COMPLEMENTS

the use of the step—function

Consider for ¢ > 0 the following function

( fg(t), 0<t<ty
fl(t), t1 <t <ty

fi@), 1 <t <tjn

L

Let f; : (0,400) — R, j =1,2,... be functions defined on the half-line
(0, 400).

Let u be the one-step function given by

0, t<0
(0.1) u(t) = {

1, 0<t

Then

F(&) = folt)+ Y ult —t;)[f;(t) = fia(8)].

J

The proof of the above formula is just a simple computation by looking
at successive intervals (t;_1,1;).

the Laplace transform

The Laplace transform of the function f : [0,400) — R is defined as

C{f}(s) = / T et ()t

for the s € R such that the above integral is meaningful. We denote the

Laplace transform of the function f, g, h, ..., as F(s),G(s), H(s),... .
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We have

L{af +bg} = aL{f} +bL{g},
L{e™ F(D}(s) = L{T}(s — a).
LUFOY(s) = $"L{FH(s) — 8" F(0) = "2 /(0) = - - — FD(0),

LA (D} s) = (-1 T L) ).

Here there is a list of the Laplace transform of elementary functions

£{1}(s) = -
1

= g)
E{eat}(s) = 5 s> a,

sS—a

s >0,

|
E{t”}(s):%, s>0, n=0,1...,

L{e™t"}(s) =

n!
(s —a)rtl’
b

52 4+ b2’
s

52 4 b2

. b
E{eat sSin bt}(S) = m s
at S—a
E{e COS bt}(S) = m, sS>a.

s>a, n=0,1...,

L{sinbt}(s) = s>0,

L{cosbt}(s) = s>0,

5> a,

The Laplace transform of other elementary functions can be obtained
by using the rules listed above.

The inverse Laplace transform £7! is linear

L Haf +bgy =al Y{fY+bL7Hg}.

We can use the properties listed below (and some other stuff in the
textbook such as the method of partial fractions), to compute the
inverse Laplace transform in many useful situations.

If s > a, useful rules are



{2 o = o,

Let u be the one-step function given (0.1). Then

L{f(t = a)ult —a)}(s) = e F(s),
L{gM)u(t —a)}(s) = e L{g(t + a)}(s),
L7He ™ F(s)}(t) = f(t — a)u(t —a).

A function f is periodic of period T if
fO)=ft+T)
for all ¢ in the domain of f.

If f:[0,+00) — R is piecewise continuous and periodic of period T,
then

[l estf(t)dt |

1—eTs

L{f}(s) =
The convolution of f and ¢ is defined as

t
(F+)t) = [ £t = o)g(o)iv,
0
provided the integral in the r.h.s. is meaningful. One has

L{(f *9)}(s) = F(s)G(s) ,
LTHFGHE) = (f = 9)(t).

Let ¢ be the distribution acting on the space C([0,400)) made of all
the continuos functions on the positive half-line [0, 4+00). It is defined

as
“+o00

f@)o(t —a)dt = f(a), a>0.

0

Then
L{o(t—a)}(s)=e*, a>0.

the Cramer rule

We treat the 2 or 3 dimensional case, the general case follows analo-
gously.



aix aiz Az

Let A = (an au) (A= [a ax ax|)bea?2x2(3x3) matrix
Q21 Q22
a31 asz 33

by
with det A # 0, and b = (Zl) (b = [b2]) a fixed 2-dimensional
2

(3—dimensional) column vector.

The Cramer formula for the inverse matrix A~! is given by.

det (21 Zu) det (Zn 21)
(A'b), = —2 27 (A b))y = — 2 2

det A ’ det A
by a2 a3 a1 br ags
det b2 929 (923 det 921 b2 923
bz asy as3 as; bz asz
A71b), = A"b), =
a; a2 b
det a1 Q929 b2
as;  asy bz
A71b); =
( Js det A
differential linear systems
Let
(0.2) x'(t) = Ax(t)

be a differential linear homogeneous system with constant coefficients,
where A is a n X n numerical matrix. A is a eigenvalue of A if it solves

(0.3) det(\] — A) = 0.

An eigenvector uy with eigenvalue A is a nontrivial solution of the
equation

AU)\ = )\11)\

which always exists thanks to (0.3). Suppose that A admits a system
of n linearly independent eigenvectors uy, ..., u, corresponding to real
eigenvalues \q,...,\,, some of them appearing possibly, with multi-
plicity. Then a set of linearly independent solutions for (0.2) are

A

x,(t) = eMhuy, ..., x,(t) = e, .



The general solution of (0.2) is
(0.4) x(t) = cieMuy + -+ + cpetiu,
and the fundamental matriz X (t) of solutions is defined as

(0.5) X(t) := col(eMtuy - - - e*'u,,) .

It is an everywhere invertible matrix. If A in (0.2) admits a complex
eigenvalue A = « + 8 with complex eigenvector u = a + ib, then
X = a—if3 is an eigenvalue too, as A has real entries. The corresponding
eigenvector is U = a—¢b. A pair on linearly independent real solutions
of (0.2) are

(0.6) e [cos(Bt)a — sin(Bt)b], e [sin(Bt)a + cos(Bt)b] .
By replacing the linearly complex conjugate solutions e*u, M in (0.4)

with the corresponding real linearly independent ones, (0.4) and (0.5)
are still meaningful.

Let

(0.7) x'(t) = A(t)x(t) + £(¢)

be a differential linear (non homogeneous) system in a n—dimensional
space. Suppose that (x1(t),...,x,(t)) are n linearly independent solu-
tions of

(0.8) x'(t) = A(t)x(t).

The fundamental matrix X () of solutions of the homogeneous associ-
ated system (0.8) is defined as in (0.5) by

X(t) := col(xq(t) - - - x,(t)) .

Then the general solution of (0.7) is

wo-xufes [ onoa]

1
C2

where ¢ = is a column vector of free constants.

Cn
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If we have the following initial value problem

(0.9) { X'(t) = A(t)x(t) + £(t),
X(to) = %o

then the solution of (0.9) is given by

x(t) = X (1) [X‘l(to)xo + /t: X‘l(s)f(s)ds] :



