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Purpose and Outline

Purpose

@ To describe any arbitrary electromagnetic field in a bounded geometry
in terms of two scalar fields, and

@ To define these fields such that the boundary conditions consist of at
most first-derivatives of the fields.

Outline
@ Review of Electromagnetism and Hertz Potentials in Vector Formalism
@ Overview of Differential Form Formalism
© Formulation of Electromagnetism in Differential Form Formalism
@ "Scalar’ Hertz Potential Examples
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Maxwell's Equations

Vector Equations Constants
For simplicity, take
VxB-—0E=7 (2)
Potentials
V-B=0 (3) (3) and (4) imply
OB +VxE=0 (4) B=VxA (5)
) E=-VV-08A (6)

Charge Conservation

N—

Also note that (1) and (2) imply d:p+ V - 7= 0.
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Hertz Potentials

Hertz Potentials
V=-V-M (7)
A=8Me + VI, (8) | Lorenz Condition
] OV +V-A=0 )
Inhomogeneous Maxwell Equations Definition
L O=8% - V2
V(@) = p (9) ‘
Vx(Ofm) + 0:0fm) =7 (10)
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Hertz Potentials

From here on, set p =0, 7= 0.

Equations of Motion

Of. = VXW + Vg + 8,G (11)
Ofp = —8;W —Vw + VxG (12)

v

The w and W terms come from (9) and (10) just as V' and A came from
(3) and (4). The g and G terms come from relaxing the Lorenz condition.
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Differential Geometry

Let (x°,...,x"1) be the coordinate system on an n-dimensional
manifold. Then we write vectors on that manifold as

V=100 4+ v 100,
and 1-forms (or covectors) as
v =vodx® 4+ - vp_1dx"L.

Example

For Minwoski space, we can write the electromagnetic potential A* as the

vector .
A= Atd = VO, + A0y + A0, + A%0,

(not to be confused with the 3-vector from before) or as the 1-form

A= —Vdt + Acdx + A,dy + A,dz.

v
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Differential Geometry

Definition

The wedge product of two forms, written fAg, is the antisymmetrized

tensor product.

Example
dxA\dy = dx®dy — dy®dx

dxN\dyNdz = dx®dy®dz — dx®dzQdy + dzxdxQdy + . ..

Definition
For a k-form of the form f = f,,...q dX*IA - - - Adx“, define the
differential of f as

df—z for - "kd EAAXOTA -+ - Adx .
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Differential Geometry

Definition
Let 79...n be the volume form. For a k-form of the form
f = fopadX®A - Adx@, define the Hodge dual of f as

*f = fal...ak’r]almakgl.../gn_kdXﬁl/\ cee /\dXﬁ"*k.

Definition
0 = xdx
y
Definition
O =dé + dd = d+d* + xd*d )
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Electromagnetism Revisited

Maxwell’s Equations
Define Lorenz Condition
, . A=
F = —E;dtAdx' + Bjx(dtAdx"). d 0 <
Then (1) — (4) become Relaxed Lorenz Condition
(A+G)=0
§F = J (13) :
dF =0 (14) | Hertz Potentials
“ " The relaxed Lorenz condition

Potentials implies
(14) implies A—sM—C (16)

F =dA (15)
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Electromagnetism Revisited

Since

0=J=06F =0dA=4d(6N - G)
=46(0N — dG),
we can write

Equations of Motion

On =dG +oWw.
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Cartesian Coordinates

(X07Xl7xz?x3) = (t’ X?.y’ z)

M = ¢dtAdz + *(dtAdz)

= ¢dtAdz + YPdxAdy
Equations of Motion
Given Ol = 0,

Op =0

W =0
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Axial Cylindrical Coordinates

(X 7X1,X2,X3) = (t’ p7 ()07 z)

M = ¢dtAdz + *(dtAdz)

= @dtAdz + pypdpAdy
Equations of Motion
Given Ol = 0,

Op=0

Oy =0
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Spherical Coordinates
(X07X1,X2,X3) = (t’ r7 97 ¢)

N = ¢dtAdr + Yx(dtAdr)
= ¢dtAdr + r®sin 0dOAnd

Definition
E’ =0+ %8, :83 —8? — ;ﬁ(%sinﬁﬁg — ma&,
Equations of Motion?
N 2 2 2
an = (Oe — 8,7¢)dt/\dr — 807¢dt/\d0 — 8¢$thdgo
o 2 2 2
+ (O — a,Tw)*(thdr) - aeT‘p*(dmde) _ 8¢Tw*(dt/\d<p)
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Spherical Coordinates

2 2 2
T¢dt/\dr — 89%bdt/\d9 — Q@Tqbdt/\dcp

G = %(;S, dG = -0,
xW = g@!}, oW = —8,@*(dt/\dr) - 89@*(dt/\d9) - 8¢27*(dt/\dg0)

Equations of Motion
Given MM = dG + W,
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Schwarzchild Coordinates

(X07X17X27X3) = (ta r: 97 90)
ds? = (1 — 2)dt* + 2mydr® + r?d6> + rsin? §d?

M = ¢dtAdr + *(dtAdr) G= ¢
= ¢dtA\dr + pr?sin0dOndp *W = <¢
Definition
(=1-1%
O = 102 — 0,C0, — g Osin 005 — =502
Equations of Motion
Given 0N = dG + W,
¢ =0
Cp =0

y
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Radial Cylindrical Coordinates

(X% x, x%,x%) = (t. p, ¢, 2)
M = ¢dtAdp + YpdpAdz
Equations of Motion?

0N = (3¢ + %)dendp — 8,%2dendy

+(Op + 5)x(dtAdp) — 0,22 (dtndy)
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TE Modes in Cylindrical Coordinates

Define
Ma = padtAdz + LZJA*(dt/\dZ),

Mg = ¢rdtAdp + '(ﬁR*(dt/\dp).

We start with
A=004 =0lNg - G. (20)

wt
)

B, = Byusin(kz)g(p,)e”"

hence

B w o —iw
oa=0,9a= 2 _kkg Sln(kz)g(p7 90)6 ta

Jeff Bouas (Texas A&M University) Hertz potentials in curvilinear coordinates July 9, 2010 17 /20



TE Modes in Cylindrical Coordinates

From (20) we obtain

Radial Modes
Bro . »
O = ot - ) (28 )
Yp = icos(k )8 ( )e*iwt
R k(w? = K2) 2)0p8(p; ¢
G — Bk, in(k2)8.9 —iwt = _
6= (R — k) SN(k)00,8(p, 0)e T Gy =
B @ —iw
Gz = kp(wz—k_k2) COS(kZ)apa(‘Dg'(p7 QO)e t7 G(p — 0
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Azimuthal Cylindrical Coordinates
Define
Np = ¢pdtAdp + Ppx(dAdyp),

and again start with

oMy =0MNp — G. (21)
This yields
Azimuthal Modes
_ —iByw . —jwt
op = w(wz — k2) Sln(kz)papg(p, p)e
By i—wt
Yp = k(o2 — K2) cos(kz)0,8(p, p)e

1
Gt = _? <p¢P7Gp:0

1
Gz = —0php, G, =0
ppF’ )

v
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Ongoing and Future Work

© Determine the equations of motion for the radial and azimuthal
cylindrical cases.

@ Consider the polar and azimuthal spherical cases.
© Examine the boundary conditions of all of the presented cases.

@ Consider geometries with non-trivial topology.
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