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The linear background

For1 < p,q <2, {p({q) isomorphically embeds into
Ly = L4(0,1)ifand only if p < g.
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The linear background

For1 < p,q <2, {p({q) isomorphically embeds into

Ly = L4(0,1)ifand only if p < g.

| am not sure who was the first to prove that for p > g £p(¢q)
does not embed into L but the best proof of that with the right
estimates for the distance of £5(¢7') from a subspace of L;
follows from an inequality of Kwapien and Schiitt.
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The linear background

For1 < p,q <2, {p({q) isomorphically embeds into

Ly = L4(0,1)ifand only if p < g.

| am not sure who was the first to prove that for p > g £p(¢q)
does not embed into L but the best proof of that with the right
estimates for the distance of £5(¢7') from a subspace of L;
follows from an inequality of Kwapien and Schiitt.

For all nand all {ij},’-ka1 C Ly,

S SID DI ) SEER R SR DI D SR

j=1ee{-1,1}" k=1 TE€Spee{-1,1}"  j=1

where S, is the group of all permutations of {1,..., n}.
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The linear background

Y Sl in s X [Saal,

j=1 ee{—1,1}7 k=1 TESnee{—1,1}1  j=1
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The linear background

T [Yaal g5 T ¥ [Semal,

j=1ee{-1,1}" k=1 T€Spee{-1,1}"  j=1

If {Zjx}], is the natural basis of ¢(£3),

1 n n
p 2| e = e
j=1 " k=1
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Y Sl in s X [Saal,

j=1ee{-1,1}" k=1 TESpee{-1,1}"  j=1
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The linear background

Y Sl in s X [Saal,

j=1ee{-1,1}" k=1 TESpee{-1,1}"  j=1

If {Zjx}], is the natural basis of ¢(£3),

1 n n
S -
j=1 " k=1

and

1 n
D H > €iZin()

" reSy  j=1

‘:n1/p

So np~a < d(€3(£7), SLy).



The non-linear background

A metric space (X, dx) is said to admit a bi-Lipschitz
embedding into a metric space (Y, dy) if there exist s € (0, ),
D € [1,00) and a mapping f : X — Y such that

Vx,yeX, sdx(x,y) < dy(f(x),f(y)) < Dsdx(x,y).

When this happens we say that that (X, dx) embeds into

(Y, dy) with distortion at most D. We denote by cy(X) the
infimum over such D € [1,00]. When Y = L, we use the shorter
notation ¢, (X) = cp(X).
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The non-linear background

We will be interested in lower bounding the distortion of
embedding the ¢ sum of the discrete cube F7 with the ¢4 norm

into Ly. In this lecture we shall restrict ourselves to the case
p=2andg=1.
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The non-linear background

We will be interested in lower bounding the distortion of
embedding the ¢ sum of the discrete cube F7 with the ¢4 norm
into Ly. In this lecture we shall restrict ourselves to the case
p=2andg=1.

So we're interested in ¢4 (¢5(FF5)) where 1 is the n-dimensional
discrete hypercube, endowed with the metric inherited from ¢f
via the identification F§ = {0,1}" c R".
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The non-linear background

We will be interested in lower bounding the distortion of
embedding the ¢ sum of the discrete cube F7 with the ¢4 norm
into Ly. In this lecture we shall restrict ourselves to the case
p=2andg=1.
So we're interested in ¢4 (¢5(FF5)) where 1 is the n-dimensional
discrete hypercube, endowed with the metric inherited from ¢f
via the identification F§ = {0,1}" c R".
By general principles (ultraproduct, w*-Gateaux differentiation),
the above stated result of Kwapien and Schitt formally implies
that

lim ¢ (3(F3)) = oo,
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The non-linear background

We will be interested in lower bounding the distortion of
embedding the ¢ sum of the discrete cube F7 with the ¢4 norm
into Ly. In this lecture we shall restrict ourselves to the case
p=2andg=1.
So we're interested in ¢4 (¢5(FF5)) where 1 is the n-dimensional
discrete hypercube, endowed with the metric inherited from ¢f
via the identification F§ = {0,1}" c R".
By general principles (ultraproduct, w*-Gateaux differentiation),
the above stated result of Kwapien and Schitt formally implies
that

lim ¢ (3(F3)) = oo,

but such arguments don’t give quantitative results.
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The non-linear background

Our main result is
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The non-linear background

Our main result is

o1(€3(F9)) < v/n.
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The non-linear background

Our main result is

o1(€3(F9)) < v/n.

More generally

Forall1 <p<q

Q=

1_
c1(Lg(F3, [ - [Ip)) = nP
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The non-linear background

Recalling

1< . 1 -

p X [y = 53 3 [Xam
j=1ec{-1,1}n k=1 T€Spee{-1,1}" j=1
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The non-linear background

Recalling

1< . 1 -

p X [y = 53 3 [Xam
j=1ec{-1,1}n k=1 T€Spee{-1,1}" j=1

it is tempting to try and prove the inequality
1 n n
EZ Z ’f(X—i—Zij) — f(X)‘
j=1 xeMn(F2) k=1
K n
<D D ’f(XJFZe/w(f)) - f(X)‘
j=1

" €Sy xEMp(Fy)

for every n € N and every f : My(F2) — R.
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The non-linear background

Recalling

1 . 1 -

pl X [Yaal 5 53 X [Yan
j=1 ee{-1,1}n k=1 TESpee{-1,1}" j=1

it is tempting to try and prove the inequality
1 n n
EZ Z ’f(X—i—Zij) — f(X)‘
j=1 xeMn(F2) k=1
K n
<D D ’f(XJFZe/w(f)) - f(X)‘
j=1

" €Sy xEMp(Fy)

for every n € N and every f : My(F2) — R.
This follows a paradigm set out by Enflo in the 70-s. For
f(x) =Y S h_1(—1)¥*zy we recover the linear inequality.
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The non-linear background

But the inequality we propose never holds. Even
1 n n
EZ Z dx(f<X+;ejk),f(X)>

Jj=1 xeMn(F2)
n
HE T el Taw) )

" w€Sn xEMp(F2)

for every n € N and every f : M,(F2) — R does not hold in any
metric space X with more than one point:
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The non-linear background

But the inequality we propose never holds. Even

15 zn: > dx(f(x+ kz; 6 ). 1(x))

j=1 XeMn(F2)

K

< > dx(f(X+zn:efwm)7f(X)>
j=1

" w€Sn xEMp(F2)

for every n € N and every f : M,(F2) — R does not hold in any
metric space X with more than one point:

For nodd and a # b € X define

n—1 n

fx)=aif > > xx=0
i=1 k=1
and
n—1 n
f)=bif > ) xk=1.
i=1 k=1
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The inequality

Replace the inequality of Kwapiehn and Schitt with

X Y Seal<n S5 3 aw,

j=1ee{-11}" k=1  ke{l,., ntree{-1,1}"  j=1

for every n € N and every {zj},_; C Li.
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The inequality

Replace the inequality of Kwapiehn and Schitt with

X Y Seal<n S5 3 aw,

j=1ee{-11}" k=1  ke{l,., ntree{-1,1}"  j=1

for every n € N and every {zj},_; C Li.
This, provided it holds, is as good to prove that ¢ (¢3(¢])) = v/n.
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The inequality

Replace the inequality of Kwapiehn and Schitt with

X Y Seal<n S5 3 aw,

j=1ee{-11}" k=1  ke{l,., ntree{-1,1}"  j=1

for every n € N and every {zj},_; C Li.

This, provided it holds, is as good to prove that ¢ (¢3(¢])) = v/n.
It turns out that this inequality holds, generalizes to an
appropriate metric inequality, and the proof of the metric
inequality is even simpler than that of the original KS inequality.
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The inequality

For all n € 2N and every f : My(F2) — Ly we have

1SS i ) -0

Jj=1 xeMn(F>2)

n

LS S,

ke{1,...,n}" xEMn(F2) j=1
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The inequality

For all n € 2N and every f : My(F2) — Ly we have

1S 3 i(cr Do) -],

Jj=1 xeMn(Fz)

=S D o (G SLARTCTN

ke{1,...,n}" xeMp(F2)
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The inequality

For all n € 2N and every f : My(F2) — Ly we have

1S 3 i(cr Do) -],

Jj=1 xeMn(Fz)

=S D o (G SLARTCTN

ke{1,...,n}" xeMp(F2)

62 7 is the best constant.
The linear inequality follows from the nonlinear one by using

DHYCIEA

j=1 k=1
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The inequality

We’ll prove a more general theorem
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The inequality

We’ll prove a more general theorem

Forall1 <p <2, allne?2N andevery f: My(F) — L, we have

1SS 5 r(er3en) 100

j:1 XEMn(]Fg)

swtrm X3 i) -oof]

ke{1,....mt" xEMn(F2)
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The inequality

We’ll prove a more general theorem

Theorem
Forall1 <p <2, allne?2N andevery f: My(F) — L, we have

1SS 5 r(er3en) 100

j:1 XEMn(]Fg)

< L > iYoo) -}

ke{1,....mt" xEMn(F2)

Sincefor1 <p<2 "Lg isometrically embeds into Lg" (i.e., there

isamap g: Lp — Lp with [|g(x) — g5 = Ix = ylp -
Schoenberg) and since the statements are purely metric, it is
enough to prove the theorem for p = 2.
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The proof

Need to prove.

For all n € 2N and every f : Mp(F2) — R we have

1S 5 [i{xe3 e~ r0of

Jj=1 xeMn(F2)

<eTrm X5 (x> e) - of

ke{1,...,n}" xeMp(F2)
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The proof

Need to prove.

Theorem
For all n € 2N and every f : Mp(F2) — R we have

1S 5 [i{xe3 e~ r0of

Jj=1 xeMn(F2)

<eTrm X5 (x> e) - of

ke{1,...,n}" xeMp(F2)

We can now use simple Fourier Analysis.
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The proof

~

F(x) = > f(As, ... ,An)(—1)zfn:1 ke
Aq,...,AnC{1,...,n}

where for every Ay,...,Ap C {1,...,n},

~ 1 n X
f(A1,...,An) = ﬁ Z (_1)2/71 ZkEAj X/kf(X).
XGMH(FZ)
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The proof

Then, for every x € Mp(F2) and j € {1,...,n} we have
n
f(x +3 e,-k) —f(x)
k=1
= S HAL LAY ((_1)IA/\ _ 1) (—1) 551 Thens Xk

At AnC{1,...,n}

=2 3 H(Ar . Ag) ()T Rk ek,

A1 7“"AHC{1 7“"n}
|Aj| odd
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The proof

Then, for every x € Mp(F2) and j € {1,...,n} we have
n
f(x +3 e,-k) —f(x)
k=1

= ST KA. A <(_1)|A/\ . 1) (— 1)1 Sneas X

=2 3 H(Ar . Ag) ()T Rk ek,

And

) 2 (i3] - 00)’

Jj=1 xeMn(F2)

=4 Z {je{1,....n}: |A] odd}\?(A1,...,An)2.
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The proof

f(X—Fiejkj) — f(X)
j=1

= Y T AL A ()T ) ()R e
A1,...,AnC{1,...,n}
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The proof

f(X—Fiejkj) — f(x)

j=1
FAr,..., A ((_1)21‘”:1 "5 1) (1) S Shen

XY (x> ew) 1)

n2
ke{1,...,n}" xeMn(F2) j=1
~ n ) 2
= 2 S TAn AR (R 1)
ke{l,..,n}" Aq,...,AnC{1,...,n}
1_ (_1)27:1 1Aj(k/)> .

A1 7777 An C { 1.,
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The proof

So need to prove

1 . -
— > el Al odd}[T(Ar, .. A

At AnC{1,...,n}

K f M 14 (ki
= nn Z f(A17‘~-7An)2 Z (1 _(_1)2171 Aj(/)) )
At,...,AnC{1,...,n} ke{1,...,n}"

Gideon Schechtman Pythagorean powers of hypercubes



The proof

So need to prove

1 . -
— > el Al odd}[T(Ar, .. A

< En Z ?(A1,...,An)2 Z (1 _(_1)21,7:11Aj(kl)) .

Or

forall Ay,...,Ap C{1,...,n}.
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The proof

So need to prove

1 . -
— > el Al odd}[T(Ar, .. A

At AnC{1,...,n}

K f M 14 (ki
= nn Z f(A17‘~-7An)2 Z (1 _(_1)2171 Aj(/)) )
At,...,AnC{1,...,n} ke{1,...,n}"

Or
1,
—ie{r.....n}: |A odd}|
< K E <1 _ (_1)2}’:1 1Aj(kj))

.
ke{1,...,n}"

forall Ay,...,Ap C{1,...,n}.

Note that what this amounts to is just proving the inequality for f

being one of the Walsh functions.

Gideon Schechtman Pythagorean powers of hypercubes



The proof

PutS={je{1,....,n}: |A]l odd}.
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The proof

PutS={je{1,....,n}: |A]l odd}.

(17( )2111A(k> H ‘ 1A
ke{1,...,n}" j=1 k:1
n
=n"—[[(n-2/4]) > nfLH 2|Aj|-n| > n"—n""18!(n-2)I9l.
j=1 j=1
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The proof

PutS={je{1,....,n}: |A]l odd}.

n

(17( )2111A(k ) H 1A
ke{1,...,n}" j=1 k:1
n
=n"—[[(n-2/4]) > n”—H 2|Aj|-n| > n"—n""18!(n-2)I9l.
j=1 j=1

Since the mapping |S| — (n" — n"~1Sl(n — 2)I91) /| S| is
decreasing in |S|,

S (1= (1F )

znn(gz)n\{je{t...,n}: |Aj| odd}] .
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