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Vacuum energy

Real physics (Casimir effect)

Two neutral good conductors tend to attract each
other at mesoscopic separation. Although its physical
mechanism is interaction between quantum fluctuations
of charges in the conductors, the effect can be calcu-
lated (for perfect conductors) from the energy in the
electromagnetic field in the empty space between them.

This is an arena for some nice spectral theory!
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A scalar field

∂2φ

∂x0
2

= ∇2φ , Dirichlet B.C.

T 00 =
1

2

[

(

∂φ

∂x0

)2

− φ∇2φ

]

(energy density).

T jj =
1

2

[

(

∂φ

∂xj

)2

− φ
∂2φ

∂xj
2

]

(pressure).

(Curvature coupling constant ξ = 1
4 .)
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A flat, perfectly reflecting wall at z = 0

After removal of the zero-point energy of individual
normal modes,

〈T 00〉 ∝ z−4, 〈T zz〉 ∝ 0, 〈T yy〉 ∝ −z−4

(expectation values in the ground state). So
• The total energy (per unit area), E =

∫

〈T 00〉 dz, is
infinite.

• The force on the wall is 0, because moving it does
not change the energy.
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• The force (per unit length) on a perpendicular wall,
∫

〈T yy〉 dz, would be −E. That is a correct surface
tension relation! The total energy grows linearly
with surface area. The work done by the force is the
negative of the change in the system’s own energy.

.................................................

=⇒ z
y

In general,
∂Etot

∂h
= −

∫

S

ph for a general parameter h.
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Can we get rid of the infinities?

A real material is not perfectly conducting to arbitrar-
ily high frequencies.

1. Model the material seriously. (difficult condensed-
matter physics, no longer nice spectral theory)

2. Insert an ultraviolet cutoff, e−ωt, in the mode
sums.

This time
∂Etot

∂h
= +2

∫

S

ph !

The factor 2 (which should be −1) is +(n − 1) in dimen-
sion n.
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The energy-balance equation is disrupted because the
dip ∗ at the boundary occurs only in the (mollified)
energy density, not in the pressure.
(These observations show one of the virtues of examining
local quantities, not just total energy.)
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The same thing (with same bad factor −2) happens for
energy density and pressure on a sphere.
[M. Schaden (summer ’09 visitor); Zhonghai (Bruce) Liu
(Ph.D. ’09)]

3. A steeply rising smooth potential (“soft wall”)
• mocks up a reflecting wall.
• should define a nonsingular, internally consis-

tent theory.
In principle this can be done for a spherical (or general)
boundary, but for now we study only a plane one.
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The model

v(x, y, z) =

{

0, z < 0

λzα, z > 0. (1 ≤ α ∈ R)

Get dimensions right: v = λ0

(

z

z0

)α

.

Only one length scale: ẑ = λ
−1

α+2 =

(

z0
α

λ0

)
1

α+2

.

For any α, v(z0) = λ0; increasingly steep as α → ∞.

9



..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
.

...........................
............
..........
........
........
.......
.......
.......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
.......
.......
.......
........
........
.........
..........
.

α = 1

α = 2

z0

λ0 •

∂2φ

∂x0
2

= ∇2φ − v(z)φ.
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ϕ(r, x0) =
∑

n

1√
2ωn

[

anφn(r)e−iωnx0

+ a†
nφn(r)eiωnx0

].

T 00 = lim
t→0

− 1

2

∂2T

∂t2
, etc. (t ↔ ix0)

T (t, r, r′) =
∑

n

φn(r)φn(r′)

−ωn
e−ωnt.

(

∂2

∂t2
+∇2− v(z)

)

T (t, x, y, z, z′) = 2δ(t)δ(x)δ(y)δ(z−z′).
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Eigenfunctions

φn(r) = eik⊥·r⊥φp(z)

(r⊥, k⊥ ∈ R2, z ∈ R, p ∈ (0,∞).)
(

− ∂2

∂z2
+ v(z) − p2

)

φp(z) = 0.

φp(z) =

√

2

π
sin[pz − δ(p)] when z < 0.
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When z > 0, φp(z) = C(p)Pα

(z

ẑ
, (ẑp)2

)

,

(

− d2

dz2
+ zα − E

)

Pα(z, E) = 0, Pα(+∞, E) = 0.

P1(z, E) ∝ Ai(z − E), P2(z, E) ∝ D 1
2
(E−1)(

√
2 z).

For hard wall at z0, P∞(z, E) ∝ sin[
√

E(z − z0)].

(Henceforth usually ẑ = 1,
√

E = p (z0 = 1 = λ0).)
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The solutions must match at z = 0:

tan
(

δ(p)
)

= −p
Pα(0, p2)

P ′
α(0, p2)

.

C(p)2 =
2

π

1

Pα(0, p2)2 + p−2P ′
α(0, p2)2

.

Even for P = Ai, these formulas are unpleasant.
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Small p

When p = 0 the solution is known:

Pα(z, 0) = z1/2K 1
α+2

(

2

α + 2
z

α+2

2

)

.

Perturbation expansion:

Pα(z, E) = Pα(z, 0) + EP (1)
α (z) + · · · .

δ(p) = p
(

α + 2
)

2
α+2 Γ

(

α + 3

α + 2

)

Γ

(

α + 1

α + 2

)−1

+ O(p3).
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Large p (WKB)

φp(z) ∼ [p2 − v(z)]−
1
4 cos

[
∫ a

z

√

p2 − v(z̃) dz̃ − π

4

]

,

turning point a = p2/α.

δ(p) =

∫ a

0

√

p2 − v(z) dz +
π

4
mod π

=
1

α
p1+2/αB

(

3

2
,
1

α

)

+
π

4
.
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α = 1 (Airy function):

δ(p) ∼







p 32/3Γ( 4
3 )/Γ( 2

3 ), p → 0,

2p3

3
+

π

4
, p → ∞.

α = 2 (parabolic cylinder function):

δ(p) ∼







2p Γ( 5
4 )/Γ( 3

4 ), p → 0,

πp2

4
+

π

4
, p → ∞.
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Cylinder kernel calculations

Recall

T (t, r, r′) =
∑

n

φn(r)φn(r′)

−ωn
e−ωnt.

(

∂2

∂t2
+∇2− v(z)

)

T (t, r⊥, z, z′) = 2δ(t)δ(2)(r⊥)δ(z − z′).

T̂ (ω,k⊥, p) =
−2

(2π)3/2

φp(z
′)

ω2 + k⊥
2 + p2

.
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Cartesian calculations

T (t, r⊥, z, z′) = − 1

2π

∫ ∞

0

dp Y (s, p)φp(z)φp(z
′),

Y (s, p) ≡ e−sp

s
, s ≡

√

t2 + |r⊥|2 .

In potential-free region, z < 0,

T = − 1

π2

∫ ∞

0

dp Y (s, p) sin
(

pz − δ(p)
)

sin
(

pz′ − δ(p)
)

.
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T = − 1

2π2

1

t2 + r⊥2 + (z − z′)2

+
1

2π2

∫ ∞

0

dp Y (s, p) cos
(

p(z + z′) − 2δ(p)
)

≡ T free + T ren .

Hard wall: δ(p) = z0p ⇒ (correctly)

T ren =
1

2π2

1

t2 + r⊥2 + (z + z′ − 2z0)2
.
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The bad news:

T ren =
1

2π2

∫ ∞

0

dp
e−sp

s
cos

(

p(z + z′) − 2δ(p)
)

is poorly convergent when s ≡
√

t2 + r⊥2 is small,
which is precisely where we want it. In fact, we should
be able to take s = 0 and get a finite answer when
z + z′ > 0, but the integrand is pointwise infinite there!

There is a genuine divergence for δ(p) = Ap + B unless
B = 0. Asymptotics for small p as well as large are
critical. Presumably large k⊥ is at fault, so . . .
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Polar calculations

Do the integral in polar coordinates in the Fourier
space: (Z ≡ z + z′, s = (t, r⊥), v = (ω,k⊥))

T ren =
1

4π4

∫ ∞

0

dp

∫

R3

dv
eiv·s

v2 + p2
cos

(

pZ − 2δ(p)
)

=
1

π3

∫ ∞

0

dρ

∫ 1

0

du s−1 sin(sρ
√

1 − u2)

× cos
(

Zρu − 2δ(ρu)
)

.
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With s = 0 and z = z′ (should give 〈φ(z)2〉),

T ren(0, 0, z, z) =
1

π3

∫ ∞

0

dρ

∫ 1

0

du ρ
√

1 − u2

× cos
(

2zρu − 2δ(ρu)
)

.

Recall δ(p) = tan−1 −pAi(−p2)

Ai′(−p2)
for α = 1, for example.

Padé interpolation between small and large p asymp-
totics can be used to approximate it.
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Numerics (barely started)

• The oscillatory integrals make Mathematica scream
in pain, even with Riesz–Cesàro averaging.

• By eye, the expected (z − 1)−2 behavior is emerging.
• The inner integral seems to approach a nonzero con-

stant as ρ → ∞. (The Padé approximation is too
crude?)

• The problem does not quite fit the framework of
neo-Filon quadrature (Iserles, Nørsett, S. Olver).
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