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Cylinder kernel

The cylinder kernel is defined as:

T (t , r, r′) = −
∑ 1

ωn
φn(r)φ∗n(r′)e−tω

The exponential ultraviolet cutoff term e−tω regularizes the
divergent sum and bring a finite energy density.

The cylinder kernel in free space is:

T
f
(t , r, r′) = − 1

2π2
1

t2+|r−r′|2

The relation between energy density and cylinder kernel:

〈T00〉 = −1
2
∂2

∂t2 T (t , r, r)|t→0 = 1
2

∑
ωn|φn(r)|2e−tω
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Method of images

For parallel plates at x = 0,a
Cylinder Kernel satisfies Dirichlet B.C. on both plates

T DD = T
f
+ D0T

f
+ DaT

f
+ D0DaT

f
+ DaD0T

f
+ ...

where the operator Da is
Daf (x) = −f (2a− x)

For rectangular cavity
Cylinder Kernel satisfies Dirichlet B.C. on all faces

T
DDD

=DeeeT
f
+ DoeeT

f
+ DeoeT

f
+ DeeoT

f

+ DooeT
f
+ DeooT

f
+ DoeoT

f
+ DoooT

f

=V P − V Sx − V Sy − V Sz + V Exy + V Eyz + V Ezx − V C

(1)
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4 kinds of closed paths
When B.C. at x = 0, a are fixed

1 Periodic Paths: (c) (d) (i)
[even][even][even]

2 Side Paths: (a) (e) (f)
[odd][even][even], [even][odd][even],
[even][even][odd]

3 Edge Paths: (b) (g)
[odd][odd][even], [even][odd][odd],
[odd][even][odd],

4 Corner Paths: (h)
[odd][odd][odd]

Eαβγ
piston = Eαβγ

a,b,c + Eαβγ
L−a,b,c |L→∞

Fαβγ
piston = Fαβγ

a,b,c + Fαβγ
L−a,b,c |L→∞

= F P
1 + ηβF Sy

1 + ηγF Sz
1 + ηβηγF Eyz

1

(2)

where α, β, γ = D, N, M and
ηD = −1, ηN = 1, ηM = 1
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4 kinds of closed paths
When B.C. at x = 0, a are fixed

1 Solid red= F MNN , dashed red= F MMN , solid black= F MMM , solid green= F MDN ,
dashed green= F MMD and solid blue= F MDD .

2 As η → 0, all piston forces reduce to parallel plates; while as η →∞, all piston
forces go to 0.

3 When B.C. at x = 0, a are both Dirichlet or both Neumann, the piston forces will
be always attractive no matter what B.C. are on other sides. when mixed B.C.
are at x = 0, a, the piston force will be always repulsive.

4 | F P
piston |>| F Sy

piston |>| F Eyz
piston |,F

P
piston are dominant.
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Hertz potential

EM field can be represented by the 4-vector (Φ,A), E and B can
then be expressed as

E = −∇Φ− ∂t A
B = ∇× A

(3)

However, that is not the only way to express EM field. Define
Herta potential as below

(Φ,A) = (−∇ · Πe, ∂tΠe +∇× Πm) (4)

For a highly symmetric geometry such as rectangular cavity, we
can choose the Hertz potentials as Πe = ϕ~e3 and Πm = ψ~e3.

(Φ,A) = (−∂3φ, ∂2ψ,−∂1ψ, ∂0ϕ)

E = −∇Φ− ∂t A = (∂1∂3φ− ∂0∂2ψ, ∂2∂3φ+ ∂0∂1ψ, ∂
2
3φ− ∂2

0φ)

B = ∇× A = (∂0∂2φ− ∂1∂3ψ,−∂0∂1φ+ ∂2∂3ψ, ∂
2
3ψ − ∂2

0ψ)

(5)
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EM cavity with all faces conducting

There are 2 kinds of B.C. for EM field:
1 Conducting B.C. (CBC): Et = 0,Bn = 0 on the boundary
2 Permeable B.C. (PBC): En = 0,Bt = 0 on the boundary.

B.C. of E and B =⇒ B.C. of Hertz potential φ and ψ

Bx |x=0,a =0 Ey = Ez |x=0,a = 0

By |y=0,b =0 Ex = Ez |y=0,b = 0

Bz |z=0,c =0 Ex = Ey |z=0,c = 0

(6)

φx |x=0,a =0 ∂xψx |x=0,a = 0

φy |y=0,b =0 ∂yψy |y=0,b = 0

∂zφz |z=0,c =0 ψz |z=0,c = 0

(7)

The 2 Hertz potential are φ = φDDN and ψ = ψNND

ECCC
cavity = 1

2 (E2 + B2) = EDDN
cavity + ENND

cavity
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Boundary condition equivalence

If we replace CBC by PBC and replace PBC by CBC, then the
two scalar Hertz potentials exchange to each other
(φ, ψ) → (ψ, φ), which makes E and B exchange their values but
keeps the energy density ε = 1

2 (E2 + B2) unchanged.

A straightforward conclusion would be ECCC
cavity = EPPP

cavity and
therefore F CCC

piston = F PPP
piston.

Similar as scalar piston, all a-dependent terms (if appearing) are:
F P , ηβF Sy , ηγF Sz , ηβηγF Eyz

it has nothing to do with ηα, so B.C. at x = 0,a changing from
CBC to PBC won’t change the piston force, F Cβγ

piston = F Pβγ
piston.

Therefore F CCC = F PCC and F PPP = F CPP

So far, without any calculation, we know that
F CCC = F PPP = F CPP = F PCC = F DDN + F DND
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Translate EM piston to Scalar Pistons

It turns out that a EM piston force can be always translated to 2
scalar piston forces, determined by the Hertz potential.
F CCC = F DDN

1 + F DND
1

F CPC = F DDD
1 + F NNN

1
F CMC = F NMN

2 + F DMD
2

F CMM = 2F NMM
3

F MCC = F MDN
2 + F MND

2
F MPC = F MDD

2 + F MNN
2

F MMC = F MMN
3 + F MMD

3
F MMM = 2F MMM

4

The piston force of EM piston is closely related to the piston
forces of 2 corresponding scalar piston by use of the Hertz
potentials.
Cylinder Kernel=⇒ Energy Density=⇒ Total Energy=⇒ Casimir
Force of a cavity=⇒ Casimir force of a piston
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