Methods for Finding Bases

1 Bases for the subspaces of a matrix

Row-reduction methods can be used to find bases. Let us now look at an
example illustrating how to obtain bases for the row space, null space, and
column space of a matrix A. To begin, we look at an example, the matrix
A on the left below. If we row reduce A, the result is U on the right.

112 0 1 0 3 -2
A= 2 4 2 4 U= 01 -1 2 . (1)
215 -2 00 0 O

Let the rows of A be denoted by r;, j = 1,2,3, and the columns of A by
ay, k=1,2,3,4. Similarly, p; denotes the rows of U. (We will not need the
columns of U.)

1.1 Row space

The row spaces of A and U are identical. This is because elementary row
operations preserve the span of the rows and are themselves reversible op-
erations. Let’s see in detail how this works for A. The row operations we
used to row reduce A are these.

step 1: RQ = RQ — 2R1 = ro — 21‘1
Rg = Rg - 2R1 = rs3 — 21‘1
step2: Rs3 = Rs+ %Rg = 0
step 3: RQ = %RQ = %I‘Q — I
step 4: R1 = R1 — R2 = 21‘1 — %I‘Q

Inspecting these row operations shows that the rows of U satisfy

1 1

p1:2r1—§l‘2 p2 = 5Tz —T1 p3 = 0.

It’s not hard to run the row operations backwards to get the rows of A in
terms of those of U.

ri=p1+p2 r2=2p1+4p2 r3=2p; + pa.

Thus we see that the nonzero rows of U span the row space of A.



They are also linearly independent. To test this, we begin with the
equation
Clp1+02p2:(0 0 0 0)

Inserting the rows in the last equation we get
(Cl cog 3c1 —cy —2c1 + 2c¢9 ):( 0 0 0O )

This gives us ¢; = co = 0, so the rows are linearly independent. Since they
also span the row space of A, they form a basis for the row space of A. This
is a general fact. The nonzero rows in the row reduced form U of a matriz
A form a basis for the row space of A.

1.2 Null space

We recall that the null space of A and U are also identical. The equations
we get from finding the null space of U — i.e., solving Ux = 0 — are

r1+3x3—2x4 = 0

To —x3+2x4 = 0.

The leading variables correspond to the columns containing the leading en-
tries, which are in boldface in U in (1); these are the variables z; and xs.
The remaining variables, x3 and x4, are free (nonleading) variables. To em-
phasize this, we assign them new labels, x3 = t; and x4 = t3. Solving the
system obtained above, we get

I -3 2
I - 1 -2 |
X = - =1 1 +i9 0 =tiny + tony. (2)
Xq 0 1
—_——
nj nz

From this equation, it is easy to show that the vectors n; and n, form a
basis for the null space. Notice that we can get these vectors by solving
Ux = 0 first with t; = 1,t5 = 0 and then with ¢t; = 0,¢5 = 1.

This works in the general case as well. To find a basis for the null
space, begin by identifying the leading variables z,,, z,, ..., xy,, where r is
the number of leading variables, and the free variables xyf ,xys,,..., 2y, .
For the free variables, let ¢; = xyf,. Find the n — r solutions to Ux = 0
corresponding to the free-variable choices t1 = 1,t0 =0,...,t,— =0, t; =
1,t0=0,...,t,—» =0, ...,t1 =0,t0 =0,...,t,_ = 1. Call these vectors
ny,ng, ... ,N,_. The set {ny,ng,... ,n,_,} is a basis for the null space of
A (and, of course, U).



1.3 Column space

We now turn to finding a basis for the column space of the matrix A in (1).
The vectors n; and ng given in (2) span the null space of A, so they satisfy
An; = 0 and Any = 0. Writing these two vector equations using the “basic
matrix trick” gives us:

—3a;+as+a3=0 and 2a; —2a;+a;=0.

We can use these to solve for the free columns in terms of the leading
columns,
az=3a; —ay and ay = —2a; + 2a,.

Thus the column space is spanned by the set {aj, as}. (a; and ay are
in boldface in the matrix A above.) This set is also linearly independent
because the equation

I
T2
0
0

0 = z1a1 + v9ag = 141 + T2y + 0ag + 0ay = A

implies that ( z; 22 0 0 )7 is in the null space of A. Matching this
vector with the general form of a vector in the null space shows that the
corresponding ¢ and t9 are 0, and therefore so are x7 and xo. It follows
that {a;, a2} is linearly independent. Since it spans the columns as well, it
is a basis for the column space of A. Note that these columns correspond to
the leading variables in the problems, x; and xo. This is no accident. The
argument that we used can be employed to show that this is true in general:
In a matriz A, the columns of A that correspond to the leading variables in
the associated homogeneous problem, Ux = 0, form a basis for the column
space of A.

2 Another matrix example

Let’s do another example. Consider the matrix A and the matrix U, its row
reduced form, shown below.

1 3 -1 23 10 -1 -1 -8

-2 -1 2 11 01 0o 1 1

_ _ 5
A=1 1 9 1 341 =100 0 0 o0
0 5 0 5 7 00 0 0 0



From U, we can read off a basis for the row space,
{(r o0 -1 -1 -¢),(0o1o1 1)}

Again, from U we see that the leading variables are x1 and s, so the leading
columns in A are a; and as. Thus, a basis for the column space is the set

1 3
-2 -1
-1 |’ 2
0 )

To get a basis for the null space, note that the free variables are x3 through
xs. Let t; = x3, etc. The system corresponding to Ux = 0 then has the
form

xl—tl—tg—gtg = 0
7
xg—i—tg—l—gtg = 0.

To get ny, set t; = 1, to = t3 = 0 and solve for 1 and x5. This gives us
n; = ( 1 01 00 )T. For ns, set 1 =0, to = 1, t3 = 0, in the system
above; the result is nyo = ( 1 -1 010 )T. Last, set t1 = 0, to = 0,
t3 = 1 to get n3 = ( g —% 0 0 1 )T. The basis for the null space is
thus

1 1 s
0 ~1 —1I
n; = 1 , Ng = 0 , N3 = 0
0 1 0
0 0 1

We want to make a few remarks on this example, concerning the dimensions
of the spaces involved. The common dimension of both the row space and the
column space is rank(A) = 2, which is also the number of leading variables.
The dimension of the null space is the nullity of A. Here, nullity(A) = 3.
Thus, in this case we have verified that

rank(A) + nullity(A) = 5,

the number of columns of A.



