied). This limits the number 6 T to be re-
computed to a fraction of the total and avoids the use of the gbal solution in
regions where gradients are too small to provide reliable gperty estimates.
In these regions, we simply use the previous estimate ;.

If global boundary conditions change during the simulationthe T can be
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Fig. 1. Schematic illustration of the adaptive local-globd transmissibility upscaling
procedure.

recomputed. Again, because of the use of thresholding, thadtion of T that
must be recomputed is relatively small. This renders the oxal procedure
quite e cient and enables the incorporation of time-dependnt global infor-
mation into the upscaled model.

3.2 Formulation of adaptive local-global multiscale nitezolume element method
(ALG-MsFVEM)

Our objective here is to introduce the adaptive local-globaupscaling proce-
dure described above into the multiscale nite volume elenmé framework. The
main idea of multiscale nite element methods, rstintroduced in [14], is to in-
corporate ne scale information into the nite element bass functions through
use of the solutions of local problems. In this paper, we appldeas from local-
global upscaling for the construction of these basis funoms. In this way, the
basis functions will contain global information. Althoughwe use the multiscale
nite element framework, a nite volume element method (FVEM) is used for
the global solution. This method is applied because, by cdngction, nite
volume formulations satisfy local mass conservation, wiids important for
modeling transport in groundwater and reservoir ow simuléons.

The underlying multiscale nite volume element method (MsS’WEM) applied
here is very similar to the multiscale nite volume technige of Jenny et
al. [15,16], though it diers in some details (e.g., locatio of pressure un-



knowns), as indicated below. The key di erence between thisork and previ-

ous studies, however, is in the boundary conditions imposédthe determina-

tion of the MsFVEM basis functions, particularly the use of gpbal coarse scale
information for the speci cation of boundary conditions (n [15,16] \reduced"

boundary conditions, determined from the solution of lowedimensional lo-

cal problems, were applied). The local-global procedure glped here for this

purpose does not appear to have been used previously withimet context of

multiscale nite element or nite volume models of subsurfae ow.

3.2.1 Basic multiscale nite volume element procedure

The description and notation used here follow closely thatf¢9]. In [9], global
information is also applied in the determination of the muliscale basis func-
tions, but in that study ne scale data are used and no oversapting or iter-
ation is required.

The basic problem is de ned as follows (see Fig. 2). An undgithg ne scale
permeability description is speci ed. This description isconsidered to be too
detailed for direct simulation of the pressure equation (3We denote byK" the
set of coarse elements (rectangles in this cad€) The quantity  indicates
the center of coarse elemer . Element K is divided into four rectangles of
equal area by connecting ¢ to the midpoints of the element edges. These
quadrilaterals a&ﬂzenoted b ¢, where 2 Z,(K), are the vertices ofK . We
designateZ, = ¢ Zn(K) and Z?  Z, the vertices which do not lie on the
Dirichlet boundary of . The control volume V¢ is de ned as the union of
the quadrilaterals K ¢ sharing the vertex . The grid comprised of elements
K (solid squares in Fig. 2) is sometimes referred to as the prmgrid and
the grid de ned by V¢ (dashed square in Fig. 2) as the dual grid. In our
procedure we compute pressure at the vertices of the primaidy This di ers
from the approach of [15,16] in which pressure is computed tite centroids
of the primal grid blocks. This also leads to a di erent treament of global
boundary conditions.

The goal of the MSFVEM is to determine coarse scale basis fuions that

incorporate the ne scale information in the underlying pemeability descrip-
tion. The technique applied here follows the multiscale rie element method
of [14], as the basis functions are determined from the salom of the lead-
ing order homogeneous elliptic equation on each coarse ed@tn For a coarse
rectangular elementK , the basis functions ; i =1;2; 3;4, are computed via
solution of:

r (kr {)=0 IinK

i =0 on@K; ©)

for prescribed boundary functiong;. Equation (6) must be solved four times



Fig. 2. Schematic of nodal points and grid.

for the determination of the four ;. The basis function associated with the
vertex X; is constructed from the union of the basis functions that shia this
X; and are zero elsewhere. Note that; must satisfy (x;) = j .

Hou et al. [14] showed that the accuracy of the resulting case model is im-
pacted by the treatment of boundary e ects in (6). Enhanced ecuracy can
be achieved by solving local one-dimensional problems [1&] the determina-
tion of g or, as is considered here, by solving (6) in a domain that inaes
more than just the ne scale cells corresponding to the coadlock K (this
approach is referred to as oversampling). The specic bouad/ conditions
that are used in this paper for the determination of the basifunctions will be
discussed in detail below. A vertex-centered nite volumerpcedure is used to
solve (6). The interface permeabilities, as required for ik solution, are com-
puted via a harmonic average of the appropriate component permeability
in the neighboring cells.

As discussed in [9], once the basis functions are construttere determine
p" 2 V", where V" is the space of the approximate pressure solution, with
p" = 2ze P . by enforcing

1 1 [
(Sk rp" ndl= qd; 7)
@Y Ve
for every control volumeVg . Here n denes the normal vector on the

boundary of the control volume@\ and S is the ne scale saturation. Note
that the integral in (7) is performed over a coarse cell in thelual grid (V)
and the nite element test function is unity. For this reason the technique is
referred to as a nite volume element method. In this way the mthod di ers



from multiscale nite element procedures (e.g., [14]).

3.2.2 Local-global iteration

The procedure as de ned up to this point (designated MsFVEM)s quite ef-
fective for many cases. However, in analogy to the upscalimgsults referred
to above (and presented in [6,5]), some error is incurred dtmthe (localized)
approximation of g in (6). As demonstrated in [14{16], accurate results can
be achieved through a judicious choice @ and/or through use of oversam-
pling. Each of these approaches, however, has some limitats. Oversampling
leads to a nonconforming representation (as discussed lél@and in addition
does not account fully for global e ects. The use off determined from the
solution of a reduced (one-dimensional) problem has beenosm to be ef-
fective ([14,15]), though the ideal boundary speci cations likely to be case
speci c. Again, in cases where global e ects are importanit may be of use
to incorporate this information directly into the basis furctions.

We now describe an adaptive local-global procedure that mtduces global
information into the multiscale nite element basis functons. The resulting
technique is our adaptive local-global multiscale nite viume element method,
designated ALG-MsFVEM. The iteration procedures discusdehere can be
used within the context of either conforming or nonconformig multiscale -

nite volume element methods. A conforming procedure is onénere the basis
functions are continuous between the two elements that slr@K In a non-

conforming representation, the basis functions are de neseparately for each
element and are in general discontinuous acrog®K Conforming methods
have some advantages over nonconforming techniques and nh&ypreferable
in some cases. For example, pressure is continuous at elemeterfaces with

conforming methods, which is useful in compressible mod&kere properties
are pressure dependent. A correction must also be applied titain con-
servative velocities with the nonconforming method (as indated below). In
addition, analysis is more readily accomplished with confiming techniques.

More computation is required to construct the ALG-MsFVEM bais func-
tions than is required for the MsFVEM approach described in &tion 3.2.1.
Depending on the size of the oversampling region, the consttion of the
ALG-MsFVEM basis functions could require several times mer CPU time
than that needed for the construction of MSFVEM basis funcbns. We ex-
pect that this extra computational demand could be reducedat some extent
through use of thresholding (though this was not implementehere). For the
coarse scale simulations, computational requirements agesentially the same
for the two approaches. With either MSFVEM or ALG-MsFVEM, for typical
problems the overhead associated with the construction dfi¢ basis functions
is however small compared to the solution of the ne scale twohase ow



problem. This is because, due to mobility e ects, the presse equation (3)
must be solved at each time step. It is therefore cost-e eete to expend more
computational e ort (as required for ALG-MsSFVEM) in formin g the basis
functions for the coarse model. It may not, however, be costegtive to per-
form multiple iterations of the ALG-MsFVEM, unless threshdding is applied.
In addition, in either case computations for the constructin of the basis func-
tions parallelize naturally as they essentially involve idependent solutions of
(6) over small domains (i.e., domains corresponding to caa elements or to
coarse elements plus the oversampling region).

We rst consider the development of a conforming ALG-MsFVEMprocedure.
In analogy to the ALG transmissibility upscaling describedin Section 3.1,
an estimate of the global solution is needed here for the det@nation of
improved boundary conditions. This is accomplished by apghg an oversam-
pling procedure to determine the basis functions and then lsing the global
problem using these basis functions (note that the rst stemf the procedure
generates nonconforming;, but the nal representation will be conforming,
as shown below). The procedure is as follows. Denote a targetarse block by
K and an extended coarse region b ° (see Fig. 3). ForK ® with vertices y;
(i = 1;2;3;4), we denote by ;(x) a nodal basis orK ®, such that (y;) = j.
These nodal basis functions; (i = 1;2; 3;4) are constructed by solving (6) in
the regionK °(see Fig. 3) with linear boundary conditions. Once the auxdry
functions ; are constructed, we compute the basis functions, as a linear
combination of ; (as is done in oversampling for MSFEM [14]) as follows:

—
()= ¢ () (8)

=1

wherex; are the nodes of the target coarse blodk and c; are coe cients de-
termined by imposing i(Xj) = j . Using these nonconforming basis functions,
the global problem is solved using (7).

We denotep}(x) as the solution of the pressure equation obtained as degd
above (using the MsFVEM with oversampling). In analogy to AIG upscal-
ing, the adaptive local-global multiscale basis functions ;, are constructed
in target coarse regions using}] (note that these ; are dierent from the
oversampled ; de ned above). Our approach (and description) again follow
closely that of [9] except here we use the coarse scale solutp}(x) rather
than the full ne scale solution as in [9]. At the edges where j(x) = 0 at
both vertices, we take boundary conditions for ;(x) to be zero. To compute

i we now need to prescribe the boundary conditiog; along the two edges
that share the common vertexx; (these edges are designated;[1; x;] and
[Xi; Xi+1]). Speci cally, in analogy to [9] (and assuming thatb(x;) 6 pj(Xi+1)
and pj(x;) 6 pj(xi 1)) we set:

10
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It BB(x) = P(xi+1) 6 O then

. 1
O ) xiixiva] = iO(X)"' m(DB(X) pB(Xi+1))i (10)
where ?(x) is a linear function on k;;X;+1] such that ?(x;) = 1 and
9(xi+1) = 0. Similarly,

O+ 1) [xiixiaa] = i0+1(x) + (pg (X) pg(xi+l)); (11)

2p(Xi+1)
where ?,,(x) is a linear function on [;;X;+1] such that ?,,(x;+1) =1 and

0,(x;) =0.1f ph(x;) = pi(xi+1) & O, then linear boundary conditions can
simply be applied. Ifp)(x;) = p3(xi+1) = 0, linear boundary conditions can
also be used (we note that this use of linear boundary conditis is somewhat
akin to the treatment applied in ALG upscaling where precaubns must be
taken to avoid the calculation of anomaloud ). Finally, the conforming ALG-
MsFVEM basis functions ; are constructed by solving (6) inK with
replacing ;.

As in ALG transmissibility upscaling, we can perform additbnal iterations
of this procedure to achieve self-consistency between theegsure eld and
i. Generally the rst iteration decreases the error most sigrcantly, though
further improvement can be obtained in some cases through @her one or
two iterations. In the results presented below, only one itation is performed.

It is important to note that, as demonstrated below, the ALG lasis functions

i do not lie in the span of the rst set of basis functions constrcted using
linear boundary conditions with oversampling. The ; are linearly independent
(and thus form a basis) and sum to 1 in each coarse element, egtin the
elements wherep(x;) = pi(xi+1) 6 O (in which case one basis function can
be modi ed to ensure that the sum is equal to one; see [9]).

3.2.3 Nonconforming ALG-MsFVEM

It is also possible to apply the ALG procedure for the determation of noncon-
forming ;. The modi cations required in this case are as follows. Faling
the solution of (6) overK ° and the determination of ; from ; via (8), we
solve the global coarse problem as above to gigg(x). Then, rather than us-
ing this p(x) to determine boundary conditions along@K we usepj(x) to
set boundary conditions over a region larger that , which we designatek

11
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Fig. 3. Schematic description of coarse block and extendedoarse block regions.

(this region may or may not coincide withK 9. More speci cally, designating

two edges ok as | 1;z] and [z; zi+1], the boundary conditionsg; required

for the determination of ; are given through use of (9), (10) and (11) with
z replacing x. Solution of (6) subject to theseg, and subsequent application
of (8) (with ; replacing ;) gives the nonconforming ALG-MsFVEM basis
functions. In the computations below, we takek ®and K to coincide, though

this is not required by the method.

A conservative ne scale velocity eld is required for accuate transport calcu-
lations. If the ; are nonconforming, their direct use for velocity reconstion
will lead to a nonconservative ne scale velocity eld due taliscontinuities in
the basis functions along the boundaries of the coarse blgclA conservative
velocity can, however, be constructed by averaging the veities from the two
adjacent elements at the block boundaries.

3.2.4 Two-phase ow computations

For two-phase ow simulations, we rst solve the coarse scalpressure equa-
tion (7) using the ; (or ; inthe case of the standard method). The ne scale
velocity is then reconstructed by solving a local ne scalerpblem over each
dual cell V¢ with ux boundary conditions, as determined from the presste
solution and the ;, prescribed. This velocity is then used in the explicit so-
lution of the saturation equation (4). The overall procedue is thus an IMPES
(implicit pressure, explicit saturation) approach.

With ALG-MsFVEM, the pressure equation is solved using the gg-computed
multiscale basis functions ;. In some multiscale simulation procedures (e.qg.,

12



[16]), the basis functions are updated in time in the vicinit of sharp fronts.
In our calculations, we observed only a slight improvementdm this updat-
ing. Therefore, in the results below, the basis functions amot updated. The
update of the basis functions is, however, performed if thdaipal boundary
conditions are changed. In this way the ALG-MsFVEM \adapts"to the par-
ticular global boundary speci cation. As indicated earlie, the ALG framework
allows us to perform updates in an e cient manner; i.e., we dg recompute
the basis functions in selected regions (see [5] for detpil$his thresholding
is compatible with the ALG-MsFVEM formulation but was not used in the
results presented here.

3.2.5 Explanation of ALG-MsSFVEM accuracy

We now o er a brief explanation of why the proposed method gemally per-
forms better than the standard MsFVEM with localized basis dnctions for
the case of two-phase ow in a strongly channelized formatio As shown in
[9], the pressure equation (3) can be written in a coordina®ystem de ned by
the streamfunction and the pressurep at initial time; i.e., = (X;t=0)
and = p(x;t =0). Assuming that the the permeability variation within th e
channel (in the direction) is weak, that S = 0 at initial time, and that the
imposed global boundary conditions result in high ow within the channel
(this is fairly typical), it was shown in [9] that

p(; ;t)="%(;t)+high order terms;
whereX ;t) is the dominant pressure.

This result indicates that the pressure (which varies in tima due to saturation
e ects) depends strongly on the initial pressure; i.e., the leading order term
in the asymptotic expansion is a function of initial pressw and time only.
Thus, if the multiscale basis functions are able to recoveheé initial pressure
eld with reasonable accuracy, they can then be expected ta@vide an accu-
rate estimate of pressure throughout the simulation (at lest for the idealized
situation considered here). The ALG-MsSFVEM basis functios carry global
information as they are constructed from the global solutio, so we can ex-
pect reasonable accuracy for pressure at initial time and dis throughout the
simulation. We will see this to be the case in the results prested in the next
section.

As indicated above, the ALG basis functions ; contain global information
and, as such, do not lie in the span of;. Indeed, assuming ; lie in span of
i, we would conclude that ; = ;. To show that ; 6 ;, we consider, for
example, the edgeX;Xi+1] (see Fig. 3), where both ; and ; are 1 and O
at x; and X;+1, respectively. The function ; on [X;; Xj+1] isl_ioﬁnputed using
i, while ; on [X;;Xj+1] is computed from (9) usingpg = ; Py(Xi) i. More

13



precisely, ifp)(xi+1) 6 pj(Xi),

g = PE(Xi) i (X) + PE(Xi+1) i+1(X)  PS(Xi+1).
| PR(xi)  PB(Xix1) '

It is clear that pj(x;) enters into ; in a nonlinear fashion, ; 6 ;, and that

the ; contain global information from pf). The global information contained
in p} is however not as accurate as the information contained in ¢hexact
initial ne scale pressure eld. If the basis functions can ecover the exact
initial pressure eld, more accurate multiscale solutiongan be expected.

4 Numerical results

We now present results for several heterogeneous systemghese simulations,
dimensionless pressures are xed along portions of the balary (p = 1 at
in ow boundaries andp = 0 at production boundaries) and no- ow conditions
are imposed over the remainder. We consider both single-@gsand two-phase
ow simulations. For single-phase simulations, results arpresented only for
total ow rate Q.

For the two-phase ow simulations, the system is considerew initially con-

tain only oil (S = 0) and water is injected at in ow boundaries (S = 1

is prescribed). Relative permeability functions are speed as k., = S?,

ko = (1 S)? water and oil viscosities are setto,, = 1 and , = 5.

Porosity is constant and serves only to nondimensionalizérte. Results are
presented in terms of total ow rate Q and the fraction of oil in the pro-
duced uid (i.e., oil cut, designatedF) against pore vql_qme injected (PVI).
PVI represents dimensionless time and is computed viaQdt=\}, where, is

the total pore volume of the system. In all cases we compareligmns using
the standard multiscale procedure (MsFVEM) and the adaptig local-global
multiscale technique (ALG-MsFVEM) to the reference ne scke solution. By
standard MsFVEM calculations, we mean that no oversamplings used and
linear boundary conditions are applied. The use of noncomfoing (oversam-
pled) representations is considered in Section 4.2. We ndteat other local

boundary conditions could be applied ([14,15]) and may prale better accu-
racy in some cases, though the ideal boundary speci catios likely to be case
speci c. The development and use of specialized local bowargl conditions is,
however, not investigated here.

We consider channelized permeability elds extracted frorthe three-dimensional
system introduced in [8]. This highly heterogeneous systelras been con-
sidered in a number of previous studies (e.g., [5]) and posgeshallenge for
upscaling and multiscale procedures. Channelized systeoighis type are con-

14



siderably more di cult to model accurately than are systemsgenerated using
two-point (variogram-based) geostatistics. Thus, methaglthat perform accu-
rately for the channelized systems considered here can b@ested to perform
as well or better on simpler variogram-based models.

The ne grid models are of dimension 220 60. Two typical layers are shown
in Fig. 4. In all simulations, we take the global dimensionl() in x and y to

belLy =5 and Ly = 1, with cell sizes x = 5=220 and y = 1=60, unless
otherwise indicated. The coarse grid in all cases is of dinmon 22 6 (a

coarsening factor of 10 in each direction).

4.1 Results for conforming MsFVEM and ALG-MsFVEM

The results presented in this section compare standard MsE¥ and con-
forming ALG-MsFVEM solutions. In the ALG-MsFVEM simulatio ns, an over-
sampling of ve ne scale cells is applied in the rst step. Tke conforming
representation is achieved in the iteration step as descel in Section 3.2.2.

In the rst set of simulations, we treat each of the channelied layers in the
three-dimensional model (these are the lower 50 layers) asva-dimensional
system and simulate ow across the layer by imposing = 1 along x =0 and
p = 0 along x = 5. For these simulations, the system is single-phase andeth
ow rates do not change in time. Presented in Fig. 5 (left) is @ross plot of the
coarse scal€), computed using the standard MsFVEM, against the ne scale
result. The average relative error (de ned as the average tifie percentage
errors of all 50 points) in these results is 29.3% and there &clear trend
toward overprediction by the standard MsFVEM (it should be roted that, if
we remove the point with the maximum error, designated by the in Fig. 5-
left, the average relative error is reduced to 17.8%). Anajous results using
the ALG-MsFVEM are shown in Fig. 5 (right). These results arenoticeably
improved relative to those of the standard technique; the &rage relative error
here is 1.8%. This clearly demonstrates the e cacy of the AL&VISFVEM and
that the use of even approximate global information can actot enhance the
accuracy of the multiscale solution.

We next consider two-phase ow for layer 43 (with relative peneabilities
and viscosities as speci ed above). Flow is from side to sidgad boundary
conditions are as prescribed in the previous case. The totaw rate Q now
varies in time due to mobility e ects. Results forF and Q are shown in Fig. 6.
The solid curves represent the ne scale solution and the dasd and dotted
curves the standard MsFVEM and ALG-MsFVEM solutions respdovely. The

ALG procedure is seen to provide improved accuracy, thoughére is still some
error relative to the ne scale solution. At the end of the simlation (PVI=2),
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Fig. 4. Permeability elds (from [8]) for layers 43 (left) and 59 (right). Vertical
direction exaggerated.

the standard MsFVEM shows an 11.5% error in ow rate; this ewr is reduced
to 3.5% through use of ALG-MsFVEM.

It is also instructive to consider the saturation maps proded by the various
procedures. The ne scale saturation eld at PVI=0.4 is show in Fig. 7 (left).
It is evident that the ow is dominated by the high permeability channel
extending from the upper left of the model (see Fig. 4). The &&ation map
for the standard MsFVEM is shown in Fig. 7 (center). The genal appearance
of this result is quite similar to the ne scale result, thoudp there are di erences
evident in the lower left corner of the model, where there is disconnected
high permeability feature (evident in Fig. 4). The ALG-MSFVEM result is
shown in Fig. 7 (right). The general correspondence betwee¢his map and
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Fig. 6. Oil cut (left) and total ow rate (right) for layer 43 f or side to side ow.

the ne scale result is again quite close, though in this cagkere is less error
in the lower left corner of the model. This is because the \disnnectedness" of
the permeability feature is captured more accurately by théALG-MsFVEM
model than it is by the standard procedure, for which the basifunctions are
computed using only local information.

In the next set of results, we consider di erent boundary catitions (corner to
corner rather than side to side ow) and perform single-phas ow calculations
for all 50 channelized layers. For this case, we set=1 alongx =0,0 vy
04 andp=0alongx =5,06 y 1. The ALG-MsFVEM model will
be di erent in this case than in the side to side ow case becae the basis
functions depend on the global ow eld. Results for the stadard MsFVEM
are shown in Fig. 8 (left) and those for ALG-MsFVEM are shownn Fig. 8
(right). The average relative errors for the standard and AG procedures are
25.7% and 7.5% respectively. The error using ALG-MsFVEM isitger in this
case than it is for side to side ow (compare to Fig. 5). This mabe due to the
fact that the ow is con ned to smaller portions of the domainin corner to
corner ow and the results are sensitively dependent on thecaurate resolution
of the solution in these regions.
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Fig. 7. Saturation maps for layer 43 for side to side ow for ne model (left), standard
MsFVEM (center) and ALG-MsFVEM (right). Vertical directio n exaggerated.
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Fig. 8. Comparison of global ow rates for corner to corner ow for standard Ms-

FVEM (left) and ALG-MsFVEM (right).

We now display results for two-phase corner to corner ow fdayer 43. Results
for oil cut and total ow rate are shown in Fig. 9. The use of ALGMsFVEM
o ers some improvement in this case but the level of agreentewith the
ne scale solution is not as high as for side to side ow. Thislservation is

consistent with the single-phase ow results presented abe.

We next consider both types of ow (side to side and corner toocner) for
layer 59. Results are displayed in Figs. 10 and 11. For thisykr, the use of
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Oow.

for side to side ow.

for corner to corner

ALG-MsFVEM provides an excellent match with the ne scale shution for
side to side ow (Fig. 10), in contrast to the standard MsFVEMwhich shows
some error (about a 12% error irfQ at PVI=2). For corner to corner ow, the
level of agreement with ALG-MsFVEM is not as close, though lteer accuracy
is again attained with this method than with the standard pracedure.

Our next example involves a change in ow conditions duringhte course of
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PVI 0.6 followed by corner to corner ow for PVI > 0.6.

the simulation. Speci cally, the ow is from side to side forPVI  0:6 and
from corner to corner for PVI> 0:6. Results for layer 63 are shown in Fig. 12.
The ALG-MsFVEM solution shows excellent accuracy for PVI 0:6, though
there is some degradation in accuracy after the change in balary conditions.
The ALG-MsFVEM solution is, however, clearly of greater aatracy than the
standard MsFVEM solution. It is important to note that the AL G-MsFVEM
basis functions are recomputed after the change in boundacgnditions, which
enables the method to adapt to the change in the global ow el.

We also explored the use of additional iterations in the ALGASFVEM. A

limited study indicated that solution accuracy can generdy be improved by
performing more iterations. However, to be cost e ective ah robust, this
procedure should ideally be applied in conjunction with thesholding. There
are a variety of strategies that could be used, and a detaileslvaluation will

require further numerical experimentation.

4.2 Results for nonconforming MsFVEM and ALG-MsFVEM

In the results presented above, the MSFVEM was in all casesnforming,
meaning that the basis functions ; or ; are continuous between adjacent
elements. We now consider the use of nonconforming repreéséions. Recall
that there are some potential disadvantages associated tvinonconforming
representations, as discussed above, though such modeks monetheless use-
ful in many settings. The nonconforming representations osidered here are
generated in two ways, corresponding to the standard and AL@odels con-
sidered earlier. Speci cally, here we assess \standard"ergampling (without
iteration, as applied in [14]) and oversampling used in camjction with one
local-global iteration. In the latter case, we use the sameedree of oversam-
pling in both the initial estimate of the basis functions andin the iteration
using the global solution (i.e..K °and K are identical). This is not a require-
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ment of the method, and it is possible that other strategies M result in
improved accuracy, as would additional local-global itetan.

In Table 1 we present results for average relative error in W rate for side to
side ow for the 50 channelized layers using various confoing and non-
conforming procedures. Results are shown for both the modebnsidered
above (with global dimensionsL,=L, = 5) and for a stretched model with
Lx=Ly = 20, as indicated in the rst column. The second column corigponds
to the standard localized conforming method with linear presure boundary
conditions and no oversampling (these are the results presed in Fig. 5-left).
The third column presents results using oversampling (ov®)f ve ne-grid
cells (with no local-global iteration), the fourth column ©rresponds to ALG-
MsFVEM results with oversampling of ve ne-grid cells in bah the initial
estimate and in the ALG iteration, and the fth column preserts results us-
ing oversampling in the initial estimate but a conforming rpresentation after
iteration (these are the results presented in Fig. 5-right)

Table 1
MsFVEM and ALG-MsFVEM percentage errors in ow rate, with v e ne grid cells
used in oversampling

Lx/Ly | conform | ovs | ovs-ovs| ovs-conform

51 293% | 4.7% | 3.4% 1.8%

20 1 | 28.7% | 10.1%| 6.3% 6.7%

It is evident from the results presented in the table that ovesampling without

iteration provides improved accuracy (compare columns twand three), con-
sistent with previous ndings [14]. Application of an ALG iteration reduces the
error, as is evident from the values in the fourth column, thagh improvement
is modest in this case. For these results, local-global itgfon is more bene -

cial when the goal is to provide a conforming set of basis furans (compare
columns two and ve). It is also apparent that accuracy degrdes somewhat
(except for the localized conforming method) for the case df,=L, = 20

compared toL=L, = 5.

In the next set of results, presented in Table 2, the same sgshs are considered
but here we use oversampling of two ne grid cells rather tharve, as applied
in all of the previous results. Here we see that standard owampling with two
ne cells leads to less error reduction than in the case of veell oversampling,
though an ALG iteration (fourth column) reduces this error ly about a factor
of two. The conforming ALG model ( fth column) is also not as @&curate as in
the ve-cell oversampling (compare with Table 1) though it § more accurate
than the standard conforming model. This suggests that thedme t of using
ALG-MsFVEM is more fully realized when the global estimates of better
accuracy, as would be expected. In any event, the results irafiles 1 and 2
demonstrate that local-global iteration consistently act to improve accuracy,
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for either conforming or nonconforming representationshough the degree of
improvement varies depending on the size of the oversamgilomain.

Table 2
MsFVEM and ALG-MsFVEM percentage errors in ow rate, with tw o ne grid
cells used in oversampling

Lx/Ly | conform | ovs | ovs-ovs| ovs-conform

51 29.3% | 12.6%| 6.0% 16.0%

20 1 | 28.7% | 18.8%| 9.3% 21.0%

5 Concluding remarks

The purpose of this paper was to develop and apply an adaptiecal-global
multiscale nite volume element procedure for the modelingf two-phase ow
in heterogeneous subsurface formations. The method e ealy combines mul-
tiscale nite volume element and upscaling techniques to pvide an e cient
means for incorporating global information into the multisale basis functions.
This e ciency results from the use of coarse scale simulatis of the global
pressure equation for the determination of approximate gbal information.

Both the new method and a standard multiscale nite volume @ment method
(which uses localized linear pressure boundary conditiofgr determination
of the basis functions) were applied to a series of challengiexample prob-
lems involving highly heterogeneous channelized permdiii elds. Results
for both single-phase and two-phase systems, involving @rent global bound-
ary conditions, were presented. In all cases the ALG-MsFVEMrovided re-
sults of improved accuracy, in terms of reproduction of theeference ne scale
solution, compared to the standard technique.

As indicated earlier, improved accuracy can also be obtaihéhrough a judi-
cious choice of local boundary conditions or through ovensgling. In this pa-
per we investigated oversampling and, consistent with preaus ndings (e.g.,
[14]), found it to reduce error relative to the standard proedure. When over-
sampling is used, however, the resulting MsFVEM is noncomnfaing, which
results in discontinuities in the reconstructed pressuret @oarse block bound-
aries. We did not investigate the use of other local boundarmgonditions (such
as the \reduced" boundary conditions applied in [14,15]). fie use of these or
other specialized boundary conditions may well provide inmpved performance
for the problems considered, though it is to be expected thalhe ideal bound-
ary speci cation will depend on various factors such as the/pe of geological
model, global boundary conditions and degree of coarsenir@ur approach is
in some sense more systematic, as we determine these boupdamnditions
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from a global pressure solution. The development and assessit of appro-
priate local boundary conditions is, however, a useful enaleor, as this could
provide a more e cient overall procedure. In addition, it wauld be straight-
forward to use specialized boundary conditions in the rstteration of the
local-global procedure described here.

Although the results presented in this paper are encouraginthere is scope for
further exploration of some of the underlying approaches.sAour intent here
was to demonstrate that global coarse scale information doube e ectively
used to improve multiscale representations, we did not ingomorate time-saving
procedures such as the thresholding technique incorpordte ALG upscaling.
Introduction of this or a similar treatment into the ALG-MsF VEM will lead
to improved e ciency and possibly enhanced robustness. It ay also be worth
exploring the impact of di erent oversampling strategiesadditional ALG it-
erations, and the use of di erent boundary conditions in thenitial estimate
for the basis functions.
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